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PREFACE 

THIS  book  aims  at  introducing  the  reader  to  more 
advanced  treatises  and  original  papers  on  Groups 
of  finite  order.  The  subject  requires  for  its  study 
only  an  elementary  knowledge  of  Algebra  (especially 
Theory  of  Numbers),  but  the  average  student  may 
nevertheless  find  the  many  excellent  existing  treatises 
rather  stiff  reading.  I  have  tried  to  lighten  for  him 
the  initial  difficulties,  and  to  show  that  even  the  most 
recent  developments  of  pure  Mathematics  are  not 
necessarily  beyond  the  reach  of  the  ordinary  mathe- 
matical reader. 

I  have  omitted  as  far  as  possible  lengthy  and 
difficult  investigations ;  their  place  is  taken  by  an 
unusually  numerous  selection  of  examples.  Students 
who  have  had  no  previous  acquaintance  with  the 
subject  should  work  a  few  of  these  examples  after 
reading  each  section.  Many  of  them  can  be  solved 
at  sight,  and  are  inserted  merely  to  make  the  reader 
familiar  with  the  definitions  and  theorems  of  the  text. 
Hints  for  the  solution  of  the  rest  will  be  found  at  the 
end  of  the  book. 

In  an  elementary  treatise  references  would  be  out 
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of  place ;  for  complete  lists  the  reader  may  consult 
Easton's  Constructive  Development  of  Group-Theory 
(Philadelphia  University,  1902),  and  Miller's  *  Eeports 
on  Group-Theory'  in  Bulletin  Amer.  Math.  Soc.,  v 
(1899),  p.  227 ;  vii  (1900),  p.  121 ;  ix  (1902),  p.  106 ; 
xiv  (1907),  pp.  78,  124. 

I  have  derived  much  help  from  Burnside's  Theory 
of  Groups  (Cambridge  Univ.  Press,  1897),  Weber's 
Algebra  (Vieweg  und  Sohn,  1898),  Seguier's  Groupes 
Abstraits  (Gauthier-Villars,  1904),  Bianchi's  Gruppi 
di  Sostituzioni  (Spoerri,  1900),  Dickson's  Linear 
Groups  (Teubner,  1901),  &c. :  to  these  treatises  I  hope 
to  introduce  the  reader.  In  addition  I  have  consulted 
a  very  large  number  of  papers  in  Proc.  London  Math. 
Soc.,  Berliner  Sitzungsberichte,  Bulletin  Amer.  Math. 
Soc.,  Amer.  Journal  Math.,  Math.  Annalen,  Crelle's 
Journal,  Messenger  of  Math.,  and  other  periodicals. 
Most  of  the  examples  are  taken  from  these  books 
and  papers,  but  I  have  added  others  of  my  own  when 
I  could  not  otherwise  find  a  suitable  illustration  of 
any  theorem. 

The  theory  of  Group-characteristics  seemed  to  be 
too  advanced  for  an  introductory  treatise,  but  I  have 
devoted  one  short  chapter  to  the  subject  to  assist 
the  reader  in  understanding  Frobenius'  and  Burnside's 
recent  contributions  to  group-theory. 

I  have  omitted  the  theory  of  Algebraic  equations ; 
partly  from  considerations  of  space,  and  partly  because 
the  necessary  information  is  already  accessible  to 
English  readers,  e.  g.  in  Dickson's  Tlieory  of  Algebraic 
Equations  (Chapman,  1903)  and  in  Mathews'  Alge- 


Iraic  Equations  (Cambridge  Math.  Tracts,  No.  6, 
1907). 

The  nomenclature  of  the  subject  is  by  no  means 
settled.  I  have  tried  to  select  definitions  which  have 
the  advantage  of  being  either  self-explanatory  (e.g. 
'  greatest  common  subgroup ')  or  concise  ('  normal  *) ; 
but  the  task  was  not  at  all  easy. 

I  have  treated  the  pure  group-theory  with  greater 
thoroughness  than  the  applications.  The  aim  of 
chapters  II,  III,  IV,  VI,  VH,  VHI  is  to  stimulate 
interest,  rather  than  to  give  a  complete  or  rigid 
investigation  of  the  subjects  there  dealt  with.  On 
a  first  reading  the  student  may  omit,  if  he  chooses, 
chapters  III,  IV,  VII,  VIII,  XTV,  XV,  and  the  last 
section  of  Chapter  V. 

The  following  conventions  are  adopted : — (1)  p 
denotes  a  positive  prime  integer  throughout ;  (2)  a 
reference  such  as  V 10  means  '  the  tenth  section  of 
the  fifth  chapter',  while  V103  means  'the  third 
example  in  the  tenth  section  of  the  fifth  chapter'. 

Lastly,  it  is  my  pleasant  duty  to  express  my 
warmest  thanks  to  three  mathematicians  who  have 
given  me  most  valuable  assistance.  Prof.  E.  B.  Elliott, 
F.R.S.,  at  whose  suggestion  the  book  was  undertaken, 
kindly  read  through  the  MS.  of  the  earlier  chapters 
and  indicated  several  improvements ;  Mr.  J.  E. 
Campbell,  F.R.S.,  generously  devoted  much  time  to 
the  reading  of  the  proofs,  and  pointed  out  many 
obscurities;  Prof.  W.  Burnside,  F.R.S.,  kindly  helped 
me  throughout  with  much  useful  advice  on  questions 
of  nomenclature,  &c.,  and  has  supplied  me  with 
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material  for  the  Appendix.  My  best  thanks  are  also 
due  to  the  Delegates  of  the  Oxford  University  Press 
for  undertaking  the  publication  of  the  book,  and  to 
the  staff  of  the  Press  for  the  care  and  skill  with  which 
the  printing  has  been  done. 

H.  H. 


April,  1908. 
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CHAPTER  I 
ELEMENTS 

§  1.  THINGS  represented  by  the  symbols  a,  b,  c,  ...(which 
may  be  quantities,  operations,  &c.)  will  be  called  elements 
or  operations  if  they  satisfy  the  following  conditions  : — 

(1)  Elements    possess    a  law    of  combination;    i.e.   any 
element  b  can  be  combined  in  one  way  only  with  any  element 
a  to  form  a  third  element  g,  which  is  called  the  product  or 
resultant  of  a  and  6  and   is   denoted  by  ab,  a  .b,  or  a  x 6. 
The  equivalence   of  ab  and  g  is  denoted  by  the  equation 
ab  —  g. 

The  result  of  combining  b  with  a  is  not  in  general  the 
same  as  the  result  of  combining  a  with  6 ;  L  e.  ab  is  not  in 
general  the  same  as  ba.  If  ab.=  bat  a  and  b  are  called 
permutable  or  commutative  elements. 

(2)  Elements   obey   the  associative    law ;    i.  e.    if   ab  =  g 
and  be  —  h,  gc  =  ah  ;  or,  as  it  may  be  otherwise  expressed, 
(ab)c  =  a(bc). 

We  write  abc  for  (ab)c  —  a(bc) ;  abed  for  (abc)d  =  (ab)  (cd) 
—  a(bcd)  =  a(bc)d,  and  so  on. 

(3)  A  fixed  element  e  exists  such  that  ae  =  ea  =  a,  what- 
ever element  a  may  be.     We  call  (  the  identical  element  or 
identity.     It  is  denote  '  by  the  symbol  1,  if  no  confusion  can 
be  caused  thereby. 

(4)  An     element    a    always    exists    such    that     aa  =  e, 
whatever  element  a  may  be.     We  call  a  the  inverse  of  a  or 
'  the    element    inverse   to   a  '.     It   follows  that    if  ag  =  ah, 
aag  =  aah;  and  hence  eg  =  eh  or  g  =  h. 

We  denote  for  convenience  aa  by  a2,  a2a  by  a3,  era  by  a4, 
and  so  on.  The  inverses  of  a,  a2,  a3, ...  are  denoted  by  a~l,  a~~, 
a~3, ....  We  define  a1,  a°  by  the  equations  a1  =  a,  a°  =  1. 

Ex.  1.  If  0  is  any  fixed  point,  it  is  shown  in  IV  2  that  the 
result  of  rotating  any  body  first  through  an  angle  9  about  a  line 
OA  and  then  through  </>  about  OB  is  the  same  as  that  of  rotating 
the  body  about  a  certain  line  OC.  Hence  any  rotation  about 
a  line  through  0  may  be  considered  as  an  '  element '  according  to 
the  definition  given  above.  The  '  identical  element '  is  the  act  of 

HILTOB  r.  G.  B 


2  ORDER  OF   AN   ELEMENT  [I  1 

leaving  the  body  unmoved.  The  element  '  inverse  '  to  the  rotation 
about  OA  is  a  rotation  about  OA  through  the  same  angle  but  in 
the  opposite  direction.  In  general  the  result  of  first  rotating  the 
body  through  6  about  OA  and  then  through  </>  about  OB  is  not 
the  same  as  that  of  first  rotating  through  </>  about  OB  and  then 
through  0  about  OA  ;  i.  e.  the  two  rotations  are  not  in  general 
permutable. 

Ex.  2.  (i)  Prove  a  a  ==  e  ;  !(ii)  deduce  that  g  =  h  if  ga  =  ha. 

Ex.  3.  The  inverse  of  db  ...  Jcl  is  l~lJe~l  ...  6~1a~1. 

Ex.  4.  (a~l)n  =  a~n,  n  being  a  positive  or  negative  integer. 

Ex.  5.  am  .  an  —  an  .  am  =  am+n  and  (am)n  =  (dn)m  =  amn,  m  and  n 
being  any  positive  or  negative  integers. 

Ex.  6.  If  ab  =  ba,  ambn  =  bnam. 

Ex.  7.  If  each  pair  of  the  elements  a,  b,  c,  ...  is  permutable,  (i) 
(abc...)n  =  anbncn...;  (ii)  a^P'c*1  ...  xa^&^c32  ...  x  ... 


Ex.  8.  If  ba  =  a262,  (i)  6a2  =  azn(ba*)b2n,  (ii)  1ft*3  =  o2n(&2a3) 
2a)m,  (iii)  bab*a  =  (aztyln(babza)bzn,  (iv)  (ba)2  =  (a46)M  (ba)2(ab*)n. 

Ex.9.  If  ba  =  arbs,  (i)  62a<  =  (ar&«-2)tt(&2«9(ar~'~1&8a<~1)n>  (ii) 
#a2  =  (&*-V&s-<-1)w(#«2)(ar~2&T- 

Ex.  10.  When  the  law  of  combination  is  ordinary  addition,  (i) 
all  positive  and  negative  integers  (including  zero),  (ii)  all  rational 
quantities  (including  0  and  oo  ),  (iii)  all  real  quantities,  (iv)  all 
complex  quantities,  may  be  considered  as  elements  any  two  of 
which  are  permutable. 

Ex.  11.  When  the  law  of  combination  is  ordinary  multiplication, 
(i)  all  rational  quantities,  (ii)  all  real  quantities,  (iii)  all  complex 
quantities,  may  be  considered  as  elements  any  two  of  which  are 
permutable. 

§  2.  It  may  happen  that  the  powers  a,  a2,  a3,  ...  are  not  all 
distinct.  Suppose  ar  =  a8(r  >  s).  Then  ar~8  =  ar.  or8  —  a8  .  a~* 
=  1.  Let  an  be  the  first  of  the  powers  a,  a2,  a3,  ...  which  =  1. 
Then  n  is  called  the  order  of  a. 

Ex.  1.  A  rotation  of  a  body  through  2  TT-T-M  about  any  line  may 
be  considered  as  an  element  of  order  n.  For  the  body  is  brought 
back  to  its  original  position  when  the  rotation  is  performed  n  times. 

Ex.  2.  The  identical  element  is  the  only  element  of  order  1. 

Ex.  3.  If  an  element  is  equivalent  to  its  inverse,  its  order  is  2  ; 
and  conversely. 

Ex.  4.  If  a  is  of  order  n,  (i)  a*"  =  1  and  am+kn  =  am,  Jc  being  a 
positive  or  negative  integer  ;  (ii)  conversely  if  ax  =  1,  x  =  kn. 

Ex.  5.  If  n  =  qr,  the  order  of  a*  is  r. 

Ex.  6.  If  d  is  the  H.C.F.  of  n  and  x,  the  order  of  a*  is  n-±-d. 

Ex.  7.  If  each  pair  of  the  elements  a,  b,  c,  ...  is  permutable,  the 
order  of  abc  ...  is  a  factor  of  the  L.C.M.  of  the  orders  of  a,  &,  c,  .... 
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Ex.  8.  If  a,  b  are  elements  of  orders  n,  m.  prove  that  (i)  if  a*  is 
the  lowest  power  of  a  which  is  permutable  with  b,  n-r-x  is  integral ; 
(ii)  if  ax  is  the  lowest  power  of  a  which  is  also  a  power  of  b,  n-^-jc 
is  integral ;  (iii)  if  arbs  =  bsar,  where  r  is  prime  to  n  and  s  to  m, 
ab  =  ba. 

Ex.  9.  If  a2  =  b2  =  1,  ab  is  the  inverse  of  ba. 

Ex.  10.  If  a2  =  ft2  =  (ab)2  =  1,  ab  =  ba. 

Ex.  11.  The  order  of  a  is  qr,  where  q  is  prime  to  r.  Prove  that 
(i)  integers  a  and  /3  can  be  chosen  so  that  a  =  aa .  a8,  where  the 
order  of  aa  is  q  and  of  aP  is  r ;  (ii)  conversely  if  a  =  6c,  where 
b  and  c  are  permutable  elements  of  orders  q  and  r,  6  =  aa  and 
c  =  o£. 

Ex.  12.  If  a,  6  are  elements  of  orders  n,  m  and  &a  =  a262,  prove 
that  (i)  (rn— w)(w— 2n)(2m— «)  =  0  ;  (ii)  a46  and  o&*  are  of  the 
same  order. 

Ex.  13.  If  ba  =  arbst  arbs~2  and  a*1"2^  are  of  the  same  order. 


§  3.  The  element  b~lab  is  called  the  transform  of  a  by  b  or 
the  result  of  transforming  a  by  b. 

The  t-th  power  of  the  transform  of  a  by  b  =  the  transform 
of  the  t-th  power  of  a  by  b,  t  being  a  positive  or  negative 
integer. 

For  since  b~lal~lb  .  b~lab  =  b~lafb,  it  follows  at  once  by 
induction  that  (b~laby  =  b~la*b,  when  t  is  positive.  Again, 
since  Zr  lafb  .  b~la~fb  =  I,(b-la*b)-1  =  b-la~(b  =  (b-lab)-f  when 
t  is  negative  ;  and  therefore  (6~1a6)'  =  b~lafb  as  before. 

A  case  of  frequent  occurrence  is  that  in  which  the  transform 
of  a  by  6  is  a  power  of  a.  Suppose  b~lab  =  ak,  then  b~yaxl>y 
=  axjfy,  y  being  a  positive  integer.  For  this  is  evidently  true 
when  y  =  1  :  and  since  b'^cf^b  =  (axjiy)k  =  axky+l,  by  induction 
the  result  is  true  in  general. 

Again,  (Ztfa*)'  =  6y'az<&yt-1>^(fcy-1),  y  and  t  being  positive 
integers.  For  this  is  evidently  true  when  t  =  1  :  and  since 


by  induction  the  result  is  true  in  general. 

Ex.  1.  b~lab  and  a  have  the  same  order. 

Ex.  2.  If  b~1ab  =  a,  a  and  b  are  permutable. 

Ex.  3.  ab  and  ba  have  the  same  order. 

Ex.  4.  The  transform  of  ab  by  c  is  the  product  of  the  transforms 
of  a  and  6  by  c. 

Ex.  5.  If  the  transforms  of  c  by  a  and  6  are  the  same,  ba~l  and 
ab~  l  are  permutable  with  c. 
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Ex.  6.  If  l~lab  =  ak,  (i)  (0*6*)*  =  fttfa***^-1)*  (*»-»),  (ii)  the 
transform  of  Wax  by  bsar  is  iyaxk'+r-rk*. 

Ex.  7.  If  in  Ex.  6  a  and  6  are  of  orders  n  and  w,  A^1  =  1 
(mod.  n). 

Ex.  8.  If  65  =  1  and  b~lab  —  a2,  find  the  order  of  a. 

Ex.  9.  If  a,  &  are  of  orders  p,  p—1  (p  prime*),  the  relation 
ab  =  bak  is  possible  for  all  values  of  k  not  divisible  by  p. 

Ex.  10.  If  &  transforms  a  into  its  inverse  and  a  transforms  6  into 
its  inverse,  a*  =  fe4  =  1. 

Ex.  11.  If  a  and  b  both  transform  c  into  one  of  its  powers,  ab 
and  ba  transform  c  into  the  same  power  of  c. 

§  4.  The  element  c  =  a~lb~lab  is  called  the  commutator  of 
a  and  6. 

Of  course  c  is  not  in  general  permutable  with  either  a  or  6. 
If  c  is  permutable  with  a,  ca  is  the  commutator  of  a°  and  6. 
For  since  b~lab  =  ac,  b~laab  =  (ac)°  =  aaca  when  ac  =  ca. 
Hence  a~ab~1aab  =  ca.  Similarly  if  be  =  cb,  c8  is  the  commu- 
tator of  a  and  b8. 

If  c  is  permutable  with  both  a  and  b,  ca8  —  (ca)8  is  the 
commutator  of  aa  and  b8,  sirfce  ca  is  the  commutator  of  aa  and 
6.  Moreover  from  ab8  =  bBacB  we  deduce  (ba)2  —  baba  = 
b  .  bac  .  a  ==  62ft2c,  (6a)3  =  bab2a2c  =  &  .  62ac2  .  a2c  =  63a3c3,  and 
by  induction  in  general  (ba)1  =  bWc&V'1).  Similarly  (ab)1 
=  btatc^l+l\  Again,  since  c^  is  the  commutator  of  ax  and  by, 
'-*),  and  so  on. 


Ex.  1.  If  c  =  1,  a  and  &  are  permutable  ;  and  conversely. 

Ex.  2.  The  commutator  of  a  and  b  is  the  inverse  of  the 
commutator  of  &  and  a. 

Ex.  3.  Any  transform  of  a  commutator  is  a  commutator. 

Ex.  4.  Identity  is  the  only  element  which  is  the  commutator  of 
another  element  and  itself. 

Ex.  5.  If  the  commutators  of  g  and  a  and  of  g  and  b  are  identical. 
g  is  permutable  with  ba~l  and  ab~l. 

Ex.  6.  Every  commutator  is  the  product  of  two  elements  of 
equal  order. 

Ex.  7.  The  commutators  of  a  and  b,  a~l  and  b~l  have  the  same 
order. 

Ex.  8.  If  a2  =  62  =  1,  (ab)2  is  the  commutator  of  a  and  6. 

Ex.  9.  If  a  and  6  transform  g  into  powers  of  g,  their  commutator 
c  is  permutable  with  g. 

Ex.  10.  If  c  is  permutable  with  a,  its  order  is  a  factor  of  the 
order  of  a. 

*  See  Preface,  p.  v. 
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Ex.  11.  If  c  is  permutable  with  a  and  6,  (i)  (bcty  - 
(ii)  (abY  =  aWe'W"1),  (iii)  c^-yr  —  the  commutator  of  6*a*  and 
6sar=  the  commutator  of  axbv  and  arfcs  =  the  commutator  of  aWc? 
and  arZ>V. 

Ex.  12.  If  the  commutator  ctj  of  #,  and  <fy  is  permutable  with 
9i,  9 z,  •••,(! x  ^T  each  value  of  i  and  j,  (g^x^  -.9$  =  fxtfi-i  —  9i 

X   (C12C13  ...  Cj-r^  ...  C^Cu  ...  C3x  ...)*^-  X>. 

Ex.  13.  If  06  =  bak,  find  the  commutator  (i)  of  fc^a*  and  &sar.  (ii) 
of  a-tyy  and  a7"^. 

§  5.  In  the  following  chapters  we  shall  illustrate  the 
abstract  idea  of  an  element  by  applying  it  to  certain  concrete 
cases.  Chapter  II  is  devoted  to  permutations,  Chapter  III  to 
substitutions,  Chapter  IV  to  various  geometrical  examples.  The 
corresponding  groups  of  elements  are  discussed  in  Chapters  VI, 
VII.  and  VIII  respectively. 


CHAPTER  II 

PERMUTATIONS 

§  1.  SUPPOSE  we  are  given  any  m  letters  or  other  symbols 
(in  this  section  we  take  the  numbers  1,  2,  ...,m)  arranged  in 
a  definite  order.  If  we  rearrange  them  so  that  a  takes  the 
place  of  1,  j8  of  2,  y  of  3,  ...,/u  of  m  (where  a,  ft,  y,  ...,/*  are  all 
distinct  and  all  included  among  the  symbols  1,  2,  ...,  m),  the 
operation  (S)  performed  is  called  a, permutation  or  substitution* 

of  degree  m,  and  is  denoted  by  the  symbol  (     ~  )• 

If  a  second  permutation  T  =  (  .  j>fi"'vj  replaces  a  by 
A,  /3  by  B,  y  by  C, ...,//  by  M,  the  law  of  combination  of 
permutations  is  defined  by  ST  —  U,  where  V  =  (  .  »  /t  *"  i*l ' 

mi  •    •    j       L  j         T-  T    n    r.     /123...m\/a  S  y ...  ^\ 
This  is  denoted  symbolically  by  (  )(  .  ,,)= 

J    J  \a  p  y  ...  fj./\A  B  C  ...M/ 

(  .  ,,  )•     We  notice  that  ?7  gives  the  result  of  per- 

\A  B  C  ...  M' 

forming  first  the  rearrangement  defined  by  S  and  then  that 
defined  by  T. 

It  is  obvious  that,  when  the  law  of  combination  is  defined 
in  this  way,  permutations  obey  the  associative  law  and  satisfy 
the  conditions  by  which  'elements'  were  defined  (II).  The 

/I  2  3  ...m\  .     . 

permutation   (TOO  )  not  displacing  any  symbol  is  the 

identical  element,  and  [ ,  «  o  Ps  *ne  element  inverse  to  S. 

\L  &  o  . . .  m/ 

Ex.  1.  Every  permutation  (except  identity)  displaces  at  least 
two  symbols. 

Ex.  2.  Find  the  order  of  (I  *  * 
Ex.3.  — -/1234^    —  /12S 


and  S2T  are  of  order  2. 

*  '  Substitution '  is  perhaps  more  frequently  used  than  '  permutation '. 
We  shall,  however,  always  use  'permutation'  in  this  book,  in  order  to  avoid 
confusion  with  the  operations  denned  in  III  1. 
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Ex.  4.  The  numbers  of  ways  in  which  m  queens  can  be  placed 
on  a  chessboard  of  m2  squares  so  that  no  two  can  take  each  other 
is  the  number  of  permutations  S  such  that  the  distance  between 
any  pair  of  symbols  in  the  upper  line  =j£  the  distance  between  the 
same  pair  in  the  lower  line. 

/I  2  3  ...m  — 1   m\  . 
§  2.  A  permutation  such  as  ( -  _  I  is  called 

a  circular  permutation  and  is  denoted  for  the  sake  of  brevity 
by  (1  2  3  ...  m).  Each  symbol  in  (1  2  3  ...  m)  is  replaced  by  the 
one  that  follows  it. 

The  order  of  a  circular  permutation  is  equal  to  its  degree. 

Take,  for  example,  the  permutation  S  =  (1  2  3  4) 
234\  /1234\  „  /123 


S4  =  (  j  =1 ;  and  the  reasoning  is  general. 

A  circular  permutation  of  degree  and  order  2,  such  as  (1  2), 
is  called  a  transposition. 

Ex.  1.  A  circular  permutation  of  degree  1  is  identity. 

Ex.  2.  (2  1)  =  (1  2). 

Ex.  3.  (123  ...  w)  =  (2  3  ...  m  1)  =  (3  ...  m  1  2)  =  ... . 

Ex.  4.  (m    m  —  1  ...  2  1)  is  inverse  to  (1  2  ...  w  — 1    m). 

Ex.  5.  Two  circular  permutations  with  no  symbol  in  common 
are  permutable. 

Ex.  6.  (b  c)  =  (a  b)  (a  c)  (a  b). 

Ex.  7.  (a  6  c)  is  the  commutator  of  two  transpositions. 

Ex.  8.  Prove  (i)  (1  3  4)  =  (1  2  3)  (2  1  4)  (2  1  3),  (ii)  (245)  = 
(2  1  4)  (1  2  5)  (1  2  4),  (iii)  (3  4  5)  =  (2  1  3)  (2  4  5)  (1  2  3). 

Ex.9.  If  S  =(12  3  4...),  S'=(  * 

Vf  +  1  t  +  2  t+B  t+± 

§  3.  Every  permutation  is  the  product  of  circular  per- 
mutations no  tu-o  of  u-hich  have  a  symbol  in  common. 

Consider,  for  example,  the  permutation 

/I  2  3  4  5  6    7  8  9  10  11\ 
r\5  8342  11  10  16  7    9/' 

It  replaces  1  by  5,  5  by  2,  2  by  8,  8  by  1.  Take  any  symbol 
not  already  involved,  such  as  6 ;  then  S  replaces  6  by  11, 
11  by  9,  9  by  6.  Take  another  symbol  not  already  involved, 
such  as  7 ;  then  S  replaces  7  by  10  and  10  by  7.  Finally, 
S  does  not  displace  3  and  4.  Hence  8  is  the  product  of 
(152  8),  (6  11  9),  (7  10),  (3),  and  (4) ;  or  S  =  (1  5  2  8)  (6  11  9) 


CYCLES 
(7  10)  (3)  (4).     We  call  (152  8),  (6  11  9)    (7  io\    /«\   (A\ 


.» 

—  is  cae    regular. 


Ex.  1.  Eesolve       /*  28*66789  1<K 
V3  86924  10  51   7  /  ' 

/I  23  4   567891011  12  1314  15\ 
Vll  7  5  12  12346  9  10  8  141315,)' 


p^^.JTtt*'--1"*"   and  (0»"' 

Ex.  6.  The  number  of  cycles  into  which  the  permutation  8  of 
re8°    *         ^^  °*  ?*****  **  1  ^  *Srf  * 


-    .r  rf  P*  »  -  f  *  0«M  ...    and  A     .. 

'  *-*' 


. 

Ex.  9.  If  S=(aia2      aj,  (i)  one  cycle  of  S*  is 
«3f+1  ...)   where  a,  and  a    are  identical  when  ^  = 

i)  ^is  circular,  when  f  ia  prime  to  m:    (iii)  ^  is  a 
permutation  containing  «  cycles  of  degree  ,/  when  «  =%"  j 
of  Jand  T  P6^11^1011  co«taining  d  cycles,  when  d  is  the  H  C.R 


th  oacn°Ce      e      8tinCti°n  ^^^  the 
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Ex.  10.  Every  regular  permutation  is  a  power  of  a  circular 
permutation. 

Ex.  11.  Express  (135  12)  (276  11)  (4  8  10  9)  as  a  power  of 
a  circular  permutation. 

§  4.  The  order  of  a  permutation  S  is  the  L.  C.  M.  of  the 

degrees  of  its  cycles. 

Let  S=ABC...,  where  A,  B,  C,  ...  are  circular  permu- 
tations no  two  of  which  have  a  symbol  in  common.  Then 
A,B,C,...  are  evidently  permutable  elements.  Hence  we 
have  &»=  AnBnCn...;  so  that  Sn  =  1,  if  and  only  if 
An  =  Bn  =  <7»  =  ...=  1.  Therefore  the  order  of  S  is  the 
L  C.  M.  of  the  orders  of  A,B,C,....  But  the  order  of 
a  circular  permutation  =  its  degree,  and  hence  the  theorem 
follows. 

Ex.  1.  The  order  of  a  regular  permutation  =  the  degree  of  each 
cycle. 

v     o    v  A  ^       j       r     /I  2  3  4  5  6  7\ 
Ex.2.  Find  the  order  of      (g  g  6  ?  g  1  J, 

/I  2  345  6  7  89  10  11\         ,    /abode  f\ 
V51168431091    2  7/  \dfeacb)' 

Ex.  3.  Every  permutation  can  be  expressed  as  the  product  of 
two  permutations  of  order  2  in  the  same  symbols. 

Ex.  4.  The  order  of  a  permutation  of  degree  m  is  a  factor  of  m  ! 

§  5.  The  transform  of  a  permutation  Sbya  permutation  T 
is  found  by  performing  the  permutation  T  on  the  cycles  of  S. 

Suppose  S  =  (a  b  c  ...)  (klm  ...)..., 

and  T      ,abc...klm  ......  y 

Vet  p     ...  K  \  *  ......  / 


/a  )3  y  ...\  /a 
=  (bed..)  (a 


a  b  c  ... 
a  b  c  ... 


Similarly       T"1  (fc  I  m  .  .  .)  T  -  (K  \  p  .  .  .),  &c. 
Hence    T~1ST  =  T-1  (a  6  c)  T  .  T~l  (k  I  m  ...)  T  .  ... 

=  (a  ,3  y...)(r  A  M.  ..).... 

Ex.  1.  Transform  (1  3  6  4)  (9  5  2)  (7  8)  by  (1  5  8  7  2)  (3  6),  and 
/I  234567  8\         /I  234567  8\ 
V8  4  1  2  6  5  7  3/    y  V4  7  3  8  6  2  5  l7  ' 
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Ex.  2.  A  permutation  is  similar  to  every  transform. 

Ex.  3.  A  permutation  can  be  transformed  into  any  similar 
permutation  on  the  same  symbols  by  some  permutation  on  these 
symbols. 

Ex.  4.  If  A,  B  are  two  similar  permutations  and  B  =  AC,  C  is 
a  commutator. 

Ex.  5.  If  two  permutations  have  only  one  symbol  in  common, 
their  commutator  is  of  order  3. 

Ex.  6.  If  two  permutations  have  just  two  symbols  in  common, 
their  commutator  is  of  order  2,  3,  or  5. 

Ex.  7.  The  only  permutations  on  m  given  symbols  which  are 
permutable  with  a  circular  permutation  S  on  the  m  symbols  are 
the  powers  of  S. 

Ex.  8.  Find  all  the  permutations  on  the  10  symbols  involved 
in  S  =  (a  b  c  d  e)  (1  2  3  4  5)  which  are  permutable  with  S. 

Ex.  9.  The  permutation  (1  2  ...  m)  (m+1  m  +  2  ...  2m)  is 
permutable  with  (1  m+\)  (2  m  +  2)  ...  (m  2m). 

§  6.  Any  permutation  can  be  expressed  as  the  product  of 
transpositions. 

Since  any  permutation  is  the  product  of  circular  permu- 
tations, it  is  sufficient  to  prove  this  theorem  for  a  circular 
permutation. 

Now  we  have  at  once  (a  b  c  ...  k)  (a  1)  =  (  ,      '"    )•  ( 7     ) 
77.7  \6  c ...  a/   \£  a/ 

=  ( ,        "  j    )  =  (a  b  ...  k  I).     Hence  by  induction  (a  b  c  ...I) 

\o  c  , , .  I/  a/ 

=  (a  b)  (a  c) ...  (a  I). 

Ex.  1.  The  number  of  ways  in  which  a  permutation  can  be 
expressed  as  a  product  of  transpositions  is  unlimited. 
Ex.  2.  Express 

/I  23456  7  89  10\  /ab  c  d  efg  h  i\ 

V3  8  6  9  2  4  10  5  1   7  )  \chebfagid) 

as  products  of  transpositions. 

Ex.  3.  Any  permutation  on  1,  2,  ...,  m  can  be  expressed  as  the 
product  of  transpositions  of  the  form  (1  2),  (1  3),  ...,  (1  m). 

Ex.  4.  If  the  product  of  k  transpositions  is  of  degree  m  with 
s  cycles  (including  cycles  of  degree  1),  k  >  m— s. 

Ex.  5.  A  circular  permutation  of  degree  m  can  be  expressed  as 
the  product  of  m  —  1  transpositions,  but  of  no  smaller  number. 

Ex.  6.  m  volumes  of  a  book  disarranged  on  a  shelf  in  the  order 
o,  j3,  y,  ... ,  jj.  are  brought  into  numerical  order  by  repeated  inter- 
changing of  two  volumes.  Prove  that  m  —  s  interchanges  are 
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necessary,  where  s  is  the  number  of  cycles  (including  cycles  of 
degree  1)  in 

/I  2  3  ...  m\ 

\a/3  y  ...  /*/* 

§  7.  In  whatever  way  a  given  permutation  is  expressed  as 
a  product  of  transpositions,  the  number  of  the  transpositions 
is  always  odd  or  always  even. 

Consider  the  expression 

D  =  (a-b)(a-c)(a-d)(a-e)...(b-c)(b-d)(b-e) 

...(c-d)(c-e)...(d-e)... 

which  is  the  product  of  the  differences  of  all  possible  pairs  of 
the  symbols  a,  b,  c,  d,  e, ....  A  transposition  of  two  symbols 
changes  D  into  —  Z);  and  therefore  a  permutation  expressed 
as  a  product  of  an  odd  number  of  transpositions  changes 
D  into  —  D,  while  a  permutation  expressed  as  the  product  of 
an  even  number  of  transpositions  leaves  D  unaltered. 

Hence  if  a  given  permutation  is  expressed  as  a  product 
of  transpositions,  the  number  of  such  transpositions  is  always 
odd  or  always  even.  The  permutation  is  called  an  odd  or 
even  ('  negative '  or  '  positive ')  permutation  in  the  two  cases 
respectively. 

Ex.  1.  The  product  of  r  odd  and  s  even  permutations  is  odd  or 
even  according  as  r  is  odd  or  even. 

Ex.  2.  A  circular  permutation  is  odd  or  even  according  as  its 
order  is  even  or  odd. 

Ex.  3.  A  permutation  of  degree  m  containing  s  cycles  (including 
cycles  of  degree  1)  is  odd  or  even  as  m— s  is  odd  or  even. 

Ex.  4.  A  commutator  is  always  even. 

Ex.  5.  Every  even  permutation  can  be  expressed  as  the  product 
of  circular  permutations  of  order  3. 

Ex.  6.  Every  even  permutation  on  1,  2,  3,  ...,  m  can  be  ex- 
pressed as  the  product  of  circular  permutations  of  the  form  (123), 
(1  24).  (125),  ...,(12ro). 

Ex.  7.  If  Ufj  is  the  element  in  the  i-th  row  and  j- th  column 
of  a  determinant,  the  coefficient  of  «iaa-20a3y  •••  *n  *ne  expansion 
of  the  determinant  is  +1  or  —1  according  as  the  permutation 

/I  2  3  ...\  .  ,, 

)  is  even  or  odd. 
\af3  y  .../ 

Ex.  8.  A  permutation  is  always  permutable  with  some  odd 
permutation  on  the  same  symbols  unless  the  degrees  of  its  cycles 
are  all  odd  and  all  distinct. 


CHAPTER    III 


SUBSTITUTIONS 

§  1.  SUPPOSE  we  are  given  m  independent  quantities 
xl,x2,...,xm  which  we  shall  call  the  'variables'.  If  we 
change  them  respectively  into  the  m  independent  quantities 
ajj'.ojg',  ...,xm',  where  «/  is  a  function  /<  (x^x^  ...,  xm)  of 
xlt  x2,  ...  ,  xm,  the  operation  performed  is  called  a  substitution 
of  degree  m.  This  substitution  is  denoted  by  the  notation 
®'i  =  /i(«i>  *2,  ...»*»).  (*'  =  1,2,  ...,m),  or,  if  "no  ambiguity 
is  thereby  introduced,  by  (/i,/2,  •  ••>/?»)>  or  even  by  x'=f(x). 

Solving  the  equations  xt  —/^(x^x.^  ...,xm)  we  obtain  m 
equations  of  the  form  xi  —  F^  (x^x^,  ...,  xm').  We  shall  only 
consider  the  case  of  a  '  birational  '  substitution  in  which  the 
functions  ft,  Ft  are  one-  valued.  The  simplest  and  most 
important  example  of  such  a  birational  substitution  is  the 
1  homogeneous  linear  '  substitution 


=  a      X 


If  ?  =  (/i'A—  /«)  and  T  =  (^,^2,...,</)J,  the  law  of 
combination  of  substitutions  is  defined  by  ST  =  U,  where 


which  may  be  written  x'—  <f>  [/(#)].  It  should  be  noticed  that 
ST  is  obtained  by  first  changing  xt  into  &/:E/{(#I  !&&>•••>&«) 
and  then  changing  re/  into  </>f  (a;/,  ^  .  .  .  ,  xm')  ;  or  by  elimi- 
nating a;/,  iCg',  ...,xm'  from  the  2m  equations 


and  then  putting  #/  for  x". 

It  is  obvious  that,  when  the  law  of  combination  of  sub- 
stitutions is  defined  in  this  way,  substitutions  obey  the 
associative  law  and  satisfy  the  conditions  by  which  '  elements ' 
were  defined.  The  substitution  (xlt #2,  ...,o;OT)  is  the  identical 
element.  The  element  inverse  to  S  is  (FltJ?at  ...,Fm),  since 

A  permutation  may  be  considered  as  that  special  type  of 
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substitution    in    which    or-/,  a?2',  . . . ,  xm'    are    the    quantities 
xl,xz,...)xm  in  some  order  or  other. 


§  2.  Some  authors  define  ST  as  the  result  of  first  sub- 
stituting fi(x1,x2,  •••>  xm)  f°r  xi  an<^  then  substituting 
(f>i(xl,x.2)  ...,xm)  for  xt-;  which  is  the  same  as  substituting 
/,-(</>!,  (j>.2,  ...,  <£m)  for  x{.  From  this  point  of  view  ST  is  the 
substitution  #/=/[<£(«)]•  no*  ^i'  =  #  [/(^l  as  in  §  1. 
Though  this  is  in  some  ways  the  more  natural  convention, 
we  have  adopted  the  definition  of  §  1  as  being  that  used 
by  the  majority  of  writers,  and  as  being  more  readily  adapt- 
able to  the  geometrical  applications.  We  pass  from  one 
definition  to  the  other  by  interchanging  ST  and  TS. 

Ex.  1.  The  coordinates  (x,  y)  of  any  point  in  a  plane  are 
changed  into  cos0  x  +  sindy—  h,  —  &indx  +  cos9y  —  k  by  rotating 
the  rectangular  Cartesian  axes  of  reference  through  an  angle  6 
and  transferring  the  origin  to  the  point  (h,  k).  Hence  the  changing 
of  the  axes  is  equivalent  to  performing  the  substitution 
(cos0£  +  sin0  y  —  h,  —  sm6x  +  cosOy—k). 

Ex.  2.  The  product  of  two  birational  substitutions  is  birational. 

Ex.  3.  If  S  is  sf=f\x),  T  is  **=  $(x\  and  V\axr=.  $(x\  STV 


.    Ex.  4.  Find  the  inverses  of  x'  =  (ax+  b)  -f-  (cx+d), 

(l'6x—8y,  —8x+5y),  and  (Sx+3y  +  2z,  x—y  +  z,  2x+Sy  +  e). 

•  Ex.  5.  (ax+by,  cx+dy)  and  (Ax+Ey,  Cx  +  Dy)  are  permutable 
if  a-d:b:c  =  A-D:£:C. 

Ex.  6.  Find  the  orders  of 

yf—  b  +  x,  x1  —  a—x,  x*=  (x—  l)-r#, 

*'=  V~l(x+l)-r(x-l),x'=$(V3+V=l)x,  (x-y,x), 

(8x-lSy,  5x-8y),  (5x  +  6y,  -4x-5y,  8x  +  8y-e\ 

(Sx-Sy  +  ig^x-Zy  +  lz,  -y  +  z). 

•  Ex.  7.   Find  the  condition  that  x'=  ax+b  should  be  of  finite 
order. 

.    Ex.  8.  Find  the  «-th  power  of  (ax,  bx+ay,  cx  +  az),  and  show 
that  it  cannot  be  of  finite  order  unless  6  =  c  =  0. 
.    Ex.  9.  Find   the   n-th   power   of  (ax,   cx  +  dy),   and   find   the 
conditions  that  its  order  should  be  finite. 


Ex.  10.  If  S  =  (Sx-ty  +  2z,  x-y  +  z,  2x+3y  +  z), 

,  x-y-z,  5x-Sy-Qz)  find  TSand  T2STSS. 


y  _  O          _  1 

Ex.  11.  The  product  of  x'=  -   ^>  —  >  -        T  is  x'=  x-B. 

X—l         X         —X—l 
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Ex.  12.  (i)  If  cos  0  =  (a  +  d)  +  2  Vad-bc, 

,,  f   ,     ax  +  b  . 

the  w-th  power  of  x  =  -  ,  is 
cx  +  d 

,__  (ax+b}sm(n+l)  (ft  —  (dx—  b)sin(n  -1)  <fr 
"~  (ex  +  d)  sin  (n  +  !)<{>  +  (ex  —  a)sin(w— 


when  sin  <ft  ^  0  ; 


,  -w)  d~]x+2nb     , 

and  is  #  =  l  —          -  ~  —  -  ^~T  when  sui  $  =  0. 

—  n)  a] 


(ii)  Find  the  condition  that  the  substitution  should  be  of  finite 
order. 

Ex.  13.  Express  the  w-th  power  of  x'  =  (ax  +  &)-:-  (ex  +  d)  as 
a  continued  fraction. 

Ex.  14.  The  w-th  power  of 


is  found  by  putting  fc"  for  k. 
Ex.  15.  If  S= 


is  of  finite  order,  so  is 
T= 

Ex.  16.  (i)  If  yi  =  -(xi-xi+l)(xi^-xi+3) 

+  (Xi-xi+2)(xi+l-xi+3),  (i  =  1,  2,  ...,  »n-3), 
find  the  substitutions  effected  on  ylt  y.2,  ...  ,  ym,3  by  performing 
the  permutations  (x1x2}  and  (x^x^  ...  xm)  on  xl,  x2,  ...,  xm.  (ii) 
Show  that  the  substitutions  so  obtained  are  birational. 

Ex.17.  The  substitution  x'=ax  +  by,  y'=cx  +  dy  is  repre- 
sented geometrically  by  making  (x,  y)  and  (x*,  y')  corresponding 
points  on  the  conic  acx2+  bdy2  +  2bcxy  =  Tc  and  its  polar  reciprocal 
with  respect  to  ex2  +  byz  =  k;  or  on  the  conic 


and  its  polar  reciprocal  with  respect  to 

(a-d)(x*+y*)  +  2  (b-c}xy  =  It. 
Ex.  18.  The  substitution 

x'=ax  +  hy+gz,  y'  =hx  +  by+fz,  z'  —  gx  +fy  +  cz 
is   represented   geometrically  by  making  (x,  y,  z)  and  (#',  y',  /) 
corresponding  points  on  the  conicoid 

ax*  +  by*  +  CZ*  +  Zfyz  +  2gzx  +  2hxy  =  1 
and  its  polar  reciprocal  with  respect  to  x2+yz  +  ez  —  1. 

§  3.  The  transform  of  a  substitution  S  by  a  substitution  T 
is  found  by  expressing  S  in  terms  of  new  variables  defined 
by  T. 
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Let  S,  T,  T~l  be  respectively  the  substitutions 

*i=fi(*l,x»  ...,*J,  */=  **(«i,  0»,  ...,*m)» 

xif=<t>i(xl,x2,...,xm),(i  =  1,2,  ...,-m). 
Consider  new  variables  y,',  y/,  .  .  .  ,  ym',  yj,  y2,  .  .  .  ,  ym  denned  by 


expressed   in  terms  of  these  new   variables   by  eliminating 
x^t  £2',  .  .  .  ,  xm',  xl,xz,...,xm  between  the  3  m  equations 

y/e  +<(«/,*»',...,  O»  xi'=Mxl>x*>  —.*m). 

ft  =  *«(«!,»«,•••>*«),  .........  (0 

and  solving  the  resulting  m  equations  for  y/,  y2',  .  .  .  ,  ym'  in 

terms  of  yl  ,  y.2  ,  .  .  .  ,  ym  .     Suppose  we  obtain  thus 

ft'-tota'Sb*—  »3b)- 

Then  a:/=  Vr,.  (xr  xt,...,xm)is  the  substitution  T~1ST. 
For  by  §  1   T~1ST  is  obtained  by  eliminating 

«/,  x^,...^xm\xlt  xt,  ...,xm 
between  the  3  771  equations 


and  then  replacing  ?//  by  a-/,  yf  by  a;t-.     But  equations  (ii)  are 
immediately  deducible  from  equations  (i). 

Ex.  1.  If  we  put  </>,-  (*/,  a^',  ...,  O  for  x{  and  </>,-  (a^,  a^,  ...  ,  arnl) 
for  x  in  the  equations  */=y<(«i,  ^2,  ••-,  ^m),  and  then  solve  for 
or/  in  terms  of  xlt  x2,  ...,  xm,  we  obtain  the  substitution  TST~l. 

Ex.  2.  Find  the  transform  of  (i)  of  =  (a*+  y3)  -7-  (y«  +  8)  by 
z'=  ax+6;  (ii)  K 


(iii)    («!*!, 


by 

(x-e,  x-y—  e,  —x 
(v)  (8s-13y,  5*-8y)  by  (2x-y,  - 


§  4.  The  most  important  type  of  substitution  is  the  homo 
geneous  linear  substitution. 


where  the  '  coefficients'  (a^)  and  'variables'  (x^)  are  any  real 
or  complex  quantities. 
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The  square  matrix 


iz 


is  denoted  by  |  a  \  ,  if  no  ambiguity  is  introduced  thereby. 
When  |  a     is  considered  as  a  determinant,  it  is   called  the 

Since  A  possesses  a 


determinant  of  the  substitution  A  '. 
inverse  A'1,  \a\  =,£  0. 
If 


B  = 


...  +  b 


lmxm, 


.  .  .  +  b 


zmm, 


ml  1 


.  .  .  +  b 


+  C22x2  + ...  +c 


we  verify  at  once  that 

AB  =  (c11£e1  +  c12o'2  +  ...  -f  clni 

Employing  the  usual  rule  for  the  multiplication  of  d( 


61  = 


i.e. 


minants   we  at   once    prove   that   |  a 

determinant  of  the  product  of  two  substitutions  is  equai 

the  product  of  their  determinants. 

We  may  associate  with  each  substitution  such  as  A  (of 
with  the  matrix  |  a  \ )  a  corresponding  bilinear  form 

a  i  w   'j/ 1   ~"~    >*  /*/  .  'j/.-r*.      ( 'j     i   —    I     9  /yyi  i 

(x,y)  =  Aajjt/jXj,  {i,  j  —  i,  A,  .,.,7fi). 

The  substitution  A'  derived  from  A  by  interchanging  a^ 
and  aji  (for  all  values  of  i  and  j)  is  called  the  transposed 
substitution  of  A.  The  substitution  A  derived  from  A  by 
replacing  atj  by  the  conjugate  complex  quantity  af  •  is  called 
the  substitution  conjugate  to  A.  Similarly  A'  denotes  the 
substitution  conjugate  to  A'. 

The  substitution  A  is  called  real  if  A  =  A  (i.e.  a^  is  real 
for  all  values  of  i  and  j),  symmetric  if  A'=A  (i.e.  a,v  =  a-,-), 
Hermitian  if  A' =  A  (i.e.  a^-  =  a,^)  and  the  bilinear  form 
a  (x,  x)  is  a  positive  Hermitian  form  (§  5),  orthogonal  if 
^U.'=  1,  unitary  if  ^U.'=  1. 

If  the  substitution  A  changing  x^  into 

xi    —  aiixi  +  ^'2^2  +  •  •  •  +  aimxm 

is  orthogonal,  we  prove  at  once  by  forming  the  product  A  A' 
that  al{aVj  +  a2iazj  +  ...+  amiamj  —  1  if  i  —  j,  and  =  0  if  i ••  ' 
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Therefore 

x^  +  x2'2+  ...  +  xm'*  =  (o11<r1  +  aiaa;2+  ...  +almxm)2 

+  (a^  +  azzx2  +  .  .  .  +  azmxm)2  +  .  .  .  +  (am^  +  amzxz 


Conversely,  if  xf  +  <2  +  .  .  .  +  <cm'2  =  xf  +  x2z  +  .  .  .  +  xm2  for 
all  values  of  a;,,  a:2,  ...,  xm,  AA'—  1  and  hence  A  is  ortho- 
gonal. 

Similarly  if  A  is  unitary, 

xl  x^  +x2  x2  +  ...  +  xm  xm  r=  x^x^  +  xzx.2  +  ...-}-  #TO#m  ; 
v'nd  conversely,  if  this  relation  holds,  A  is  unitary.* 

Ex.  1.  What  are  the  conditions  that  AB  =  BA  ? 

Ex.  2.  The  determinant  of  A"1  is  {|a|}~1. 

Ex.  3.  The  determinant  of  a  substitution  =  the  determinant  of 

'  transform. 

*]x.  4.  The  determinant  of  a  substitution  of  order  n  is  an  n-th 

t  of  unity. 

x.  5.  If  C  =  KLM  ...  RST,  c{j  —  2tiTSr*rfp  ...  m^l^knj  (T,  o-,  p, 
-,  M,  A  =  1,  2,  ...,  m). 

.  Matrices  may  be  considered  as  elements  defined  by  the 
jf  combination  |oj  .  |6|  =  |c|. 

_^x.  7.  The  determinants  of  A  and  A'  are  equal,  and  the  deter- 

inants  of  A  and  A  are  conjugate  complex  quantities. 

Ex.  8.  If  AB  =  C  ;  AB  =  C,  B'A'  =  C',  and  &A'  =  C'. 

Ex.  9.  The  transposed  substitution  of  B~1AB  is  BfA'Bf~l. 

Ex.  10.  If  A  and  B  are  (i)  real,  (ii)  orthogonal,  (iii)  unitary, 
so  is  C. 

Ex.  11.  (i)  A  real  orthogonal  substitution  is  unitary,  (ii)  a 
unitary  orthogonal  substitution  is  real,  (iii)  a  real  unitary 
substitution  is  orthogonal. 

Ex.  12.  If  A  is  (i)  real,  (ii)  symmetric,  (iii)  Hermitian,  (iv)  ortho- 
gonal, (v)  unitary,  (vi)  of  order  n,  so  are  -A"1,  A',  A,  and  A'. 

Ex.  13.  The  substitutions  A,  A'  maybe  defined  as  the  operations 


.  ,  y)      t>a(y,  x)  . 

of  changing  r,  into  -         -  ,     —  r^  —  *  respectively. 

tyi  *!/i 

Ex.  14.  If  A  changes  xi  into  a-/, 

(i)  a(x,  y)  =  ylxlf  +  y2xzf+  ...  +ymxn'  ;  (ii)  c(x,  y)  =  b  (x*,  y}. 

Ex.  15.  (i)  A  A'  is  symmetric,  (ii)  AA'  and  AA'  are  Hennitian. 

Ex.  16.  (i)  The  determinant  of  an  orthogonal  substitution  is 
±1,  (ii)  the  determinant  of  a  unitary  substitution  has  unit 
modulus,  (iii)  the  determinant  of  a  Hermitian  substitution  is  real 
and  positive. 

*  x(  denotes  Oi1 

HILTOS    F.    O. 
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aii*ij  +  *ti*aj  +  ...  +amiamj  =  1  if  i  =  j,  =  0  if  i±j 
we  can  deduce  the  ^w(w-l-l)  relations 

aiiaji  +  aizaj2+  ...  +aimajm  =  1  if  i  =j,  -  0  if  i^j  ; 

and  conversely. 

Ex.  18.  Every  orthogonal  substitution  of  degree  2  can  be  put 
in  the  shape  (cos  d  x  —  sin  d  y,  +  sin  Q  x  +  cos  0  «/). 

Ex.  19.  An  orthogonal  substitution  of  order  2  is  symmetric, 
and  conversely. 

Ex.  20.  If  Zj,  Wx,  Wj  ;  Z2>  W2>  W2  J  ^s»  ms>  W3  are  the  direction- 
cosines  of  three  mutually  perpendicular  straight  lines, 


is  an  orthogonal  substitution. 

Ex.  21.  (i)  The  transform  of  a  real  substitution  by  a  real  sub- 
stitution is  real,  (ii)  The  transform  of  a  symmetric  substitution 
by  an  orthogonal  substitution  is  symmetric,  (iii)  The  transform 
of  a  Hermitian  substitution  by  a  unitary  substitution  is  Hermitian. 

Ex.  22.  Find  an  orthogonal  substitution  of  order  2  changing  x-i 
into  alxl  +  a2xz  +  ...  +«w#m>  where  Oj,  a2,  ...,  am  are  any 
quantities  such  that  a^  +  a2z  +  ...  +aw2  =  l. 

Ex.  23.  (i)  If  S~1AB  =  D  and  B  is  orthogonal,  a  (a;,  y) 
=  d  (f,  TJ)  where 


_ 
(ii)  If  B  is  unitary  a(x,  y]  ==  d(£,  r;). 

§  5.  The  bilinear  form 

a  (x,  x)  =  SdijXiXj  (i,  j  =  1,  2,  ...,  m) 

is  called  Hermitian  when  af,«  =  a,-,-  (atv  is   real  if  i  =j).* 
If  we  express  a  (x,  x)  in  terms  of  other  variables 

Xly  Xz,  ...,  Xm 

(homogeneous  linear    functions   of  xl  ,  x2  ,  .  .  .  ,  xm),  the   new 
bilinear  form  is  still  Hermitian.     For  if 


+  ajt  (fjlXl  +  ...  +  €jinXm)  (filXl  +  ...  +  (imXm)  } 
=  2  {  2  (afj  ^.ey,  XfiX^  +  d{j  tig  ejt  X8Xt)  }  , 
which  is  Hermitian. 

We  shall  show  that  by  choosing  Xh  as  a  suitable  linear 
function  of  xk,  xk+^t  ...,  xm  we  may  bring  a  Hermitian  form 
of  non-zero  determinant  into  the  canonical  shape 

ai^i^i  +  e^^A  +  •••  +am  xmXm> 

*  As  in  §  4  xf,  Oy  are  complex  quantities  conjugate  to  a\,  av. 


in  5] 
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where 


«11        «12 


'-21 


'22 


akl     akz     •      '      '     akk 

This  is  obvious  if  m  =  1 .  Assume  it  true  for  every  value 
of  m  less  than  the  one  considered.  Then  we  shall  prove  the 
result  true  in  general  by  induction. 

Choose        allX1  •=  a-^Xj^  +  a^x^-^ ... +almxm) 
so  that  a-1-.X-.  =  a,,x,  +a91aro+  ...  +Qm^xm• 

MA         M  ii      1  Zl      -     '  w*l      771 

Then 

Ojj .  a  (x,  x)  =  a112^1X1  +  2(aucf^.' — < 


=  (by  our  assumption)  a1^X1X1 


^.(^^=2,3,...^) 


where 


1  2 


12     anafc3~ 
«n  0 

ftnU^o  —  ^3^ftj2       ^11 


0 


—  a11l~2a1a2...ai  (multiplying  the   1st  column   by  alt  and 
adding  to  the  £-th  column). 

Hence  bk  =  a11afc,  and  therefore 

a  (x,  x)  =  a^X^  +  a.2X,X2  +  .  .  .  +  amXmXm  . 

Since  alX1Xl  +  ...  +amXmXm  is  Hermitian,  Oj,  a8,  ...,  aOT 
are  real. 


Again,  since  -y^,  ^^"2>  •••>  %mXm  are  real  and  positive, 
a  (x,  5)  is  real  and  is  always  >  0  if  alt  a2,  ...  ,  am  are  all  >  0, 

C  2 
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whatever  values  (not  all  zero)  are  given  to  051}  x2,  ...,xm. 
In  this  case  a  (x,  x)  is  called  a  positive  or  definite  Hermitian 
form.     If  we  write  y^  for  VaiXi  when  a^  is  positive 
(i  =  1,2,  ...,m), 

a  (x,  x)  becomes  y^  +  yzyz  +  ...+  ymym  .    This  is  the  canonical 
shape  of  a  positive  Hermitian  form. 

In  the  above  argument  we  have  assumed  that  no  one  of  the 
quantities  ax,  a2,  ...,  am  vanishes.  This  is  legitimate;  for 
since  the  determinant  of  the  form  ^  0,  at  least  one  of  the 
(m  —  &)-th  minor  determinants  (with  k  rows  and  columns) 
of  [  a  j  does  not  vanish.  We  can  therefore  by  a  suitable 
arrangement  of  the  m  variables  always  ensure  that  ak  ^  0. 

Ex.  1.  A  homogeneous  function  of  the  second  degree  in  m 
variables  with  non-zero  determinant  can  be  expressed  in  the  shape 


Ex.  2.  A  real  symmetric  substitution  A  is  Hermitian  if  the 
bilinear  form  a(x,  x)  can  be  expressed  as  the  sum  of  m  real 
squares. 

Ex.  3.  In  whatever  way  a  (x,  x)  is  reduced  to  canonical  shape 
the  number  of  positive  coefficients  in  the  canonical  form  is  always 
the  same. 

Ex.  4.  The  sum  of  any  number  of  Hermitian  forms  is 
Hermitian  ;  and  the  sum  of  any  number  of  positive  Hermitian 
forms  is  positive. 

Ex.  5.  If  A  (#,  x]  is  a  form  of  zero  determinant  such  that 
Oy  =  flta,  while  all  the  (m  —  t—  l)-th  minors  of  the  determinant 
vanish  but  not  all  the  (m—  £)-th  minors,  a(x,  ar)_can  be  brought 
to  the  shape  a1X1X1  +  a2X2X2+  ...  +  am_tXm_tXm_t.* 

Ex.  6.  The  bilinear  form  a  (x,  y)  with  non-zero  determinant 
can  be  reduced  to  the  form  ulvl-}-u2v.2  +  ...  +umvm  where  w1( 
Ma>  •••>  um  are  linear  functions  of  xlt  x2,  ...,  xm  and  vlt  v2,  ...,  vm 


§  6.  Quantities  Xlt  X2,  ...,  Xm  not  all  zero  such  that 
AZf  =  a<1Z1  +  ai2Z2+...+aiinZm,  (i  =  1,  2,  ...,  m)  ......  (i) 

are  said  to  define  a  pole  (Xl,X2i  ...  ,  Xm)  of  the  substitution  A 
of  §  4.     Two  poles  (Xlt  X2,  ...  ,  Xm)  and  (Zlf  Zat  ...  ,  Zm)  are 

XX  X 

not  considered  distinct  if  -=*  =  -~  =  ...=  -^  •      Eliminating 


*  If  au  o2,  ...,  am_«  are  all  positive,  the  form  is  called  '  hypohermitian  of 
rank«'. 
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lt  X2,  ...,  Xm  from  the  m  equations  (i)  we  get 


21 


,— A    a 


12 


—  A 


m.2 


=  0. 


This  is  called  the  characteristic  equation  of  A. 

By  §  3  the  characteristic  equation  of  B~1AB  is  obtained  by 
eliminating  Ft-,  a:/,  a^  from  the  3m  equations 


fc  fe2      . 

F<  =  6^  +  &t-2z2  +  .  .  .  +  &<ma:m, 
«/  =  a^ajj  +  afaa:2  +  ...+aima:m,   (i  =  1,  2,  ...,  m)  .........  (ii), 

where  (Fv  F2,  ...,  Fm)  is  a  pole  of  B~1AB. 

From  (ii)  we  deduce  a;/  =  Aa;,-.  Therefore  the  characteristic 
equation  of  B~1AB  is  obtained  by  eliminating  a^,  a;2,  ...,  a:m 
from  Aa:,-  =  a^^  +  a^^j-  ...  +aimxm,  and  is  0(A)  =  0. 

Hence  the  characteristic  equation  of  A  is  identical  with  the 
characteristic  equation  of  any  transform  of  A.  Obviously 
Xl,X2,...,Xm  are  values  of  x^x.2,  ...,xm  satisfying  equa- 
tions (ii).  Therefore 

Yi  =  btiXl  +  bi,X2  +  ...  +  bimXm  ...............  (iii) 

Hence  any  pole  of  B~1AB  is  obtained  by  applying  the  sub- 
stitution B  to  a  pole  of  A  corresponding  to  the  same  root 
of  the  common  characteristic  equation. 

•   Ex.  1.  The  product  of  the  roots  of  0(A)  =  0  is  |  a  \,  and  their 
sum  is  an  +  a22+  •••  +amm. 
»  Ex.  2.  No  root  of  B  (A)  =  0  is  zero. 

•  Ex.  3.    If  a.{j  =  0  when   j  <  i,  the  roots  of   0(A)  =  0  are  an, 
a22,  ...  ,  Q>min' 

Ex.  4.  If  the  equations  (i)  of  §  6  are  equivalent  to  only  m  —  2 
independent  equations  for  a  certain  value  of  A,  A  has  an  infinite 
number  of  poles. 

Ex.  5.  If  A  has  more  than  m  poles,  it  has  an  infinite  number. 

Ex.  6.  If  (1,  0,  0,  ...  ,  0)  is  a  pole  of  A,  a,2l  =  a31  =  ...  =  aml  =  0. 

Ex.  7.  Every  substitution  has  at  least  one  pole  and  can  be 
transformed  into  a  substitution  with  a  given  pole. 

Ex.  8.  If  A,  B  have  a  common  pole,  so  have  T~1AT  and 
T~1BT. 

Ex.  9.  (i)  A  pole  common  to  A  and  B  is  a  pole  of  AB.  (ii)  The 
corresponding  root  of  the  characteristic  equation  of  AB  is  the 


22 
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product  of  the  corresponding  roots  of  the  characteristic  equations 
of  A  and  B. 

Ex.  10.  The  poles  of  A  corresponding  to  the  roots  A-,,  A2,  A3,  ... 
of  0(A)  =  0  are  poles  of  An  corresponding  to  the  roots  A^,  A2W, 
A3M,  ...  of  the  characteristic  equation  of  An. 

Ex.  11.  If  A  is  Hermitian,  the  coefficients  in  0(A)  are  real. 

Ex.12.  Prove  (i)  o(X,  y)  =  *(Xiyi  +  Xtyt  +  ...  +Xmym)  ;  (ii) 
c(X,y)  =  X.6(X,y),  if  4.B  =  a 

Ex.  13.  J.  and  A'  have  the  same  characteristic  equation. 

Ex.  14.  If  (Xlt  Xz,  ...,  Xm),  (Z»  Z^  ...,  ZJ  are  poles  of  A, 
A'  respectively  corresponding  to  unequal  roots  A,  /m  of  their 
common  characteristic  equation, 

a(X,  Z)  =  X1Z1  +  X2Z2  +  ...  +XmZm  =  0. 

Ex.  15.  If  AB  =  (7,  the  characteristic  equation  of  A  is 


A&    —  c 


21 


A&    — 


22 


A  ft.,™—  c 


am 


4/12 


.  A  &«,„,—< 


=  0. 


Ex.  16.  If  A  is  orthogonal 

unless  the  corresponding  root  of  0  (A)  =  0  is  ±  1. 

Ex.  17.  If  A  is  unitary  (or  leaves  unchanged  a  positive 
Hermitian  form),  the  roots  of  d  (A)  =  0  have  unit  modulus. 

Ex.  18.  If  A  is  (i)  real  and  symmetric,  (ii)  the  product  of  two 
real  symmetric  substitutions  C  and  D,  the  roots  of  0(A)  =  0  are 
real,  provided  the  bilinear  form  corresponding  to  C  or  D  is  the 
sum  of  m  real  squares. 

Ex.  19.  If  A  is  (i)  Hermitian,  (ii)  the  product  of  two  Hermitian 
substitutions  Oand  D,  the  roots  of  0(A)  =  0  are  real  and  positive. 

Ex.  20.  The  characteristic  equation  of  a  hypohermitian  sub- 
stitution of  rank  t  (defined  in  the  same  way  as  when  |  a  \  =£  0) 
has  t  zero  roots  and  (m—  t)  real  positive  roots. 

Ex.  21.  Show  that  the  determinant  of  S=  (Xkxk,  X2xk—Xkx2t 

X^xk-kXkxkm)    is  T-XkT !    and  Athat  if  %  £  0,   £-1+JLS  has 
(1,  0,  0,  ...,  0)  as  a  pole. 

Ex.  22.  Show  that  if    T=  (Xlxl  +  tl2x2+  ...  +tlmxm, 

TAT~l  has  (1,  0,  0,  ...,  0)  as  a  pole. 

Ex.  23.  Show  that  if    T  =  (Zt xl  +  X2x2  +  ...  +  Xmxm, 

/      IT    ,1^  /      fy    -\-  ,1  /i'*  /        nr      i    /        nf    -1-  -1-  /         V,     1 

«'21xl^''22>*'2T^  •••  ~**«iaim   •"'  *'ml"*/l  T('m2'*2  '  r 'mm^m/ 

is  orthogonal,  T~1AT  has  (1,  0,  0,  ...,  0)  as  a  pole  ;  and  conversely 
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if  T~1AT  has  (1,  0,  0,  ...,  0)  as  the  pole  corresponding  to  the 
pole  (Xlt  X2,  ...,  X^  of  A  and  T  is  orthogonal,  T  changes  xv 
into  a  multiple  of  Xlxl  +  X2x2  +  ...  +  Xmxm. 

Ex.  24.  A  symmetric  substitution  can  be  transformed  into 
a  symmetric  substitution  with  (1,  0,  0,  ...,  0)  as  pole  by  an 
orthogonal  substitution  of  order  2. 

Ex.  25.  Find  the  roots  of  the  characteristic  equation  and  the 
poles  of .  (j)  (cos  6 x— sin. 6 y,  &indx  +  cosdy), 

•  (ii)  (ix  +  (l— i)y,  —iy),  where  t=  v^l, 
(iii)  (ix+(l-i)y,  (\  +  i)x-iy\ 
(iv)  (y  +  3*,   -x+2y  +  z,  - 
(v) 
(vi) 


§  7.  The  homogeneous  linear  substitution 


is  called  a  multiplication  ;  the  multiplication 
((t£lt  axz,  ...,  axm) 

whose  coefficients  are  all  equal  is  called  a  similarity-sub- 
stitution. 

The  substitution  (a^x^y  a2x$,  ...,  ama^),  where  a,  /3,  ...,/* 
are  the  symbols  1,  2,  ...,  m  in  some  order  or  other,  is  called 
a  monomial  substitution. 

Ex.  1.  (i)  A  permutation  and  a  multiplication  are  special  types 
of  monomial  substitution,  (ii)  A  multiplication  is  symmetric 
and  is  Hermitian  if  its  coefficients  are  real  and  positive. 

Ex.  2.  The  product  of  two  multiplications,  similarities,  or 
monomial  substitutions  is  respectively  a  multiplication,  similarity, 
or  monomial. 

Ex.  3.  Any  two  multiplications  are  permutable. 

Ex.  4.  A  similarity  is  permutable  with  every  substitution  ; 
and  a  substitution  permutable  with  every  substitution  on  the 
same  variables  is  a  similarity. 

Ex.  5.  Every  substitution  on  arlf  x2,  ...,  xm  permutable  with 
(o^,  a2x2,  ...,  amxm)  is  a  multiplication  ii  no  two  of  the 
coefficients  Oj,  (%,  ...,  om  are  equal;  and  is  of  the  form 

if  Oj  =  a2  =  ...  =  ak  and  no  two  of  ak,  fl^+i,  fy.+2,  •••»  *TO  wo 
equal. 

Ex.  6.  The  coefficients  of  a  multiplication  of  order  n  are  n-th 
roots  of  1. 

Ex.  7.  A  multiplication  of  finite  order  is  unitary. 
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Ex.  8.  The  product  of  the  coefficients  of  a  monomial  substitution 
of  order  n  is  an  w-th  root  of  1. 

Ex.  9.  A  substitution  with  (1,  0,  0,  ...,  0),  (0,  1,  0,  ...,  0),  ..., 
(0,  0,  0,  ...,  1)  as  poles  is  a  multiplication  ;  and  conversely. 

Ex.  10.  If  two  coefficients  of  a  multiplication  are  equal,  the 
substitution  has  an  infinite  number  of  poles. 

Ex.  11.  The  coefficients  of  a  multiplication  are  the  roots  of  its 
characteristic  equation. 

Ex.  12.  If  ax  ^  a2,  a3,  ...,  am,  every  substitution  permutable 
with  S=(a1xl,  a2#2,  ...,  amxm)  has  (1,  0,  0,  ...,  0)  as  a  pole. 

Ex.  13.  If  any  substitution  is  multiplied  by  a  similarity,  its 
poles  are  unaltered  and  the  roots  of  its  characteristic  equation  are 
all  multiplied  by  the  same  quantity. 

§  8.  Any  homogeneous  linear  substitution  of  finite  order  n 
and  degree  m  can  be  transformed  into  a  multiplication. 

The  result  is  obviously  true  when  m  =  1.  We  shall  assume 
it  true  for  every  substitution  of  degree  m  —  1,  and  then  prove 
it  true  by  induction  for  a  substitution  of  degree  m. 

Let  the  substitution  be  the  substitution  A  of  §  4,  and  let 
(XltXtt...,  Xm)  be  any  pole  of  A.  It  is  obviously  possible  to 
choose  the  m2  quantities  b^  of  §  6  in  an  infinite  number  of 
ways  so  that  their  determinant  o  is  ^  0  and 

Fj  =  1,  F2  =  F3  =  ...  =  FTO  =  0. 
Then  B~1AB  has  (1,  0,  0,  ...  ,  0)  as  a  pole.* 

Suppose  B~1AB  =  (ana;1  +  a12a;2+...  +a1TOam,  a^  +  a22a;2 

+  ...  +  a2mxm,  •••>ami«1  +  am2«2+-..  +  o:mma:J. 
Since  (1,  0,  0,  ...  ,  0)  is  a  pole  of  B~1AB,  we  see  at  once  that 

°2l  =  °3l  =  —  =  aml  =  0. 

Because  B~1AB  is  of  finite  order  and  changes  x2,  xz,  ...,  xm 
into  linear  functions  of  X2,  x3,  ...  ,  xm,  we  can  by  our  assump- 
tion find  linear  functions  z2,  z3,  ...,  zm  of  x2,  x3,  ...,  xm  such 
that  B~1AB  changes  z2  into  <o2z2,  zs  into  &>323,  ...,zm  into 
<amzm.  Expressing  B~1AB  in  terms  of  xltz2,z3,  ...,  zm  it 
becomes 


The  r-th  power  of  B~1AB  is  at  once  proved  by  induction 
to  be 


*  See  also  §  6,  Ex.  21,  22,  23. 
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Now  if  a>a  =  to,-,  (a)/  —  (a^)-^-  ((al—  a»f)  =  rtaf'1  ;   and  there- 
fore in  this  case  e,-  =  0,  since  B~1AB  is  of  finite  order. 

Express  B~1AB  in  terms  of  the  variables 

Zj  =  xl  +  czzz+...+cmzm,  02,  0S,  ...,  zm',^ 

where  ci  =  e  t-  -=-  (coj  —  <•>,-)  if  o^  ^£  <•>,•   and  <\  =  0   if  to1=aj,-. 
Then  we  readily  see  that  B~1AB  takes  the  form 


Therefore  J.    is  transformed   into   a  multiplication  by 
where  Z)  is  the  substitution  a:/=0|. 
Since  the  7i-th  power  of  B~1AB  is 

(»?zv  a>2%,  -.  »«"*J.  «i"  =  "»"=•••=  «m"  =  !• 
A  practical  method  of  transforming  any  given  substitution 
A   into    a  multiplication  is  as  follows.      Find   if    possible 
m  poles 

(Z/.Z,',  ....Z./MZ/',  Z,"f  ....  ZTO"),  ....  (Z^-),  Z.O,  ...,ZJW) 
of  J.',  corresponding  respectively  to  the  roots  Aj,  A2,  ...,  Aw 
(not  necessarily  all  unequal)  of  the  characteristic  equation  of 
A',  such  that  the  determinant  of  the  substitution 


.  .  .  +  Zm<»'ar  J 

is  not  zero.  Then  if  Jlf  =  (A1a51,  A2o;2,  ...,  Ama;m),  we  verify 
at  once  by  using  the  equations  corresponding  to  (i)  of  §  6 
that  AT  —  TM.  Therefore  T  transforms  A  into  a  multipli- 
cation.* 

Ex.  1.  Every  substitution  of  degree  m  and  finite  order  has  at 
least  m  distinct  poles. 

Ex.  2.  If  all  the  roots  of  the  characteristic  equation  of  a  substi- 
tution of  finite  order  are  equal,  the  substitution  is  a  similarity. 

Ex.  3.  If  (fliXi,  a2x2,  ...,  amxm)  is  transformed  into  (elfl,  e2x.2. 
...,  e^x^,  (i)  the  a's  are  the  same  as  the  e's  in  some  order  or 
other;  (ii)  if  no  two  of  the  a's  are  equal,  the  transforming 
substitution  is  monomial. 

Ex.  4.  A  substitution  of  degree  2  with  2  distinct  poles  can  be 
transformed  into  a  multiplication. 

Ex.  5.  If  the  commutator  of  two  substitutions  of  degree  2  with 
a  common  pole  is  of  finite  order,  they  have  both  poles  in  common. 
Ex.  6.  Transform 

(i)  (8*-18jfr  5x-8y\     (ii) 
(iii) 
(iv) 

(v)  (5x  +  6y,  -±x-5y,  8x+8y-e), 
(vi) 
into  multiplications. 

*  See  also  Ex.  7. 
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Ex.  7.    (i)   If  (X/,  Z,',   ...,  ZmO,    (V,  Z/,  ...,  Xm"),  .... 
(X^m),  Xz(m\  ...,  Z^W.)  are  m  poles  of  J.  such  that  the  determinant  of 


is  not  zero,  TAT~l  is  a  multi- 
plication.     (ii)  If  .A  can  be  transformed  into  a  multiplication, 
such  poles  always  exist. 
Ex.  8.  (i  )  If  a  substitution 


is  transformed  by  x'  •=•  X,  y'  —  Y,  e'—Z  into  the  multiplication 
(\x,  p.y,  vz\  (x,  y,  z)  and  (xf,  y',  /)  are  corresponding  points  on 
the  conicoid  XX2  +  p.Y2  +  vZ2  =  1  and  its  polar  reciprocal  with 
respect  to  X2+  Y2  +  Z2  =  1.  (ii)  If  the  lines  joining  three  poles 
of  the  substitution  to  the  origin  are  mutually  perpendicular  and 
the  same  is  true  of  the  axes  of  reference,  the  substitution  is 
symmetric,  (iii)  Conversely,  if  the  axes  of  reference  are  rect- 
angular, non-coplanar  lines  joining  the  origin  to  three  poles  of 
a  symmetric  substitution  are  mutually  perpendicular  in  general. 

Ex.  9.  If  any  power  of  a  substitution  is  a  similarity,  it  can  be 
transformed  into  a  multiplication. 

Ex.  10.  If  no  two  roots  of  the  characteristic  equation  of  a 
substitution  are  equal,  it  can  be  transformed  into  a  multiplication. 

Ex.  11.  If  A  is  a  symmetric  substitution  whose  characteristic 
equation  has  the  roots  Aa,  A2,  ...,  Am,  (i)  A  can  be  transformed 
into  a  multiplication  by  means  of  an  orthogonal  substitution  ; 
(ii)  a(x,  y)  can  be  put  in  the  form  A1f1Tj1  +  A2£27/2  +  ...  +Am^OT7jm, 
where  £t-  is  a  homogeneous  linear  function  of  xl,  xz,  ...,  xm  and  r]i 
is  the  same  function  of  ylt  y%,  ...  ,  ym. 

Ex.  12.  Prove  that  every  substitution  can  be  transformed  into 
the  normal  form  (anx1  +  al2x2+  ...  +Oimxm,  a22x2+  ...  +a2m#rn, 
•••>  ammxm\  in  which  ay  =  0  if  i  >  j. 

Ex.  13.  (i)  The  product  of  two  substitutions  in  normal  form  is 
in  normal  form,  (ii)  The  inverse  of  a  substitution  in  normal 
form  is  in  normal  form. 

Ex.  14.  Transform  into  normal  form 
(i)  (-Wx-Qy,  IQx+Uy), 
(ii)  (20z 


§9.  By  writing  #/  for  re/  -=-#„/,  o^  for  xi-^-xm  in  the 
homogeneous  linear  substitution  A  of  degree  m  (see  §  4)  we 
may  derive  the  fractional  linear  substitution  a  of  degree 
in—  1  defined  by 


Evidently  a  is  not  altered  if  we  multiply  each  coefficient 
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by  the  same  quantity.  Therefore  in  dealing  with  fractional 
substitutions  we  may  always  suppose  the  determinant  formed 
by  the  coefficients  (in  this  case  a  ;)  to  be  1. 

WemUfX^Zg  .  .  .  ,  X^)  a  /wfe  of  a,  if  (XltXtt  ...,ZW_,,1) 
is  a  pole  of  A.  The  poles 

(Xlt  X,,  ...,  Xm_J  and  (Zv  Z^  ...,Zm_J 
of  a  are  considered  distinct  unless 

•^i  =  ^i>  -^2  =  ^2>  •••>  -^ra-l  =  ^m-l  '•> 
i.  e.  we  are  concerned  with  the  actual  magnitudes  of 

Y      Y  Y 

-<MJ  -^gj  •••,  -^BJ-IJ 

not  with  their  ratios  only  as  in  §  6. 

Ex.  1.  The  product  of  two  fractional  linear  substitutions  is  a 
fractional  linear  substitution. 

Ex.  2.  a  is  not  altered  if  we  replace  A  by  AJf,  where  M  is 
any  similarity. 

Ex.  3.  Let  a,  b.  c  be  the  fractional  substitutions  derived  from 
the  homogeneous  substitutions  A,  B,  C.  Then  (i)  if  AB  =  C, 
ab  =  c  ;  (ii)  if  ab  =  c,  A  B  —  CM  ;  where  M  is  a  similarity. 

Ex.  4.  (i)  If  A  is  of  finite  order,  so  is  a.  (ii)  If  A  is  a  multipli- 
cation, so  is  a, 

Ex.  5.  A  fractional  linear  substitution  of  finite  order  can  be 
transformed  into  a  multiplication. 

Ex.  6.  If  (Xlt  X2,  ...,  Xm.1)  is  a  pole  of  a, 
Xi  =  (ailXl  +  ai2X.2+  ...  +aiJ-r^(amlXl  +  am2X2+  ...  +«„„,). 

Ex.  7.  Prove  that  the  poles  of  b~Jab  are  obtained  by  applying 
b  to  the  poles  of  a. 


/   /       <M;+\ 

Ex.  8.  The  substitution  S=(x=  -  5  I,  where  ad—  bc=  I 

\  cx  +  d/ 


and  2cos(f>  =  a  +  d,  is  called  parabolic,  elliptic,  hyperbolic,  or  loxo- 
dromic  according  as  tan  <£  is  zero,  real  (  ^  0),  a  pure  imaginary,  or 
complex.  The  poles  of  S  are  denoted  by  a  and  /3.  Prove  that  : 

}  _ 

(i)  a,  0  have  the  values  -^-(a  —  d+2ism<t>),  where  i=  •/  —  1. 


(ii)  (x"-a)  =  (x-a)  -r  (c-r  +  d)  (ca  +  d)  =  «*»'(£—  a)  -£- 
(iii)  If  a  =  /3,  S  is  parabolic  ;  and  conversely. 
(iv)  If  S  is  parabolic,  it  can  be  put  in  the  form 

1  1 

—m         —  4-  C, 

x—a      X—Q 

(v)  If  S  is  parabolic,  it  is  a  transform  of  yf  =  rr  +  c. 
(vi)  If  S  is  non-parabolic,  it  can  be  put  in  the  form 
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(vii)  If  S  is  non-parabolic,  it  is  a  transform  of  x'  = 
(viii)  If  S  is  of  order  2,  it  is  hyperbolic,  and  a  +  d  =  0. 
(ix)  If  S  is  of  finite  order  (  >  2),  it  is  elliptic. 
(x)  If  S  is  loxodromic,  it  is  the  product  of  an  elliptic  and 
a  hyperbolic  substitution. 

(xi)  </>  is  not  altered  when  we  transform  S  by  any  substitution. 


(xii)  The  transform  of  S  by  ^  =  (  x'  =  a* 

V          c^ 

<=S  =  *<  «=5l  ,  where  a,  = 


IS 


(xiii)  If  <S  and  /S\  have  a  common  pole  and  their  commutator  is 
of  finite  order,  they  have  a  second  common  pole. 


,  .  vm.  -     ,  -  , 

(xiv)  The  orders    of    a;  =  -  >  —^  —  ,   and 

x  V2-x  x 

are  6,  4,  and  12  respectively. 

§  10.  In  §§  4  to  9  the  symbols  used  (xt)a^t  &c.)  denoted 
ordinary  real  or  complex  quantities.  Much  of  the  preceding 
is,  however,  applicable  if  the  symbols  denote  any  quantities 
with  laws  of  addition,  subtraction,  multiplication,  and  division, 
these  operations  (additions,  &c.)  being  subject  to  the  laws  of 
ordinary  algebra. 

Let  p  be  any  prime,  and  let  P  (x)  =  xr+p1xr~l  +  ...  +pr  be 
a  rational  integral  function  of  x  with  positive  integral 
coefficients  less  than  p  and  not  reducible  mod  p\  i.e.  not 
satisfying  any  equation  of  the  form 

P(x)  =  P1(x).P2(x)+p.P,(x)i 

where   Px  (x),  P2  (x),  and  P3  (x)  are  integral   functions  with 
integral  coefficients. 

Let  F(x)  be  any  integral  function  of  x  with  integral 
coefficients.  The  remainder  when  F(x}  is  divided  by  P(x) 
is  evidently  of  the  form  f(x)+p.  <J>(x),  where  <f>(x)  is  an 
integral  function  of  degree  r—  1  with  integral  coefficients 
and  f(x]  =a0  +  a1  x  +  a2x'2+  ...  +ar_lxr~l  in  which  each 
coefficient  is  one  of  the  integers  0,  1,  2,  ...,  p—  1.  We  call 
f  (x)  the  residue  of  F(x\  mod  p  and  P(x).  There  are  pr 
possible  residues,  for  each  of  the  r  coefficients  a0,  alt  ...,  ar-r 
may  be  chosen  in  p  ways. 

All  functions  having  the  same  residue  are  said  to  form 
a  class.  If  jPj,  F2  are  any  two  functions  belonging  to  two 
given  classes,  the  classes  of  F1  +  F2  ,  Fl  —  F2  ,  Fl  F2  are  evidently 
definitely  and  uniquely  given,  so  that  the  classes  obey  laws 
of  addition,  subtraction,  and  multiplication.  The  classes  C0 
and  Gl  corresponding  to  the  cases  a0  =  ax  =  a2  =  ...  =  ar_j  =  0 
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and  a0  =  1,  at  =  a2  =  ...  =  ar_1  =  0,  are  called  the  zero  and 
unit  classes  respectively.  If  C  is  any  other  class,  evidently 
C+C0  =  C0  +  C  =  G  and  CCV  =  C^C  =  C. 

To  show  that  the  classes  obey  a  unique  law  of  division 
(the  divisor  not  being  the  zero  class),  we  must  prove  that, 
Cu  and  Cv  being  any  two  classes,  we  can  always  find  a  single 
class  Cw  such  that  Cu=  CvCw(v  =£  0).  Then  Cw=  Cu-rCv. 
It  is  sufficient  to  show  that  we  can  find  a  single  class  Cv~l 
such  that  Gv  .  C^1  =  Cl  ;  for  then  Gw  =  Cv~l  Cu  . 

Let  F(x)  be  a  function  of  the  class  Cv.  Then,  since  Cr  is 
not  the  zero  class  and  P  (x)  is  not  reducible  mod  p,  we  can 
prove  that  functions  Fl  (x),  Pl  (x)  exist  such  that 

Fl  (x)  .  F(x)  -  Pl  (x)  .P(x)  =  l  (mod  p). 

The  proof  is  an  extension  of  the  method  used  in  showing  that 
if  e,  /  are  two  integers  with  no  common  factor,  we  can  find 
integers  ea,  /x  such  that  ele—f1f=  1  (see  Dickson's  Linear 
Groups.  Teubner,  1901,  p.  8).  Then  F^(x)  belongs  to  the 
class  Cv~l. 

We  may  represent  the  classes  by  the  marks 

UQ,  Ult  U2,  ...,  Upr_lt 

which  obey  laws  of  addition,  subtraction,  multiplication,  and 
division,  and  form  a  Galois  Field  of  order  pr  denoted  by 
GF[pr~\.  We  shall  suppose  Uj(  „)  the  mark  of  the  class  to 
which  f(x)  belongs.  Then  u0  is  the  zero  mark  such  that 
ue  +  UQ  =  uQ  +  ue  =  ue  ,  and  14  is  the  unit  mark  s»ch  that 
ulue='ueul  =  ue.  We  may  denote  the  mark  Uf()  by  the 
integer  f(p)  when  no  ambiguity  is  introduced  thereby.  This 
notation  is  especially  useful  when  r  =  1  and  in  the  case  of  the 
zero  and  unit  marks  of  any  Field. 

The  Galois  Field  contains  p  integral  marks  u^u^u^...  ,11^ 
corresponding  to  the  cases  in  which 

al  =  a2  =  .  .  .  =  «,._!  =  0,  and  a0  =  0,  1,  2,  .  .  .  ,  p  —  1 

respectively.  An  important  case  is  that  in  which  r  =  1. 
Then  /  (x)  is  one  of  the  integers  0,  1,  2,  .  ..,  p  —  1.  The 
Galois  Field  consists  solely  of  the  zero  and  integral  marks 
which  are  usually  denoted  in  this  case  by  0,  1,  2,  ...,/>  —  !, 
and  are  called  '  integers  reduced  mod  p'.  All  integers  leaving 
the  same  remainder  when  divided  by  p  form  a  class. 


Ex.  1.  Find  Wp^  +  i*!*  t»0—  *^*(p  >  A  >  0),  and  ty^-t*,. 

Ex.  2.  If  pr=22,  P(x)  is  x?  +  x  +  l. 

Ex.  3.  If  pr  =  S2,  P(x)  is  x-  +  l,  x'2  +  x+2,  or 
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Ex.  4.  Find  addition  and  multiplication  tables  for  all  marks  of 
the  Field  (i)  when_pr  =  22,  (ii)  when 

pr  =  B2  and  P(x)  =  x*  +  2x  +  2.* 

Ex.  5.  In  Ex.  4  (ii)  find  the  difference  and  quotient  of  w3  and 
U4,  wz  and  M6,  us  and  w3. 

Ex.  6.  The  substitution  x'  =  x  +  b  is  of  order  p,  if  b  is  any  non- 
zero mark  of  a  GF[pr]. 


Ex.  7.  (i)  The  substitution  (S)  x'  —  is  of  order  2,  3,  4, 

/       j\2  cx  +  d 

a        ...  (a  +  d)2 

'P  ad-be  ~U°'  Ul>  HI  +  UI>  Mi  +  wi  +  «*i,  MI  +  WI  +  MI  +  MJ 
respectively;  where  a,  b,  c,  d  are  marks  of  a  GF[pr],  (ii)  Find 
the  general  condition  that  Sn  =  1. 

Ex.  8.  Every  linear  substitution  whose  coefficients  are  marks 
of  a  GF  [pr]  is  of  finite  order. 

Ex.  9.  Find  the  orders  of  (y,  x+y),  (y,  x+  1)  in  the  GF[2]. 


A 

Ex.  10.  Find  the  orders  of  x'  =   L}  -,  x+l  in  the 


Ex.  11.    If  S,  T,  U  denote    *=,  ,    |    in  the 


,  find  the  orders  of  S,  T,  U,  TU,  ST,  STU. 


Ex.  12.    If  8,  T,  U   denote     *'  =  ,  ,  i-  m  the 

80; 


,  find  the  orders  of  S,  T,  U,  ST,  SU,  STU. 
Ex.  13.  Find  the  orders  of  xf  =  x  +  2,  ^-^  in  the  GF[22]. 


Ex.  14.  Find  the  orders  of  x'  =    —,  in  the 

when  Px 


Ex.  15.  If  M  is  a  solution  of  an  equation  of  degree  k  in  a  GF[pr] 
(i.  e.  an  equation  of  the  &-th  degree  in  which  the  unknown  quantity 
and  the  coefficients  are  marks  of  the  Field)  but  of  no  equation  of 
degree  <  A;,  the  pk  marks  a0  +  oat*+  •••  +ak_luk~l  are  all 
distinct  ;  o0,  Oj,  ...,  afc_a  being  any  marks  of  the  Field. 

Ex.  16.  Every  mark  of  a  GF[pr]  is  a  solution  of  some  equation 
of  degree  <  r  in  the  Field. 

Ex.  17.  In  Ex.  15  every  power  of  u  is  of  the  form 


where  fc0,  blt  ...,  ft^.j  are  marks  of  the  Field. 

*  Unless  r  =  1  such  tables  depend,  of  course,  on  the  irreducible  function 
chosen  as  P(ar).  It  may  be  shown  that  changing  P(x)  is  merely  equivalent 
to  permuting  the  marks  of  the  Field  ;  i.  e.  there  is  only  one  essentially 
distinct  GF  [  j/]. 
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Ex.  18.  If  ttj,  I/,,  ••-,  Mjt  are  the  roots  of  the  equation 

F(u)  =  uk  +  aluk-l+  ...  +ak_lu  +  ak  =  Q  in  a  GF[pr] 
and  St  denotes  1^  +  1*^+  ...  +u^,  prove  that 

(i)    F(w)  (  —  +  —  ?—  +  ...  +  —  ? 
1  Vu—  i*       M—  u  M— 


(ii)  Se+  «!  Se_i  +  a.25c_2  +...+«,_!«!  +  eae  =  0,  (e=  1,  2,  ...,*)  ; 
(iii)  Se  +  a1Se_1  +  o2^_2+  ...  +afc5e_fc  =  0,    (e  =  fc+l,    &+2, 
*+3,  ...). 

§  11.  If  u  is  any  mark  of  a  GF[  jt>r],  the  series  u,  u2,  u3,  ... 
contains  at  most  pr  —  1  distinct  marks,  since  the  Field  only 
contains  pr  —  1  marks  excluding  0  (  =  w0).  Hence  for  some 
value  of  s  and  t,  u*  =  u*  and  us~l  =  1  (  =  uj.  If  un  is  the 
first  mark  of  the  series  which  =  1,  n  is  called  the  period  of  u. 
Let  u'  be  a  mark  not  included  in  the  series  S  =  (u,  u2,  ...  ,  un), 
u"  a  mark  not  included  in  the  series 

S  or  u'S  =  (u'ti,,  u'u2,  ...,  t«V»), 

it"'  a  mark  not  included  in  S,  u'S,  u"S,  and  so  on.  Then  we  see 
at  once  that  no  two  of  the  marks  included  in  S,  u'S,  u"S,  u'"/S,  .  .  . 
are  identical.  Hence  :  — 

The  period  of  each  mark  of  the  GF[pr]  is  a  divisor 
of  pr-l. 

Just  as  we  prove  in  ordinary  algebra  that  an  equation 
of  the  n-th  degree  has  not  more  than  n,  roots,  so  we  prove 
that  there  are  not  more  than  n  marks  u  satisfying  an 
equation  c0un  +  clun~l+  ...  +cn  =  0  whose  coefficients  are 
marks  of  the  Galois  Field.  It  follows  that,  if  d  is  any  divisor 
of  pr  —  1,  there  are  d  marks  satisfying  ud  —  1.  For  there  are 
pr  —  1  marks  satisfying  uPr~l  =  1,  and  ufr~l  =  (ud  —  l)  .  <f>  (u), 
where  <£  (u)  is  of  degree  (pr  —  l)-r<i.  But  <j>  (u)  =  0  is  satisfied 
by  at  most  (pr  —  1)  -r  d  marks  of  the  Field,  and  hence  there 
are  d  marks  satisfying  ud  —  1  =  0. 

A  mark  satisfying  uk  =  1,  but  no  equation  ue  =  1  (e  <  k) 
is  called  &  primitive  root  of  ufc  =  1. 

If  uk  =  1  and  u  is  a  primitive  root  of  ux  =  1,  x  is  a  factor 
of  k.  For  if  k  =  Ix  +  m  (x>m>0),  um  =  uk~lx=l't  and 
therefore  m  =  0. 

Let  k  =  aab0ct...,  where  a,  b,  c,  ...  are  primes.  Then  the 
numbers  of  primitive  roots  of  uk  =  1  is  A;—  (the  number  of 
roots  of  uk+a  =  1,^^=  l,u&*c=l,...)  +  (the  number  of  roots 
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of  uk+a*=  1,  u^ac—  1,  ...)  —  (the  number  of  roots  of 

=  1,  ...)  +  &c.  =  k-  (-  +  \  +  -  +  ...) 
\a      o    •  c  / 

/  k        k  \      /  k  \ 

_l_  /  —  .4.  —  +  ...  )  —  (  __  |-  ...  )  -f  ... 
\ab      ac          /      \abc        "/ 


A  primitive  root  of  uPr~l  =  1  is  called  a  primitive  root 
of  the  Field.  If  u  is  such  a  primitive  root,  the  marks  of 
the  Field  are  u0,  u,  u2,  u3,  ...,  uPr~l(=  1). 

Ex.  1.  If  a,  &,  c  are  marks  of  a  GF  [pr~\  and  the  periods  of  a 
and  c  are  k  and  Z  respectively,  the  order  of  x'  =  a#  +  &  is  #,  of 
(a#,  &#  +  ay)  is  pk,  and  of  (a#,  &#  +  cy)  is  the  L.  C.  M.  of  k  and  I. 

Ex.  2.  How  many  primitive  roots  of  the  GF[&]  and  GF[73] 
are  there  ? 

Ex.  3.  Every  primitive  root  of  the  GF[pr~\  satisfies  an  equation 
of  degree  r  but  no  equation  of  lower  degree. 

Ex.  4.  If  u  is  a  primitive  root  of  the  GF[pr]  and  d  is  a  factor 
of  pr—  1,  u(Pr~l*>+d  is  a  primitive  root  of  ud  =  1. 

Ex.  5.  No  integral  mark  is  a  primitive  root  of  a  GF[pr~\  unless 
r=l. 

Ex.  6.  In  (i)  the  GF[11],  (ii)  the  GF  [32]  where  P(x)  =  x^+2x  +  2, 
find  the  primitive  roots  of  the  Field  and  the  period  of  the  mark  4. 

Ex.  7.  (i)  Every  similarity-substitution  on  m  given  variables 
whose  coefficients  are  marks  of  a  given  Field  is  a  power  of  a  given 
similarity,  (ii)  The  order  of  a  multiplication  is  the  L.  C.  M.  of 
the  periods  of  the  coefficients. 

Ex.  8.  A  mark  of  a  GF[pr~]  is  called  a  square  or  a  not-square 
according  as  it  is  or  is  not  the  square  of  some  mark  of  the  Field. 
Prove  that  (i)  if  p  =  2,  every  mark  is  a  square  ;  (ii)  if  p  >  2,  the 
even  powers  of  any  primitive  root  u  are  squares  and  the  odd 
powers  are  not-squares  ;  (iii)  the  product  and  quotient  of  two 
squares  or  of  two  not-squares  are  squares  ;  (iv)  the  product  and 
quotient  of  a  square  and  a  not-square  are  not-squares. 

Ex.  9.  If  d  is  the  H.  C.  F.  of  m  and  pr—  1,  there  are  exactly 
(pr—  1)  -i-  d  marks  (  ^  0)  of  the  GF[pr\  which  are  w-th  powers 
of  some  mark  of  the  Field. 

Ex.  10.  By  two  'conjugate  complex  quantities'  a  and  a  we 
mean  two  quantities  al  +  a2i,  al  —  a2i  where  ax,  a2  are  marks  of 
a  given  GF[  pr]  (p  >  2),  and  i  is  defined  by  iz_=  a  given 
primitive  root  u  of  the  Field.  Prove  that  (i)  aa  ^  0  unless 
a  =  a  =  0  ;  (ii)  ab  =£  0  unless  a  or  b  =  0  ;  (iii)  *Pr  =  a  ; 
(iv)  aP2^1  =  1. 

*  This  number  is  usually  denoted  by  <p  (fc).  As  the  above  proof  shows, 
<f>  (ft)  =  the  number  of  numbers  <fc  and  prime  to  A. 


§  1.  A  GEOMETEICAL  movement  is  any  displacement  of 
a  figure  which  does  not  alter  the  distance  between  any  pair  of 
points.  For  example,  a  reflexion  in  a  plane,  a  rotation  about 
a  line,  an  inversion  about  a  point  0*  &c.,  are  '  movements '. 

Let  a,  b  be  any  two  planes  meeting  in  a  line  I  (perpendicular 
to  the  plane  of  Fig.  1),  and  suppose  a  is  brought  to  coincide 
with  6  by  a  rotation  about  I  through  any  angle  \a.  Then 
if  any  point  P  is  brought  to  Q  by  reflexion  in  a,  and  Q  is 
brought  to  R  by  reflexion  in  b,  evidently  P  is  brought  to  R 
by  a  rotation  through  a  about  £.f  Hence  successive  reflexions 
in  two  planes  are  in  general  equivalent  to  a  rotation  about  the 
intersection  of  the  planes. 

In  the  particular  case  in  which  I  is  at  infinity  (Fig.  2)  we 
see  that  successive  reflexions  in  two  parallel  planes  whose 
distance  apart  is  ^  x  move  any  point  through  a  distance  x  in 
the  direction  perpendicular  to  the  planes.  Such  a  movement 
is  called  a  translation. 

If  A,  B  are  two  movements  such  that  the  effect  of  applying 
to  any  figure  first  A  and  then  B  is  the  same  as  that  of 
applying  first  B  and  then  A,  A  and  B  are  called  permutable 
movements. 

In  §§  1  to  6  we  shall  denote  'successive  reflexions  in  the 
planes  a,  b,  c,  ... '  by  (a) .  (6) .  (c) 

Ex.  1.  Reflexions  in  two  given  planes  are  only  permutable  if 
the  planes  are  perpendicular. 

Ex.  2.  The  following  pairs  of  movements  are  permutable : — 
(i)  a  rotation  about  a  line  I  and  a  reflexion  in  a  plane  perpendicular 
to  ?;  (ii)  rotation  about  I  and  inversion  about  any  point  of  I ; 
(iii)  rotation  about  I  and  a  translation  parallel  to  I ;  (iv)  reflexion 

*  A  displacement  such  that  the  line  joining  the  initial  and  final  positions 
of  each  point  of  the  figure  passes  through  0  and  is  bisected  at  0. 

t  Attention  must  be  paid  to  the  sign  of  a.  We  consider  a  positive  if  it  is 
described  in  the  clockwise  direction. 
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in  a  plane  and  a  translation  parallel  to  the  plane ;  (v)  any  two 
translations. 

Ex.  3.  A  line  I  meets  a  plane  P  at  right  angles  in  0.  Any 
two  of  the  three  movements  (i)  reflexion  in  P,  (ii)  inversion 
about  0,  (iii)  rotation  through  TT  about  I,  are  permutable ;  and  a 
combination  of  any  two  is  equivalent  to  the  third. 


P 

\ 
\ 


a 


Fig.  I. 

Ex.  4.  An  inversion  is  equivalent  to  successive  reflexions  in 
three  mutually  perpendicular  planes. 

Ex.  6.  Any  number  of  successive  translations  is  equivalent  to 
a  single  translation. 
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Ex.  6.  Translations  can  be  represented  by  vectors  drawn  from 
a  fixed  point,  and  combine  in  accordance  with  the  '  parallelogram 
law'. 

Ex.  7.  An  inversion  followed  by  a  translation  is  equivalent  to 
an  inversion. 


I 
I 
i  a 


i 

Lx 

i 
i 


Fig.  2. 

Ex.  8.  The  only  movement  which  leaves  three  non-collinear 
points  P,  Q,  R  fixed  is  a  reflexion  in  the  plane  PQR. 

Ex.  9.  The  only  movements  which  leave  two  points  P,  Q  fixed 
are  those  obtained  by  combining  successive  reflexions  in  planes 
through  PQ. 

§  2.  Let  0 A.  OB  be  two  intersecting  lines.  Take  00  such 
that  the  angle  between  the  planes  OAB,  OAC  is  £a*  and  the 
angle  between  the  planes  OBC,  OB  A  is  |/3.  Let  iy  be 
the  angle  between  the  planes  OCB,  OCA.  Then  a  rotation 

*  i.  e.  when  the  second  plane  OAC  is  rotated  about  OA  through  an  angle  |« 
it  comes  into  coincidence  with  the  first  plane  OAB;  and  so  in  the  other  two 
casts. 

D  2 
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through  a  about  0 A  followed  by  a  rotation  through  (3  about 
OB  =  (OAC) .  (OAB) .  (OB A) .  (OBC)  =  (OCA) .  (OCB)  =  a  rota- 
tion through  y  about  OC.  This  composition  of  two  rotations 
is  called  Euler's  (or  Rodrigues)  construction. 

Ex.  1.  A  rotation  through  /3  about  OB  followed  by  a  rotation 
through  a  about  OA  EE  a  rotation  through  y  about  the  reflexion  of 
OC  in  the  plane  AOB. 

Ex.  2.  The  two  rotations  of  §  2  are  permutable  only  (i)  if  a,  /3, 
or  A  OB  is  very  small,  (ii)  if  a  =  /3  =  y  =  TT. 


Fig.  3. 


Ex.  3.  Successive  reflexions  in  any  even  number  of  planes 
through  a  fixed  point  are  equivalent  to  a  rotation. 

Ex.  4.  If  a  =  mfi  and  a,  /3  are  small,  find  y  and  the  position 
of  OC. 

Ex.  5.  Successive  rotations  through  angles  a,  /3  about  parallel 
lines  are  equivalent  to  a  rotation  through  a  +(3  about  another 
parallel  line. 

Ex.  6.  Rotations  through  a  about  OA,  /3  about  OB,  a  about 
OA  are  equivalent  to  a  rotation  about  a  line  in  the  plane  A  OB. 

Ex.  7.  Successive  rotations  through  equal  and  opposite  angles 
about  parallel  lines  are  equivalent  to  a  translation. 

Ex.  8.  A  rotation  about  I  followed  by  a  translation  perpen- 
dicular to  I  (or  vice  versa)  is  equivalent  to  a  rotation  through  an 
equal  angle  about  a  line  parallel  to  /.  The  translation  and 
rotation  are  never  permutable  unless  one  or  other  is  infinitesimal. 
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Ex.  9.  Successive  rotations  about  three  radii  of  a  sphere  through 
twice  the  angles  of  the  corresponding  spherical  triangle  produce 
no  displacement  on  any  figure. 

Ex.  10.  AOA',  SOB',  COG'  and  aOa',  606',  cOc  are  two  sets 
of  mutually  perpendicular  lines,  OA,  OS,  OC  are  brought  into 
the  positions  Oa.  Ob,  Oc ;  Oa,  Ob',  Ocf ;  Oa',  Ob,  Oc'  ;  Oa,  Ob1,  Oc 
by  rotations  about  OD,  ODl,  OD.2,  OD3.  Prove  that  (i)  the  planes 
D^OA,  DOA  are  perpendicular ;  (ii)  the  planes  DOD^  SOC.  D.2OD3 
are  concurrent ;  (iii)  the  planes  DODl.  D.2OD3  are  perpendicular. 

Ex.  11.  (i)  Translations,  (ii)  rotations  about  lines  through 
a  fixed  point  may  be  considered  as  elements. 

§  3.  Every  odd  number  of  successive  reflexions  is  equivalent 
to  three  successive  reflexions. 

If  we  prove  this  for  five  successive  reflexions,  we  can  at 
once  extend  it  to  the  case  of  seven  successive  reflexions,  then 
to  nine,  and  so  on.  Take  then  five  successive  reflexions  in  the 
planes  1,  2,  3,  4,  5.  Now  by  §  1  if  the  planes  4  and  5  meet 
in  a  line  Z,  we  can  replace  the  movement  (4) .  (5)  by  (IV) .  (V); 
where  IV  is  any  plane  through  I  chosen  arbitrarily,  and  V 
is  a  plane  through  I  such  that  the  angle  between  IV  and  V  is 
the  same  as  the  angle  between  4  and  5.  Take  IV  as  the  plane 
through  I  passing  through  the  intersection  of  1,  2,  3.  Then 
(1) .  (2) .  (3) .  (IV)  is  equivalent  by  §  2  to  two  successive  re- 
flexions, so  that  the  theorem  is  proved. 

Ex.  Every  even  number  of  successive  reflexions  is  equivalent  to 
four  successive  reflexions. 


§  4.  The  movement  (1).(2).(3)  is  reduced  to  its  simplest 
form  as  follows.  If  2  and  3  meet  in  a  line  I,  ('2) .  (3)  may  be 
replaced  as  in  §  3  by  (2') .  (HI) ;  where  2'  is  perpendicular 
to  1.  Then  (1).(2')  may  be  replaced  by  (I). (II)  where  I  is 
a  plane  perpendicular  to  the  planes  II  and  ILL  Now 
(II).  (HI)  =  a  rotation  about  the  intersection  h  of  II  and  III 
which  is  perpendicular  to  I.  Hence  (1) .  (2) .  (3)  =  a  rotatory- 
reflexion,  i.e.  a  reflexion  in  a  plane  followed  by  a  rotation 
about  a  line  perpendicular  to  that  plane.  The  reflexion  and 
rotation  are  obviously  permutable. 

Since  a  reflexion  in  I  has  evidently  the  same  effect  as  an 
inversion  about  the  intersection  of  I  and  h  followed  by 
a  rotation  through  TT  about  h,  the  movement  is  also  equivalent 
to  a  rotatory -inversion,  i.  e.  an  inversion  about  a  point 
followed  by  a  rotation  about  a  line  through  the  point.  The 
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inversion  and  rotation  are  obviously  permutable.  Evidently 
no  two  rotatory-inversions  can  be  equivalent  unless  they  are 
identical.  Hence  : — 

Every  odd  number  of  successive  reflexions  is  equivalent  to 
a  unique  rotatory-inversion. 

Reflexion,  inversion,  &c.,  are  particular  cases  of  rotatory- 
inversion.  One  case  requires  special  mention  ;  that  in  which 
the  line  h  is  at  infinity.  The  movement  is  then  called  a 
yliding -reflexion,  and  is  equivalent  to  a  reflexion  in  a  plane 
followed  by  a  translation  parallel  to  that  plane. 

Ex.  1.  (i)  An  odd  number  of  successive  reflexions  brings  in 
general  one  and  only  one  point  to  its  original  position,  (ii)  What 
are  the  exceptions? 

Ex.  2.  Show  that  a  gliding-reflexion  S  is  equivalent  to  a 
rotation  through  IT  about  a  line  I  followed  by  inversion  about 
a  point  not  lying  in  I. 


§  5.  We  shall  now  show  how  to  reduce  an  even  number 
of  successive  reflexions  to  its  simplest  form.  By  §  3  it  is 
sufficient  to  consider  four  successive  reflexions  in  the  planes 
1,  2,  3,  4.  As  in  §  4  we  can  reduce  the  movement  (1) .  (2) .  (3) 
to  (I) .  (II) .  (Ill),  where  the  planes  II  and  III  meet  in  the 
line  h  perpendicular  to  I.  Then  (II) .  (Ill)  can  be  replaced  by 
(2) .  (3),  where  the  planes  2,  3  pass  through  h  and  3  is 
perpendicular  to  4.  Now  the  planes  I  and  2  are  perpen- 
dicular, and  so  are  the  planes  3  and  4.  Hence  (1) .  (2) .  (3) .  (4) 
=  two  successive  rotations  through  -n  about  two  lines  a,  6 ; 
where  a  is  the  intersection  of  I  and  2,  and  6  is  the  intersection 
of  3  and  4. 

Let  k  be  the  line  meeting  a,  b  at  right  angles.  Let 
a  and  /3  be  the  planes  through  k,  a  and  k,  b.  Let  KJ,  KZ  be 
the  planes  through  a,  b  perpendicular  to  k.  Then  two  succes- 
sive rotations  through  -n  about  a,  b  =  (a)  .  (*a)  .  (/3)  .  (*2) 
=  (a) .  (#) .  (KJ)  .  (*c2),  since  reflexions  in  the  two  perpendicular 
planes  KI}  /3  are  evidently  permutable.  But  (a) .  (ft)  =  a  rota- 
tion about  k,  and  (KJ)  .  (/c2)  =  a  translation  parallel  to  k. 

This  combination  of  a  rotation  about  k  followed  by  a 
translation  parallel  to  k  is  called  a  screw  about  k.  The 
rotation  and  translation  are  obviously  permutable.  Two 
screws  are  evidently  equivalent  only  if  they  coincide. 
Hence : — 
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Every  even  number  of  successive  reflexions  is  equivalent 
to  a  unique  screw. 

A.  rotation  or  translation  is  a  particular  case  of  a  screw. 

§  6.  Every  geometrical  movement  is  equivalent  to  a  screw 
or  a  rotatory-inversion. 

Let  A,  B  be  the  initial  positions  of  any  two  points  of  a 
figure,  and  let  A',  I?  be  their  final  positions  after  the  figure 
has  been  subjected  to  any  movement  leaving  unaltered  the 
distance  between  every  pair  of  points.  Let  c  be  the  plane 
bisecting  A  A'  at  right  angles;  and  let  Bl  be  the  reflexion 
of  B  in  c,  so  that  A'Bl  =  AB.  Let  d  be  the  plane  bisecting 
B'B^  at  right  angles.  Since  A'B1  =  AB  =  A'B',  d  passes 
through  A'.  Hence  (c ) .  (d)  brings  A  to  A'  and  B  to  B'.  The 
movement  is  completed  by  successive  reflexions  in  planes 
passing  through  the  line  A'B';  for  evidently  every  movement 
keeping  both  A'  and  B'  fixed  is  obtained  by  combining  such 
reflexions.  Hence  the  whole  movement  is  equivalent  to  a 
number  of  successive  reflexions  ;  which  proves  the  theorem. 

If  the  movement  is  equivalent  to  a  screw,  the  initial  and 
final  positions  F,  G  of  the  figure  are  congruent  or  '  super- 
posable '.  The  movement  is  called  a  movement  of  the  first 
*ort,  and  is  equivalent  to  an  even  number  of  successive 
reflexions. 

If  the  movement  is  equivalent  to  a  rotatory-inversion, 
F  and  G  are  enantiomorphous ;  they  are  related  in  the  same 
way  as  a  right  and  left  hand,  or  as  an  object  and  its  reflexion 
in  a  mirror.  The  movement  is  called  a  movement  of  the 
second  sort,  and  is  equivalent  to  an  odd  number  of  successive 
reflexions. 

Ex.  1.  AA',  BB',  CC'  are  diameters  of  a  sphere.  The  spherical 
triangles  ABC,  A'B'C'  have  corresponding  sides  and  angles  equal 
and  are  enantiomorphous. 

Ex.  2.  A  movement  is  completely  determined  when  we  are 
given  the  initial  and  final  positions  of  four  non-coplanar  points 
of  any  figure  to  which  the  movement  is  applied. 

Ex.  3.  What  movements  leave  a  given  point  0  fixed  ? 

§  7.  If  S  and  T  are  any  two  movements,  and  S  brings 
a  figure  from  the  position  F  to  the  position  G,  while  T 
brings  it  from  G  to  H ;  the  figure  is  brought  from  F  to  H  by 
a  unique  screw  or  rotatory-reflexion  U  which  may  be  con- 
sidered as  the  product  of  S  and  T  (ST  =  U). 
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It  is  obvious  that,  when  the  law  of  combination  of  move- 
ments is  defined  in  this  way,  elements  obey  the  associative 
law  and  satisfy  the  conditions  by  which  elements  were 
defined.  The  identical  element  is  the  operation  of  leaving 
the  figure  unmoved.  The  element  inverse  to  $  is  the  unique 
screw  or  rotatory-inversion  bringing  the  figure  from  the 
position  G  to  F. 

Ex.  1.  The  product  of  r  movements  of  the  first  sort  and  s  move- 
ments of  the  second  sort  is  of  the  first  or  second  sort  according 
as  s  is  even  or  odd. 

Ex.  2.  A  rotation  or  rotatory-inversion  of  angle  a  is  of  finite 
order  if  and  only  if  a  -J-  TT  is  commensurable. 

Ex.  3.  A  screw  is  not  in  general  of  finite  order. 

Ex.  4.  Find  the  order  of  a  rotatory -in  version  of  angle  2-n  +  n 
(n  integral). 


Fig.  4. 


§  8.  Any  movement  may  be  conveniently  represented  by 
a  geometrical  diagram.  Thus  Fig.  4  (i)  represents  a  transla- 
tion parallel  to  the  line  AB  through  a  distance  AB.  Again, 
Fig.  4  (ii)  represents  the  rotatory-inversion  consisting  of  an 
inversion  about  O  followed  by  a  rotation  about  I  through  a ; 
where  I  is  the  line  through  0  perpendicular  to  the  plane 
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of  the  diagram  and  a  is  the  angle  subtended  at  0  by  the 
arrow  there  shown.*  A  rotation  may  be  denoted  by  omitting 
the  O,  and  a  screw  by  combining  the  diagrams  representing 
a  translation  and  a  rotation. 

Ex.  1.  Another  convenient  representation  is  as  follows: — 
Denote  a  screw  by  a  pair  of  unlimited  straight  lines,  and  a 
rotatory-inversion  by  a  pair  of  unlimited  intersecting  straight 
lines  with  a  O  at  their  point  of  intersection. 

Ex.  2.  All  equal  straight  lines  drawn  in  the  same  direction 
represent  the  same  translation. 

§  9.  The  transform  of  a  movement  S  by  a  movement  T  is 
found  by  performing  the  movement  T  on  the  geometrical 
representation  of  S. 

Let  A  be  any  geometrical  representation  of  S.  Let  any 
point  P7  be  brought  to  the  position  P  by  T~l,  let  P  be 
brought  to  Q  by  S,  and  let  Q  be  brought  to  Q'  by  T.  Let 
A  be  brought  by  T  into  the  position  A'.  Then  T  brings  P,  Q,  A 
into  the  positions  Pf,  Q',  A'  respectively.  Hence  the  figure  PQ  A 
is  congruent  or  enantiomorphous  to  the  figure  P'Q'A'  according 
as  T  is  of  the  first  or  second  sort.  Now  A  is  the  representation 
of  the  movement  S  bringing  P  to  Q  :  hence  A'  is  the  represen- 
tation of  a  similar  f  movement  &  bringing  P/  to  Q7.  But 
T~1ST  brings  P/  to  Q',  and  this  is  true  for  all  positions  of  the 
point  P.  Hence  &  =  T~1ST. 

Ex.  1.  If  S  is  a  right-handed  screw,  S'  is  a  similar  screw  but 
right-  or  left-handed  according  as  T  is  of  the  first  or  second  sort. 

Ex.  2.  The  transform  of  a  rotation  is  a  rotation,  and  of  a 
translation  is  a  translation. 

Ex.  3.  If  5  is  any  given  screw,  T  any  given  translation,  we 
can  always  find  a  translation  t  such  that  TS  =  St. 

Ex.  4.  If  T,  t  are  given  equal  translations,  we  can  always  find 
a  rotation  R  such  that  TR  =  Rt. 

Ex.  5.  If  S,  s  are  two  similar  screws  (both  right-  or  both 
left-handed)  about  parallel  lines  I,  I',  we  can  always  find  trans- 
lations T,  t  such  that  ST  =  Ts,  S  =  st. 

Ex.  6.  If  S  is  any  screw  and  R  any  rotation  of  the  same  angle 
about  parallel  lines  I  and  V,  we  can  find  translations  T,  T'  such 
that  S  =  ET=  T'E. 

*  The  rotatory-inversion  may  be  called  'a  rotatory-inversion  through 
a  about  0  and  I'. 

t  For  example,  if  S  is  a  rotatory-inversion,  S'  is  a  rotatory-inversion 
through  the  same  angle;  if  S  is  a  screw,  S'  is  a  screw  with  the  same 
translation  and  angle,  &c. 
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Ex.  7.  If  I,  i  are  any  two  similar  rotatory-inversions  about 
parallel  lines,  we  can  find  translations  T,  T'  such  that  I  =  iT  =  2"?'. 

Ex.  8.  If  S  is  a  screw  and  jR  a  rotation  of  the  same  angle  about 
a  parallel  line,  while  s  is  a  second  screw  and  r  a  rotation  of  the 
same  angle  about  a  parallel  line,  we  can  find  translations  T,  T' 
such  that  Ss  —  Er.  T  =  T' .  Er. 

Ex.  9.  Prove  a  result  similar  to  that  of  Ex.  8  for  the  product 
of  a  screw  and  a  rotatory -inversion  or  of  two  rotatory-inversions. 

Ex.  10.  Prove  the  following  practical  construction  for  finding 
the  resultant  of  screws  of  angles  a,  ft,  ...  about  lines  a,  b,  — 
'  Find  the  position  0  to  which  any  convenient  point  0'  is  brought 
by  the  successive  screws.  Find  the  resultant  R  of  rotations 
through  a,  j3,  ...  about  lines  through  0  parallel  to  a,  b,  ....  Let 
M  be  the  screw  equivalent  to  a  translation  represented  by  O'O 
followed  by  the  rotation  B.  Then  M  is  the  required  resultant.' 

Ex.  11.  Obtain  a  method  similar  to  that  of  Ex.  10  for  finding 
the  resultant  of  any  number  of  successive  screws  and  rotatory- 
inversions. 

Ex.  12.  The  resultant  of  three  screws  of  angle  TT  about  three 
perpendicular  non-intersecting  sides  of  a  rectangular  parallele- 
pipedon  whose  translations  are  represented  by  twice  the  respective 
sides  is  identity.  (The  resultant  of  the  three  translations  taken 
alone  is  represented  by  twice  that  diagonal  of  the  parallelepipedon 
which  meets  none  of  the  three  sides.) 

Ex.  13.  If  a,  b  are  two  lines  inclined  at  an  angle  0  and  at 
a  distance  z  apart,  the  resultant  of  screws  through  TT  about  a  and 
b  whose  translations  are  2x  and  2y  is  a  screw  through  20  of 
translation  2#  about  a  line  whose  distances  from  a  and  6  are 
cosec  Q(y  +  x  cos  6)  and  cosec  6  (x  +  y  cos  0). 

Ex.  14.  ABGD  is  the  face  of  a  cube ;  AOA',  BOB',  COG', 
DOD'  are  its  diagonals.  Find  the  resultant  of  a  rotatory-inversion 

2  TT 

through  -£-  about  A  and  AD,  a.  screw  of  angle  TT  and  translation 
o 

represented  by  AB  about  C'D',  a  screw  of  angle  TT  and  translation 
2  G'A  about  a  line  through  0  parallel  to  C'A,  and  a  gliding- 
reflexion  in  the  plane  ADB'G'  of  translation  AD. 

§  10.  If  a  movement  (other  than  identity)  brings  every 
point  of  a  figure  F  into  the  position  previously  occupied 
either  by  itself  or  by  some  other  point  of  F,  F  is  said  to 
possess  symmetry.  If  F  is  thus  brought  to  self-coincidence 
by  reflexion  in  a  plane  s,  s  is  called  a  symmetry-plane  of  F. 
If  F  is  brought  to  self-coincidence  by  a  rotation  about  a  line  I 
through  a  positive  angle  a  (but  through  no  smaller  angle),  I  is 
called  an  n-al  rotation-axis  of  F,  where  na  =  2ir.  Similarly 
we  can  have  an  '  n-&\.  symmetry-axis  of  rotatory-inversion ', 
a  '  centre  of  symmetry ',  a  '  screw-axis  of  symmetry ',  &c. 
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For  example,  a  cube  has  its  middle  point  0  as  a  centre  of 
symmetry  (i.e.  it  is  its  own  inverse  about  0),  its  diagonal 
as  a  3-al  rotation-axis,  the  plane  through  two  opposite  edges 
as  a  symmetry-plane,  &c. 

Ex.  1.  Find  other  symmetry-axes  of  a  cube. 

Ex.  2.  (i)  If  I  is  an  n-al  rotation-axis  or  symmetry-axis  of 
rotatory-inversion,  n  is  integral,  (ii)  Give  a  case  in  which  n  =  oc  . 

Ex.  3.  No  translation  nor  screw  (unless  it  reduces  to  a  rotation) 
can  bring  a  finite  figure  to  self-coincidence. 

§  11.  Many  other  geometrical  operations  besides  '  move- 
ments '  satisfy  the  conditions  to  which  elements  are  subject. 
As  an  example  we  may  take  successive  inversions  in  any 
number  of  circles  all  of  which  are  orthogonal  to  a  fixed 
circle. 

If  we  project  any  figure  on  a  sphere  2  from  a  point  V  of  2 
on  to  the  plane  through  the  centre  0  perpendicular  to  0V 
(stereographic  projection),  the  projected  figure  is  the  inverse 
of  the  original  with  respect  to  a  sphere  of  centre  V  and  radius 
\/2 .  0V.  Hence  a  circle  projects  into  a  circle,  and  angles  are 
unaltered  by  projection.  If  c  is  any  circle  on  2,  and  P,  Q 
are  points  on  2  inverse  with  respect  to  c  (FQ  passes  through 
the  pole  of  the  plane  of  c  with  respect  to  2),  all  circles  on  2 
through  P  and  Q  are  orthogonal  to  c.  Hence,  if  c',  P/,  Q'  are  the 
projections  of  c.  P.  Q,  all  circles  through  P/  and  Q'  are  orthogonal 
to  c',  i.  e.  P'  and  Q'  are  inverse  with  respect  to  c'.  In  particular, 
if  c  is  a  great  circle,  P  and  Q  are  reflexions  of  each  other 
in  the  plane  of  c ;  while  c'  is  orthogonal  to  the  fixed  circle 
which  is  the  projection  of  the  circle  at  infinity  on  2.  Hence 
from  each  theorem  concerning  successive  reflexions  in  planes 
through  a  given  point,  may  be  deduced  a  theorem  concerning 
successive  inversions  in  circles  orthogonal  to  a  fixed  circle. 

Ex.  1.  Show  that  in  any  plane  (i)  a  rotation  about  a  point, 
(ii)  a  translation,  (iii)  a  magnification  with  respect  to  a  point 
are  particular  cases  of  two  successive  inversions. 

Ex.  2.  The  operation  consisting  of  successive  inversions  in  two 
given  real  circles  is  of  finite  order  only  if  the  circles  cut  at  a  real 
angle  commensurable  with  TT.  It  is  equivalent  to  successive 
inversions  in  any  two  circles  cutting  at  the  same  angle  in  the 
same  points. 

Ex.  3.  Any  even  number  of  successive  inversions  in  circles 
orthogonal  to  a  fixed  circle  is  equivalent  to  two  successive 
inversions. 
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Ex.  4.  If  S  is  an  operation  consisting  of  successive  inversions 
in  the  circles  jlt  J2,j3,  ...,  and  T  is  a  similar  operation  changing 
these  circles  into  the  circles  %,  i2,  i3,  ...,  T~1ST  is  the  operation 
consisting  of  successive  inversions  in  %,  i2,  ?'3,  .... 

Ex.  5.  Take  rectangular  Cartesian  axes  of  reference  in  a  plane. 
Let  any  geometrical  operation  displace  a  point  from  the  position 
(x,  y)  to  the  position  (x',  y'\  Let  e  =  x  +  iy,  z'  =  x'  +  iy'  (i=  V  —  1). 
Find  geometrical  operations  such  that  (i)  z'  =  d  —  z,  (ii)  /  =  &-r£, 
6  and  d  being  real.  Deduce  the  fact  that  the  product  of  these 
substitutions  is  finite  only  if  (/>  is  commensurable  with  if,  where 
cos  $  =  d  -f-  2  </&. 

Ex.  6.  To  successive  inversions  in  any  two  circles  corresponds 

a  substitution  of  the  form  z'  = ,  • 

cz  +  a 


Ex.  7.  If  to  the  substitution  S  =  (  z'  = ;  )  corresponds 

V          eg  +  d  / 


an 


inversion  in  a  circle  j  followed  by  a  reflexion  in  a  line  I,  cos  <f>  x 
the  radius  of  j  =  the  perpendicular  on  I  from  the  centre  of  j 
(see  III  212). 

Ex.  8.  If  the  equations  of  j  and  I  are  real,  (i)  S  is  not  loxo- 
dromic,  (ii)  A  is  conjugate  to  D  and  B  to  C  with  respect  to  a 
rectangular  hyperbola  whose  centre  is  the  origin  and  whose 
asymptote  bisects  AD  ;  where  A,  B,  C,  D  are  the  points  repre- 
senting the  complex  quantities  a,  6,  c,  d. 

Ex.  9.  When  a,  6,  c,  d  are  real,  to  S  corresponds  an  inversion  in 
c2^2  +  c2?/2  -f  2  cdx  +  (be  —ad  +  d*)  =  0  followed  by  a  reflexion  in 
2  ex  —  a  —  d. 

§  12.  As  another  example  we  may  take  the  case  of  col- 
lineation. 

If  two  figures  are  such  that  each  point  P  of  one  figure 
corresponds  to  a  single  point  P'  of  the  other,  while  conversely 
the  single  point  P'  corresponds  to  P  ;  one  figure  is  said  to  be 
derived  from  the  other  by  a  collinear  or  protective  transfor- 
mation. 

First  take  the  case  in  which  both  figures  are  plane.  If 
(a;,  y,  z),  (a/,  y',  z'}  are  the  coordinates  of  P,  P'  referred  to  any 
two  triangles  of  reference  (one  in  each  figure),  we  have 
evidently  relations  of  the  form 


If  we  choose  the  triangles  of  reference  ABC,  A'B'C'  so  that 
A  and  A\  B  and  B',  C  and  C"  are  corresponding  points  in  the 
two  figures,  y'=  z'=.  0  when  y  =  z  =  0,  &c.  Hence  we  have 
obviously  m1  =  n1=n2  =  l2  =  l8  =  m3=  0.  When  we  are  given 
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the  coordinates  of  another  pair  of  corresponding  points,  we 
can  find  the  ratios  Zx :  m2  :7i3.  Hence  a  collinear  transforma- 
tion of  one  plane  figure  into  another  is  completely  determined 
by  the  correspondence  between  four  points  of  one  figure  (no 
three  of  which  lie  on  a  straight  line)  and  four  points  of  the 
other. 

Plane  projection  evidently  establishes  a  collinear  transfor- 
mation of  one  plane  into  another,  which  is,  moreover,  the 
most  general  possible ;  for  we  can  always  project  four  given 
points  A ,  B,  C,  V  into  four  other  arbitrary  points  a,  6,  c,  v  as 
follows.  Let  AV,  BV  meet  BC,  CA  in  D  and  E;  and  let 
av,  bv  meet  be,  ca  in  d  and  e.  Take  X  on  BC  such  that  the 
cross-ratio  of  (BDCX)  =  bd  +  cd,  and  take  F  on  CA  such  that 
the  cross-ratio  of  (CEA  T)  =  ce  -f-  ae.  Then  project  XT  to 
infinity,  the  angles  BAG,  CBA  into  angles  equal  to  bac,  cba, 
and  the  line  AB  into  a  line  of  length  equal  to  ab. 

Similarly  if  the  figures  are  three-dimensional,  we  can  show 
by  taking  the  vertices  of  the  two  tetrahedra  of  reference  as 
corresponding  points  that  the  collinear  transformation  is 
completely  determined  by  the  correspondence  between  five 
points  of  one  figure  (no  four  being  coplanar)  and  five  points 
of  the  other. 

It  is  at  once  evident  that  to  any  number  of  coplanar  points 
of  one  figure  correspond  coplanar  points  of  the  other.  Simi- 
larly to  collinear  points  of  one  figure  correspond  collinear 
points  of  the  other. 

Let  a  =  0,  /3  =  0  be  the  equations  of  two  planes  in  one 
figure  and  a'=  0,  /3'=  0  the  equations  of  the  corresponding 
planes  in  the  other  figure.  Then  to  the  planes 

a  =  A^,  a  =  A2/3,  a  =  X3/3,  a  =  A<£ 
in  one  figure  correspond  the  planes 

a'  =  Xj/3',  a'=  \2tf,  a'=  A30',  a'=  A4/3' 

in  the  other.     Hence   the  cross-ratios   of  the  corresponding 
pencils  of  planes  are  identical,  being  both  equal  to 

(A1-\2)(A3-X4)  -:-  (A,-A4)(A,-A2). 

It  follows  at  once  that  the  cross-ratios  of  corresponding  pencils 
of  lines  or  ranges  of  points  are  identical. 

The  operation  of  making  one  figure  correspond  to  another 
by  a  collinear  transformation  is  called  a  collineation.  A.  col- 
lineation  evidently  satisfies  the  conditions  by  which  an  element 
was  defined,  the  identical  element  being  the  collineation 
which  makes  each  point  of  space  correspond  to  itself. 
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Ex.  1.  Carry  out  the  reasoning  of  §  12  using  Cartesian  instead 
of  homogeneous  coordinates. 

Ex.  2.  A  collinear  transformation  of  one  straight  line  into 
another  is  completely  determined  when  three  pairs  of  correspond- 
ing points  are  given  ;  and  the  ranges  formed  by  corresponding 
points  are  homographic. 

Ex.  3.  If  the  coordinates  of  two  corresponding  points  referred  to 
the  same  tetrahedron  of  reference  are  connected  by  relations 
defining  a  substitution  S,  the  coordinates  referred  to  any  other 
tetrahedron  are  connected  by  relations  defining  a  transform  of  S. 

Ex.  4.  A  geometrical  movement  is  a  particular  case  of 
collineation. 

Ex.  5.  A  collinear  transformation  of  (i)  a  line,  (ii)  a  plane, 
(iii)  a  three-dimensional  figure  into  itself  transforms  in  general 
respectively  2,  3,  4  points  into  themselves.  Mention  any 
exceptions. 

Ex.  6.  Find  the  self-corresponding  points  in  the  collineation 
defined  by  (i)  a  rotation  of  a  plane  about  a  point  0,  (ii)  a  screw 
about  a  line  I,  (iii)  a  rotatory-inversion  about  0  and  I. 

Ex.  7.  When  both  figures  are  referred  to  the  same  rectangular 
Cartesian  axes  of  reference  a  homogeneous  linear  substitution 
defines  a  collineation  leaving  fixed  the  origin  and  the  plane  at 
infinity ;  and  an  orthogonal  substitution  defines  a  rotation  or 
rotatory -in  version. 

Ex.  8.  A  collineation  leaving  the  circle  at  infinity  fixed  is 
equivalent  to  a  magnification  with  respect  to  a  point  followed 
by  a  geometrical  movement. 


§  13.  Suppose  now  that  the  two  figures  derived  from  each 
other  by  collinear  transformations  are  referred  to  the  same 
tetrahedron  of  reference.  Then  the  coordinates 

(«',  2/',  z',  w'),  (xt  y,  z,  w) 

of  corresponding  points  Pf)  P  are  connected  by  relations  of 
the  form 

x'=.  llx  +  rmly-\-nlz+plw,  y'= 


These  equations  define  a  substitution  S.  If  S  is  of  finite 
order,  we  can  express  it  in  terms  of  new  variables  X,  F,  Z,  W 
such  that 

X'=  WjZ,  F=o)2F,  Z'=  v>3Z,  W'=  o>4F.  .........  (Ill  8). 

Taking  X  =  0,  7  -  0,  Z  =  0,  W  =  0  as  the  faces  of  a  new 
tetrahedron  of  reference,  the  corresponding  points 

(acf,  y't  /,  it/),  (x,  y,  z,  w) 
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are  connected  by  the  relations 

x' '=  ftjjX,  2/'  =  <&$•>  ^/=  '•'a2'*  iv'=a>42. 

If  S  is  of  order  2,  coj2  =  «22  =  o>32  =  o>42  =  1,  and  therefore 
toj,  o>2,  o)3,  o)4  each  =  +  1. 

If  in  this  case  o^  =  <o2  =  <o3  =  <o4,  $  is  a  similarity  and 
the  collineation  is  the  identical  collineation  making  each 
point  correspond  to  itself.  If  —  <al  =  o>2  =  o>3  =  o>4,  PP'  passes 
through  the  vertex  (1,  0,  0,  0)  of  the  tetrahedron  of  reference 
and  is  divided  harmonically  by  that  vertex  and  the  opposite 
face  x  =  0  of  the  tetrahedron.  If  —  ojj  =  —  o>2  =  o>3  =  o>4 , 
PP/  intersects  two  opposite  edges  of  the  tetrahedron  and  is 
divided  harmonically  by  them,  as  is  at  once  proved. 

Hence  we  see  that  there  are  two  kinds  of  collineation  of 
order  2;  the  'perspective'  in  which  the  line  joining  two 
corresponding  points  passes  through  a  fixed  point  and  is 
divided  harmonically  by  it  and  a  fixed  plane,  and  the  '  non- 
perspective  '  in  which  the  line  joining  two  corresponding 
points  intersects  two  fixed  non-intersecting  straight  lines  and 
is  divided  harmonically  by  them. 

Just  as  we  deduced  from  each  theorem  concerning  successive 
reflexions  in  planes  through  a  given  point  a  theorem  con- 
cerning successive  inversions  in  circles  orthogonal  to  a  fixed 
circle,  so  we  may  deduce  a  theorem  concerning  perspective 
collineations  of  a  plane  whose  fixed  point  and  line  are  pole 
and  polar  with  respect  to  a  fixed  circle  (and  hence  by  pro- 
jection with  respect  to  any  fixed  conic).  For,  using  the 
notation  of  §  11,  let  c  be  a  great  circle  of  the  sphere  2  and 
let  the  straight  line  c'  be  the  ('  gnomonic ')  projection  of  c 
from  the  centre  0  on  to  the  tangent  plane  at  V.  Let  the  line 
through  0  perpendicular  to  the  plane  of  c  meet  this  tangent 
plane  at  C ,  and  let  Pft  Q'  be  the  projections  of  two  points 
P,  Q  on  2  which  are  the  reflexions  of  each  other  in  the  plane 
of  c.  Then  if  C"F  meets  c'  in  JV"  (Fig.  5),  (7iT  is  evidently 
perpendicular  to  c',  and 

C'V.  VN'=  OF2  since  CON'=  OVN'=\v. 
Hence  C'  is  the  pole  of  c'  with  respect  to  a  fixed  circle  whose 
centre  is  V  and  radius  -/  —  OF2.  Moreover,  the  lines  OP,  OQ 
are  evidently  coplanar  with  and  equally  inclined  to  OC'. 
Hence  if  C'P'Q'  meets  c'  in  F,  (CTF',  P'Q')  is  harmonic  since 
C?OF'=  \  TT.  Therefore  .F,  ty  are  derived  from  each  other 
by  a  perspective  collineation  whose  fixed  point  is  C'  and  fixed 
line  is  c'. 
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Fig.  5  (i). 
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Fig.  5  (ii). 
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In  the  above  statement,  for  c  successive  reflexions  in  planes 
through  a  given  point'  we  may  substitute  'successive  rota- 
tions through  T:  about  lines  through  a  given  point '.  For  if  Qz 
is  the  point  diametrically  opposite  to  Q  on  2,  Q'  is  the 
projection  of  Qx  as  well  as  of  Q,  and  P  is  brought  to  the 
position  QJ  by  a  rotation  through  TT  about  0(7. 

Ex.  1.  If  a  straight  line  is  transformed  into  itself  by  a 
collineation  of  order  2,  corresponding  points  are  the  pairs  of  an 
involution  on  the  line. 

Ex.  2.  If  a  plane  is  transformed  into  itself  by  a  collineation 
of  order  2,  the  line  joining  corresponding  points  passes  through 
a  fixed  point  and  is  divided  harmonically  by  it  and  a  fixed 
straight  line. 

Ex.  3.  A  perspective  collineation  of  order  2  transforms  the 
fixed  point  and  every  point  of  the  fixed  plane  into  itself ;  and 
a  non-perspective  collineation  of  order  2  transforms  every  point  of 
the  two  fixed  lines  into  itself. 

Ex.  4.  A  rotation  through  IT  about  a  line  I  is  a  particular  case 
of  a  non-perspective  collineation  of  order  2. 

Ex.  5.  A  reflexion  in  a  plane  and  inversion  about  a  point  are 
particular  cases  of  a  perspective  collineation  of  order  2. 

Ex.  6.  If  a  collineation  T  makes  a  point  ¥  correspond  to  a 
point  P  and  a  plane  cr7  to  a  plane  a,  and  S  is  the  perspective 
colb'neation  whose  fixed  point  and  plane  are  P  and  <r,  T~1ST 
is  the  perspective  collineation  whose  fixed  point  and  plane  are 
P/  and</. 

Ex.  7.  If  T  makes  lines  V,  m'  correspond  to  I,  m  and  U  is  the 
non -perspective  collineation  of  order  2  whose  fixed  lines  are  i,  m, 
T~l  UT  is  the  collineation  whose  fixed  lines  are  T,  m'. 

Ex.  8.  If  V  is  an  involutive  collineation  on  a  line  I  whose 
double  points  are  P,  Q  and  T  is  a  collineation  transforming  Z, 
P,  Q  into  I',  P1,  Qf,  T~1VT  is  an  involutive  collineation  on  I' 
whose  double  points  are  P',  Q'. 

Ex.  9.  If  two  collinear  transformations  of  order  2  on  a 
straight  line  are  permutable,  their  double  points  form  a  harmonic 
range. 

Ex.  10.  If  Olt  02  are  the  fixed  points  of  two  permutable 
perspective  collineations  and  o^,  <r2  are  their  fixed  planes,  Ol  lies 
on  <r2  and  02  on  o^.  The  product  of  the  two  collineations  is 
a  non-perspective  collineation  of  order  2  whose  fixed  lines  are 
Ol  02  and  the  intersection  of  al  and  <r2 . 

Ex.  11.  If  Ol  and  a-lt  0.2  and  <rz  are  the  fixed  points  and  planes  of 
two  perspective  collineations  Sl}  Sz,  the  fixed  points  of  S1S2  are 
every  point  on  the  intersection  of  a-lt  <72  and  the  double  points  of 
the  involution  determined  on  0:02  by  01?  o^  and  02,  <r2. 

Ex.  12.  Any  odd  number  of  successive  (i)  perspective  collinea- 
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tions  with  the  same  fixed  plane,  (ii)  perspective  collineations 
with  the  same  fixed  point  and  with  fixed  planes  passing  through 
a  given  straight  line,  (iii)  non-perspective  collineations  of  order  2 
with  one  fixed  line  in  common  and  the  other  fixed  line  passing 
through  a  given  point,  is  equivalent  to  a  single  such  collinea- 
tion. 

Ex.  13.  Any  odd  number  of  successive  perspective  collineations 
whose  fixed  points  all  lie  in  a  given  plane  and  which  transform 
a  fixed  conicoid  into  itself  is  equivalent  to  three  such  successive 
collineations. 


CHAPTER  V 
GROUPS 

§  1.  A  set  of  elements  is  said  to  form  a  group,  if  (1)  the 
product  of  any  two  (or  the  square  of  any  one)  of  the  elements 
is  an  element  of  the  set;  (2)  the  set  contains  the  inverse 
of  each  element  of  the  set.  If  the  set  satisfies  condition  (1) 
but  not  (2),  it  is  called  a  semi-group. 

Any  group  0  contains  the  identical  element ;  for  if  a  is  any 
element  of  G,  so  is  a~l  and  aa~l  =  1. 

If  G  contains  n  distinct  elements,  it  is  said  to  be  of  order  n. 
The  group  is  called  finite  or  infinite  according  as  n  is  finite 
or  infinite.  We  shall  assume  a  group  finite  unless  the  contrary 
is  stated. 

A  group  or  semi-group  every  two  elements  of  which  are 
permutable  is  called  Abelian  or  commutative. 

If  G  is  any  group  and  g  is  any  element  of  finite  order  m, 
gm  =  1  is  in  G.  If  gr  is  the  first  of  the  elements  g,  g2,  gr3, . . . 
which  is  contained  in  G,  r  is  called  the  order  of  g  relative  to  G. 
The  order  r  of  g  relative  to  (r  is  a  factor  of  the  '  absolute ' 
order  m.  For  if  (k  + 1)  r  > m > kr  (k  being  a  positive  integer), 
gm-kr  _  gm  g-kr  __  (gr)-k  is  in  G,  and  hence  m  =  kr. 

Similarly  we  may  prove  that,  if  g1  is  any  positive  power 
of  g  contained  in  G,  r  is  a  factor  of  I. 

Ex.  1.  Suppose  we  have  6  elements  1,  a,  6,  c,  d,  e  whose  laws 
of  combination  are  given  by  the  '  multiplication  table '  (see  p.  52) 
in  which  the  product  of  the  element  at  the  left  of  the  z-th  row  and 
the  element  at  the  top  of  the  j-ih  column  is  given  at  the 
intersection  of  the  i-th  row  and  the  j-th  column  (e.  g.  6c  =  d, 
cb  =  e).  Then  1,  a,  6,  c,  d,  e  form  a  group.  Such  elements  are, 
for  example,  the  6  permutations  1,  (xyz),  (xzy),  (yz\  (xy),  (zjc)  or 
the  6  substitutions 

,  1        x— 1     1       x 

x  =  x, ,    ,  -,  -,   I  —  x. 

1—x       x       x     x—1 

Ex.  2.  A  group  contains  every  positive  and  negative  power  of 
any  element  it  contains. 

Ex.  3.  Every  element  of  a  finite  group  is  of  finite  order. 

E  2 
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Ex.  4.  If  a,  &  are  any  two  elements  of  a  group  G,  we  can  always 
find  elements  g,  h  in  G  such  that  ag  —  &,  ha  =  &. 

Ex.  5.  The  positive  powers  of  any  element  form  a  group  or 
semi-group  according  as  the  element  is  of  finite  or  infinite  order. 

Ex.  6.  A  finite  number  of  elements  satisfying  condition  (1)  of 
§  1  satisfy  condition  (2)  and  form  a  group. 

Ex.  7.  Every  semi-group  contains  elements  of  infinite  order. 

Ex.  8.   If  the  elements  a,  &,  c,  ...  form  a  group,  so  do  g~1ag, 


a 


of 


e 


a 


d 


a, 


a 


d 


d 


d 


* 


a 


d 


d 


d 


a 


Multiplication  table  of  group  in  Ex.  1. 

Ex.  9.  Every  group  of  even  order  contains  an  odd  number  of 
elements  of  order  2. 

Ex.  10.  Every  group  contains  an  even  number  of  elements  of 
order  r  (r  >  2). 

Ex.  11.  A  group  whose  elements  are  all  of  order  1  or  2  is 
Abelian. 

Ex.  12.  (i)  If  glt  #2,  #3,  ...  are  the  elements  of  a  group,  so  are 
and  so  are  dyffz,  ffy9a>  ••••  (" 


permutations  (  *       *        g*     "  )  and  ( 
yifa  9*9  x    9*9  x  •••  '          \ 

are  both  regular  and  are  permutable. 

Ex.  13.  The  positive  integers  form  an  Abelian  semi-group  the 
law  of  combination  being  (i)  ordinary  multiplication,  (ii)  ordinary 
addition. 
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Ex.  14.  All  positive  real  quantities  form  an  infinite  Abelian 
group  or  semi-group  according  as  the  law  of  combination  is 
ordinary  multiplication  or  ordinary  addition. 

Ex.  1-5.  All  positive  and  negative  integers  form  an  infinite 
Abelian  group  when  the  law  of  combination  is  ordinary  addition. 

Ex.  16.  (i)  The  marks  of  the  GF[pr]  form  an  Abelian  group 
of  order  pr,  the  law  of  combination  being  addition,  (ii)  The 
marks  excluding  zero  form  an  Abelian  group  of  order  pr  —  1,  the 
law  of  combination  being  multiplication. 

Ex.  17.  All  the  permutations  on  the  symbols  x^,  xz,  ...,  xm 
which  (i)  leave  a  function /(j^ ,  x2,  ...,  xm)  unaltered,  (ii)  multiply 
f(x\,  x.2,  ...,  *m)  by  some  constant  independent  of  xlt  J*2,  ...,  xm 
form  a  group. 

Ex.  18.  Prove  a  similar  result  for  substitutions  on  the  variables 

x\t  x*>i  •••»  xm- 

Ex.  19.  The  movements  bringing  any  geometrical  figure  to 
self-coincidence  form  a  group. 

Ex.  20.  All  possible  homogeneous  linear  substitutions  of  non- 
zero determinant  on  m  given  variables  with  coefficients  in  a 
GF[pr]  form  a  group. 

Ex.  21.  The  following  elements  form  a  group : 

(i)  The  permutations  1,  (xyzw\  (xz)(yw),  (xtczy),  (xs\  (xtc)(yz\ 
(ytc),  (xy)(ice). 

(ii)  The  permutations  1,  (xyzwu\  (xzuyw),  (xwyus],  (xuwzy\ 
\  (xu)(yw),  (xv>)(ye),  (**)(«»),  W)(*")- 

2  r~ 
(iii)  Rotations  through  -    -   about  the  origin  and  reflexions 

in  the  lines  y  =  tan  — .  x  (r  =  1,  2,  . . . ,  «). 

n  ' 

(iv)  Rotations  through  0,  —  ,  ~^-   about  the  diagonals   of  a 

o        o 

cube  and   rotations  through   TT  about  lines  through  its  centre 
perpendicular  to  its  faces. 

(v)  The  substitutions 
xf  =  u>kx,  x'  =  <Dk  -J-  x  (k  =  1,  2,  ... ,  m),  where  o>m  =  1. 

(vi)  The  12  substitutions 

1      ,  -a-+l      ijX—l'    .  x+i      .  x— i 

J  —  ±*,  ±-»  ±* 7'  ±' T'   + •>   + -•>  (t=  </  —  !} 

x         x—1          x+1     ~  x—i     ~  x  +  t    V1  A/- 

(vii)  The  24  substitutions 

xf  =  ikx,  -,  »*^,  t*^t4  (A  =  0,  1,  2,  3). 

'    X  X+l  X  +  %   V 

(viii)  The  substitutions 

/      2rir  .    2rir  2n>  2r<r     \    . 

(cos--.a;-sin— --y,  sin ---x  +  cos --  •y),(r=l,  2,  ...,«). 

\  7*  7*  Jis  Tt  / 
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(ix)  The  8  substitutions  (±x,  ±y\  (±y,  ±x). 

(x)  The  8  substitutions  (  +  x,  ±y,  +  z). 
(xi)  The  substitutions 

,  3a?  +  4    4x  +  2     Gx  +  i    6 

'X  '  '  '  x 


with  coefficients  in  the  GF[7]. 

(xii)  The  substitutions  a/  =  x,  4#,  2x,  8x,  -,  -,  -,  -    with 

coefficients  in  the  GF[32]  where  P(x]  =  x2  +  2x  +  2. 
Ex.  22.  Which  groups  of  Ex.  21  are  Abelian? 
Ex.  23.   Find  the  order  of  (xzyw)  relative  to  the  group  (i)  of 

Ex.  21,   the  order  of  a  rotatory-inversion  through  ^  about  the 

centre  and  diagonal  of  the  cube  relative  to  (iv),  the  order  of 
x'=^(</3  +  i}x  relative  to  (vi),  the  order  of  (  —  y,  —  z,  —x) 
relative  to  (x). 

Ex.  24.  Construct  multiplication  tables  for  the  groups  (i),  (iv), 
(x)  of  Ex.  21. 

§2.  The  set  formed  by  all  the  elements  a^o^,...,^  is 
usually  denoted  by  ax  +  a2  +  .  .  .  +  ar  .  If  A  denotes  this  set,  so 
that  A  =  al  +  az+  ...  +ar,  and  b  is  any  element;  then  the  set 

a16  +  aa6  +  ...  +  ar& 
is  denoted  by  A  b,  and  the  set 


by  6  A.  If  B  denotes  the  set  6j  +  bz  +  .  .  .  +  bs,  AB  denotes  the 
set  of  rs  elements  a  fix  (i  =  1,  2,  ...,r;  j  =  1,  2,  ...,  s),  and 
BA  denotes  the  set  of  rs  elements  &,-c^. 

If  a,  b,  c,  ...  are  any  elements,  {a,  b,  c,  ...}  denotes  the 
group  or  semi-group  composed  of  all  distinct  elements  obtained 
by  combining  in  every  possible  way  all  products  and  powers 
of  a,  b,  c,  .... 

More  generally,  if  A  ,  B,  ...  denote  sets  of  elements,  and 
gth,  ...  denote  elements,  {A,  B,  ...,  g,  h,  ...}  denotes  the 
group  or  semi-group  composed  of  all  distinct  elements  obtained 
by  combining  in  every  possible  way  all  products  and  powers 
of  g,  h,  ...  and  every  element  of  A,  B,  .... 

Ex.  1.  Let  a,  &,  c  be  elements  of  orders  4,  2,  2  respectively  such 
that  ab  =  fca3,  ac  =  ca,  be  =  cb.  Combining  all  possible  powers 
of  6  and  c  we  get  only  the  4  elements  1,  6,  c,  be  ;  for  example, 
66c7&5c462  =  cb.  Hence  {6,  c}  is  a  group  H  of  order  4. 

Again,  combining  all  possible  powers  of  a,  b,  c  we  get  only  the 
16  elements  1,  a,  a2,  a3,  &,  6a,  6a2,  &a3,  c,  ca,  ca2,  ca3,  cb,  cba,  eta2,  c&a3  ; 
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for  example,  aGc~b3dbc^b5  =  arba  =  6a3.  Hence  {a,  Z>,  c]  is  a 
group  G-  of  order  16  identical  with  {H,  a}. 

Ex.  2.  If  a  is  of  order  n,  {a\  contains  n  elements. 

Ex.  3.  {a,  b,  c,  ...}  is  identical  with  {{a},  {6},  {c},  ...  },  {{a,  6}, 
c.  ...},  {{a,  c},  &,  ...},  .... 

Ex.  4.  If  o°  =  63  =  1  and  a&  =  60,  (a,  &}  contains  15  elements. 

Ex.  5.  If  ab  =  bak,  every  element  of  {a,  b}  is  of  the  form  Wax. 

Ex.  6.  If  in§2r  is  finite  and  A2  =  A  +  A  +  A+  ...,  A  is  a  group. 

Ex.  7.  If  A  and  5  are  groups  and 

(AB}2  =  AB+AB  +  AB+..., 

AS  is  a  group  and  is  identical  with  BA. 

Ex.  8.   If  A  and  B  are  groups  and  AB  =  BA,  AB  is  a  group. 

Ex.  9.  If  G  is  an  Abelian  group  of  order  n  and  g  is  any  element 
of  order  m  permutable  with  every  element  of  G,  {G,  g}  is  an 
Abelian  group  whose  order  divides  nm. 

Ex.  10.  If  p  divides  the  order  of  an  Abelian  group  G,  G 
contains  at  least  one  element  whose  order  is  a  multiple  of  p. 

§  3.  The  elements  gt,  g2,  g2,  ...  are  called  independent  if 
no  one  of  them  can  be  expressed  as  a  product  of  any  number 
of  the  rest ;  i.e.  if  gt  is  not  contained  in 

{0i»&»  ~->9i-i>9i+i>  •»} 

for  any  value  of  i.  In  this  case  <71,<72>flr3>-"  are  called  inde- 
pendent generating  elements  or  generators  of  {<715<72,<73, ...}. 
A  group  is  said  to  be  given  abstractly  when  we  know  the 
number  of  elements  it  contains  and  the  way  in  which  any  two 
combine.  These  data  are  evidently  completely  given  when 
we  know  a  set  of  generating  elements  and  the  equations 
connecting  them ;  so  that  a  group  is  given  abstractly  by 
a  set  of  generating  elements  and  certain  independent  (and 
mutually  consistent)  relations  which  they  satisfy.  It  is  in 
this  way  that  a  group  is  usually  denned.  Thus,  for  example, 
'  the  group  a4  =  62  =  c2  =  (ab)2  —  1,  ac  =  ca,  be  =  cb '  means 
'the  group  {a,  b,c]  generated  by  the  elements  a,  b,  c  of  orders 
4,  2,  2  respectively  which  are  connected  by  the  relations 
(ab )2  =  1,  ac  =  ca,  be  =  cb '. 

Two  groups  G,  G'  with  the  same  number  of  elements  com- 
bining according  to  the  same  laws  are  considered  as  being 
one  and  the  same  abstract  group  in  the  pure  group-theory, 
as  opposed  to  its  applications.  We  may  denote  this  by  the 
notation  G  =  G' ;  while  G  =  G'  would  imply  that  G  and  G' 
contained  the  same  elements  and  were  absolutely  identical. 

Two  groups  containing  the  same  number  of  elements  of 
order  2,  the  same  number  of  order  3,  the  same  number 
of  order  4, ...  are  called  conformal. 
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Ex.  1.  Show  that  the  group  of  V  lx  is  generated  by  a,  c  where 
a3  =  c2  =  (ac)2  =  1,  or  by  c,  d  where  c2  =  d2  =  (cd)3  =  1. 

Ex.  2.  Find  generating  elements  of  the  groups  (i),  (iv),  (v),  (viii), 
(x)ofV!21. 

Ex.  3.  Construct  a  multiplication  table  for  the  group 
a3  =  62  =  1,  ab  =  &a,  and  for  a*  =  1,  &2  =  a2,  a&  =  6a3. 

Ex.  4.  The  groups  an  =  &2  =  (a&)2  =  1  and  o2  =  62  =  (o6)n  =  1 
are  abstractly  identical  and  are  of  order  2n. 

Ex.  5.  The  groups  a3  =  63  =  (ab)2  =  1  and  a2  =  63  =(a&)3  =  1 
are  abstractly  identical. 

Ex.  6.  Find  the  group  generated  by  the  permutable  permuta- 
tions (1234)(5678)  and  (1638)(5274). 

Ex.  7.  Show  that  (i)  reflexions  in  two  planes,  (ii)  rotations 
through  TT  about  intersecting  lines,  (iii)  inversions  in  two  circles, 
inclined  at  an  angle  TT  -f-  n  generate  a  group  of  order  2n. 

Ex.  8.  Use  Ex.  7  (i)  to  show  that  exactly  8  angles  are  found  by 
taking  the  supplement  and  complement  of  a  given  angle,  the 
supplement  and  complement  of  the  angles  so  obtained,  and  so 
on ;  angles  being  considered  identical  when  they  differ  by  a 
multiple  of  2ir. 

Ex.  9.  Any  element  permutable  with  a,  6,  c,  ...  is  permutable 
with  every  element  of  {a,  b,  c,  ...  }. 

Ex.  10.  If  each  pair  of  generators  of  a  group  G  is  permutable, 
G  is  Abelian. 

Ex.  1 1.  Prove  that  the  following  sets  of  elements  form  groups 
of  order  4  which  are  identical  when  considered  as  abstract 
groups : — 

(i)  The  permutations  1,  (xy)(zw\  (xz)(yw\  (xw)(yz). 

(ii)  Rotations  through  0  and  TT  about  three  perpendicular  inter- 
secting lines. 

(iii)  Reflexions  in  two  perpendicular  planes  and  rotations 
through  0  and  TT  about  their  intersection. 

(iv)  Rotations  through  0  and  TT  about  a  line,  reflexion  in  a 
perpendicular  plane,  and  inversion  about  their  intersection. 

(v)  The  substitutions  x'  =  +x,  +  -• 

~~  x 

(vi)  The  substitutions  (±x,  ±y). 

8     OiX~~3y     dyx—alB 

(vii)  The  substitutions  x'  =  -»      >    '  — >   where   a, 

x      yx  —  a,        ax—py 

/3,  y  are  marks  of  any  GF[pr'\. 

Ex.  12.  Prove  that  the  following  sets  of  elements  form  groups 
of  order  6  which  are  identical  when  considered  as  abstract 
groups : 

(i)  The  permutations  1,  (xyz\  (xzy\  (yz),  (zx\  (xy). 

(ii)  Rotations  through  0,  -5-,  —^     about    the   origin    and    re- 

o        o 

flexions  in  the  lines  y  =  0,  y  =  +  v/Sx,  y  =  —  */3x. 
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7H2        mx— m2      m2       mx 

(ui)  The  substitutions    x  =  x,    »     ,     — i     » 

m—x          x  x       x—m 

m— x. 

(iv)  The  fractional  substitutions  (x,  y),  (-,  -),    (-,   -),  (y,x), 

\*c    ye/     \^    y/ 


y     y/ 

(v)  The  substitutions  in  the  GF[2]  (x,  y),  (x+y,  x),  (y,  x+y), 
(y,  x),  (x+y,  y),  (x,  x+y). 

(vi)  The  substitutions  in  the   GF[S]  x'  =  x,  x+l,  x  +  2,  2x, 
2x  +  l,  2x  +  2. 

(vii)  The  substitutions  in  the  GF[7]  x*  =•  x, 


-       Qx  +  4 
(viii)  The  substitutions  in  the  GF[11]  x'  =  x,    „       &>    „        r 

_4_      x  +  5       x  +  9 
Sx'   4a;+10'  x  +  10' 

(ix)  The  substitutions  in  the  GF[&]  where  P(x)  =  xz  +  2x  + 

4         2^  +  4    2       8a        8^  +  2 
::r> 


~^x~'  x    2x  +  ±        4 

Ex.  13.  Show  that  the  groups  (i),  (ix),  (xi)  of  V121  are  abstractly 
identical  and  so  are  (iv)  and  (vi). 

Ex.  14.  The  groups  a25  =  65  =  1,  ab  -  la6  and  a25  =  I5  =  1, 
ab  =  ba  are  conformal. 

Ex.  15.  The  groups  a9  =  63  =  c3  =  1,  ab  =  la4,  ac  =  ca7, 
6c  =  cb  and  a9  =  63  =  c3  =  1,  ab  =  &a,  ac  =  ca,  &c  =  c&  are 
conformal. 

§  4.  It  may  happen  that  certain  elements  of  a  group  (r 
taken  by  themselves  form  a  group  if.  In  this  case  H  is 
called  a  subgroup  of  Gr,  and  is  said  to  be  '  contained  in  G  '. 

The  simplest  possible  group  is  that  which  contains  only 
the  identical  element.  It  is  called  the  identical  group,  and 
is  denoted  by  1  if  no  confusion  is  caused  thereby.  In  a  sense 
any  group  G  contains  as  subgroups  both  the  identical  group 
and  G  itself  ;  but  for  the  sake  of  conciseness  in  enunciating 
and  proving  theorems  it  is  sometimes  convenient  to  consider 
one  or  both  of  these  as  not  included  among  the  subgroups 
of  G.  It  will  always  be  clear  from  the  context  whether  they 
are  included  or  not. 

The  order  r  of  any  subgroup  H  of  a  group  G  of  finite  order 
n  is  a  factor  of  n. 
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Let  1,  hlt  h2,  ...,  Ar_t  be  the  elements  of  H.    Let  gl  be  any 
element  of  G  not  in  H.    Then  the  elements 


are  all  distinct  from  each  other  and  from  1,  hlf  h2,  ...,  ^r_j. 
For  higl  =  hjgl  would  involve  ht  =•  hi  ;  and  A^  =  h;  would 
involve  gl  =  h^hj  which  is  in  H. 

Let  #2  be  an  element  of  G  not  included  in  H  or  Hgr  Then 
the  elements  #2,  h^g^  A2#2,  •••»  ^-1^2  may  ^e  proved  as 
before  to  be  distinct  from  each  other  and  the  elements  of 
H  and  Hg^, 

Proceeding  in  this  way  we  may  show  that  each  element 
of  G  is  included  once  and  only  once  in  a  finite  number  of 
sets  H,  Hg^,Hg^  ...  ;  which  proves  the  theorem.  The  integer 
j  =  n  -f-  r  is  called  the  index  of  H  in  G.  X^>>^  > 

The  sets  H,  Hg^  Hg^,  ...,  -Eftfy_i  may  be  called  partitions 
of  G  with  respect  to  H.  The  decomposition  of  G  into  these 
partitions  may  be  expressed  by  the  identity 


where  none  of  the  (/'s  is  in  H  ;  or,  if  we  prefer  it,  by 


where  one  and  only  one  of  the  #'s  is  in  H.  The  decomposition 
is  unaffected  by  substituting  hgx  for  gx,  where  h  is  any 
element  of  H. 

Similarly  we  may  show  that  we  have  the  identity 


or 


Ex.  1.  In  the  group  G  ==  {a,  &,  c]  of  V  2l  where 

a4  =  &2  =  c2  =  (a&)2  =  1,  ac  =  ca,  be  =  cb, 
the  sets  of  elements 

H=l  +  b  +  c+cb,  tf=l  +  a+a2+a3,  L= 
M  =  l+a2  +  6  +  6a2,  JV 
0  =  1  +  a2  +  6  +  &a2  +  c  +  ca?  +  cb  +  cba2,  &c.  form  subgroups. 
We  have 


G  =  L+La  +  Lb  +  Lba,  G  =  M+Ma  +  Mc  +  Mca, 

G  =  N+Nc,  G=0+0a,  &c. 

Ex.  2.  Any  set  of  elements  of  a  finite  group  G  which  satisfy 
condition  (1)  of  §  1  also  satisfy  condition  (2)  and  form  a  subgroup. 
Ex.  3.  The  powers  of  any  element  of  a  finite  group  form  a 
subgroup. 
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Ex.  4.  The  order  of  every  element  in  a  group  of  order  n  is 
a  factor  of  n. 

Ex.  5.  The  only  groups  not  containing  a  subgroup  are  those 
whose  order  is  a  prime. 

Ex.  6.  If  G  =  H9l  +  Hg2  +  Hg3  +  ..,  , 


Ex.  7.  It  is  not  always  possible  to  divide  a  given  group  G  into 
partitions  Hg^  Hg2,  Hgz,  ...  with  respect  to  a  given  subgroup  H 
in  such  a  way  that  glt  g.2,  g3,  ...  form  a  subgroup  of  G. 

Ex.  8.  The  jp-th  power  of  any  element  of  a  group  is  contained 
in  every  subgroup  of  index  p. 

Ex.  9.  If  H  and  K  are  groups  of  orders  A.  and  /z,  the  order  n  of 
•H.  K\  is  not  necessarily  finite.  If  n  is  finite,  n  is  a  multiple 
of  the  L.  C.  M.  of  A  and  fx. 

Ex.  10.  If  H,  K  are  subgroups  of  a  group  G?,  (i)  {H,  K]  is 
a  subgroup  of  G  ;  (ii)  G  =  {  H.  K}  when  the  order  of  G  =  the 
L.  C.  M.  of  the  orders  of  H  and  K. 

Ex.  11.  The  elements  of  a  group  G  pennutable  with  every 
element  of  G  form  an  Abelian  subgroup. 

Ex.  12.  The  elements  of  G  permutable  with  any  given  element 
(or  with  each  of  a  number  of  given  elements)  form  a  subgroup. 

Ex.  13.   [glt  g2,  ...,gf}  is  a  subgroup  of  {glt  g2,  ...,  gf,  ...,&}. 

Ex.  14.  Every  subgroup  of  an  Abelian  group  is  Abelian. 

Ex.  15.  Those  elements  of  an  Abelian  group  whose  orders 
divide  a  given  number  form  a  subgroup. 

Ex.  16.  Those  elements  of  an  Abelian  group  which  are  g-th 
powers  of  some  other  element  of  the  group  form  a  subgroup. 

Ex.  17.  The  elements  of  finite  order  in  an  infinite  Abelian 
group  form  a  subgroup. 

Ex.  18.  The  elements  common  to  two  or  more  given  groups 
form  a  subgroup  of  each. 

Ex.  19.  (i)  A  group  of  permutations  containing  an  odd  per- 
mutation, (ii)  a  group  of  movements  containing  a  rotatory-inversion, 
(iii)  a  group  of  homogeneous  orthogonal  substitutions  containing 
a  substitution  with  negative  determinant,  contains  a  subgroup  of 
index  2. 

Ex.  20.  The  group  of  rotations  bringing  a  cube  to  self-coincidence 
contains  as  subgroups  the  group  of  rotations  bringing  to  self- 
coincidence  (i)  a  regular  tetrahedron,  (ii)  a  right  equilateral 
triangular  prism,  (iii)  an  ellipsoid. 

Ex.  21.  The  group  of  V  I21(i)  contains  as  a  subgroup  the  group 
of  V311(n,  Vl2i(vii)  contains  Vl21(vi)  and  V3n(T),  and  Vl2i(ix) 
contains  V3n(Ti). 

Ex.  22.  In  Ex.  1  divide  N  and  0  into  partitions  with  respect 
to  1  +  a2  and  1  +  &. 

Ex.  23.  Divide  the  group  of  permutations  {(12),  (1234)}  into 
partitions  with  respect  to  H  =  {(12)(34),  (13)(24)}. 
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§  5.  The  simplest  finite  group  other  than  the  identical 
group  is  the  group  G  =  {a}  of  order  n  composed  of  the 
powers  a,  a2,  ...,  an  of  a  single  element  of  order  n.  Such 
a  group  is  called  a  cyclic  or  cyclical  group.  It  is  Abelian, 
since  axaV  =  aVax. 

Let  as  be  the  lowest  power  of  a  contained  in  any  sub- 
group H  of  G,  and  let  ax  be  any  other  element  of  H,  where 
(k  +  l)s>x>ks  (k  being  a  positive  integer).  Then  since 
ax- ks  js  in  jf^  x  _  ^  Hence  the  elements  of  H  are  as,azs,  a38, .... 
Therefore  G  contains  a  single  subgroup  {a8}  of  index  s,  when  s 
is  a  factor  of  n. 

Ex.  1.  Verify  the  fact  that  {a8}  is  the  single  subgroup  of  index 
s  in  {a},  taking  a  as  (i)  the  circular  permutation  (1  2  ...  n),  (ii)  a 
rotation  through  2  TT  -f-  n. 

Ex.  2.  Every  subgroup  of  a  cyclic  group  is  cyclic. 

Ex.  3.  Two  cyclic  groups  of  the  same  order  are  abstractly 
identical. 

Ex.  4.  A  cyclic  group  is  abstractly  identical  with  any  conformal 
group. 

Ex.  5.  Every  group  of  prime  order  is  cyclic. 

Ex.  6.  Show  that  (i)  {a}  =  {a*}  if  t  is  prime  to  n,  (ii)  {ar} 
is  a  subgroup  of  index  d  in  {a}  if  d  is  the  H.  C.  F.  of  n  and  r. 

Ex.  7.  A  cyclic  group  {a}  of  order  pa  contains  (i)  pr  elements 
whose  orders  divide pr(r  <  a),  (u)pr~1(p—l)  elements  of  order pr. 

Ex.  8.  (i)  A  cyclic  group  of  order  n  contains  m  elements  whose 
orders  divide  a  given  factor  m  of  n,  and  <f>  (m)  elements  of  order  m. 
(ii)  A  group  with  x  cyclic  subgroups  of  order  m  contains  X(j>(m) 
elements  of  order  m  (see  footnote  on  p.  32). 

Ex.  9.  Every  Abelian  group  whose  order  is  a  multiple  of  p 
contains  an  element  of  order  p. 

Ex.  10.  Every  Abelian  group  whose  order  is  the  product  of 
distinct  primes  is  cyclic. 

Ex.  11.  If  the  orders  of  a,  b  are  A,  y,  and  their  orders  relative 
to  {&},  {a}  are  a,  ft,  while  W  —  ar ;  (i)  A  -r  a  =  p  -f-  /3,  (ii)  a  is 
the  H.  C.  F.  of  A  and  r. 

Ex.  12.  If  in  Ex.  11  db  =  ba,  the  order  of  db  is  #/3,  where  x  is 
the  smallest  integral  solution  of  x(r  +  /3)  =  0  (mod  A). 

Ex.  13.  Find  the  order  of  ab  when  (i)  a12  =  1,  67  =  a9,  db  —  la, 
(ii)  a20  =1,  64  =  a6,  ab  —  la.  Find  also  the  order  of  a  relative 
to  {6}. 

Ex.  14.  In  a  GF[pr~\  (i)  the  p  integral  marks  combined  by 
addition,  (ii)  the  powers  of  any  mark  combined  by  multiplication, 
form  a  cyclic  group. 

§  6.  If  <715  </2,  <73,  ...  are  the  elements  of  a  group  G,  the 
transforms  of  g^  <jr2,  g3)  ...  by  any  element  a  form  a  group  G'. 
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This  follows  at  once  from  the  fact  that  if 

9i9j  -  9k>  a~l  9ia  •  a~1  9ja  -  *~19i9ja  =  orlgka. 

We  denote  G'  by  a"1  Ga  and  call  it  the  transform,  of  G  by 
a  ('result  of  transforming  G  by  a').  If  G'  ,  G  contain  the 
same  elements,  i.  e.  are  one  and  the  same  group,  a  is  said  to  be 
permutable  with  G. 

If  we  transform  any  element  h  of  G  by  every  element  of  G 
and  obtain  thus  the  distinct  elements  h,  h^,  A2,  ...  all  con- 
tained in  G;  h,  h^,  A2,  ...  are  called  the  conjugates  of  k  in  G. 
They  are  also  the  conjugates  of  A^  For  if  gly  g2t  ...  are 
elements  of  G  such  that 


then 


and  so  on:  while  conversely  any  conjugate  of  Aj  such  as 
9z~lhi(Jx=  (9i9x)~lh(9i9x)  **  a  conjugate  of  A.  Similarly 
&,  Aj,  A2,  ...  are  the  conjugates  of  A2,  A^  ....  For  this  reason 
A,  Aa,  A2,  ...  are  spoken  of  as  a  conjugate  set  of  elements  in  G. 

Since  gt~lh~lgt  =  ht~l  when  ht=gt~lhgt,  we  can  easily  prove 
that  A"1,  Aj"1,  Aj"1,  ...  are  a  conjugate  set  of  elements  in  G 
if  A,  Aj,  A2,  ...  are  a  conjugate  set.  The  two  sets  are  called 
inverse  conjugate  sets.  If  the  two  sets  coincide  (i.e.  h~l  is 
conjugate  to  A),  A,  Aj,  A2,  ...  is  called  a  self-inverse  conju- 
gate set. 

As  before,  if  we  transform  any  subgroup  H  of  G  by  every 
element  of  G  and  obtain  thus  the  distinct  groups  H,  H1,H2i  ... 
which  are  all  subgroups  of  G;  H,  Hlt  H2,  ...  are  the  con- 
jugates of  H  in  G,  while  H,  Hlt  H2,  ...  form  a  conjugate  set  of 
subgroups. 

Ex.  1.  For  example,  (i)  the  elements  of  a4  =  62  =  (a&)2  =  1 
form  the  conjugate  sets  1,  a2,  a  -fa3,  6+6a2,  &a  +  6a3  each  set 
being  self-inverse.  The  subgroups  1  +  6  and  l  +  &a2  form  a 
conjugate  set.  (ii)  The  elements  of  a7  =  6s  =  1,  db  =  6a2  form 
the  conjugate  sets  1,  a  +  a2  +  o4  and  o6  +  os-fa3,  &  +  6a+6a2-f  &a3 
+  6a*  +  6a5  +  6a6  and  &2  +  62a3  +  6-a6  +  &2o2  +  62a5  +  &2a  +  62o*. 
The  subgroups  {6},  {6a},  {ba*},  {la3},  {6a1},  {&O5},  {6o6}  form 
a  conjugate  set. 

Ex.  2.  Any  transform  of  a  group  G  is  the  same  as  G  when 
considered  as  an  abstract  group  (G'  =  G). 

Ex.  3.  Every  element  or  subgroup  of  a  conjugate  set  has  the 
same  order. 
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Ex.  4.  db  is  conjugate  to  ba  in  (a,  &}. 

Ex.  5.  If  G  is  a  group  of  order  n  and  a  is  any  element 
permutable  with  G,  the  order  of  [G,  a}  (i)  is  np  if  a  is  of  order  p, 
(ii)  divides  wg  if  a  is  of  order  q. 

Ex.  6.  Every  element  conjugate  to  h  in  a  group  G  is  of  the  form 
he,  where  c  is  the  commutator  of  two  elements  of  G. 

Ex.  7.  If  ha  is  conjugate  to  ft  in  G  (i)  a  is  prime  to  the  order 
m  of  h;  (ii)  fta,  ft"2,  /&a3,  ...  are  all  conjugate  to  h;  (iii)  hxai, 
hxaz,  hxa3,  ...  are  the  powers  of  h  conjugate  to  hx  if  hai,  7«a2,  has, 
...  are  the  powers  of  h  conjugate  to  h ;  x  being  prime  to  m. 

Ex.  8.  If  an  element  of  order  m  is  conjugate  to  t  of  its  powers, 
t  is  a  factor  of  <f>(vn)  (see  footnote,  p.  32). 

Ex.  9.  If  a  subgroup  H  of  G  contains  no  two  elements  conjugate 
in  G,  H  is  Abelian. 

Ex.  10.  g~l{a,l,  c,  ...}  g  =  {g~lag,  g~llg,  g~lcg,  ...}  and 
g-1  {A,  S,  C,  ...}g  =  {g~lAg,  g~lSg,  g~*Cg,  ...}  ;  a,  &,  c,  ...  being 
any  elements,  and  A,  B,  C,  ...  any  sets  of  elements. 

Ex.  11.  If  .ff  is  a  subgroup  of  G,  a~lHa  is  a  subgroup  of  a~1Ga. 

Ex.  12.  If  ar  is  the  lowest  power  of  a  permutable  with  a  group 
G,  r  divides  the  order  of  a  relative  to  G. 

Ex.  13.  If  an  element  a  of  order  p  is  permutable  with  a  group 
G  of  order  n,  but  is  permutable  with  no  element  of  G,  (i)  p  is  a 
factor  of  n—  1,  (ii)  gg^2  ...  gr_^  —  (ga-l)rar,  (iii)  gg^2  ...  gp^  =  1, 
(iv)  a  is  permutable  with  {glf  g2,  ...,  gp-\},  where  g  is  any 
element  of  G  and  gal  =  (tig^ 

Ex.  14.  If  the  order  of  each  element  of  a  group  is  1  or  3,  each 
element  is  permutable  with  every  conjugate. 

Ex.  15.  If  each  element  of  a  group  G  is  permutable  with  every 
conjugate,  (i)  the  commutator  of  any  two  of  the  elements  is 
permutable  with  both,  (ii)  those  elements  of  G  whose  orders 
divide  a  given  odd  number  e  form  a  subgroup. 

Ex.  16.  A  group  G  of  even  order  contains  self-inverse  conjugate 
sets. 

Ex.  17.  The  group  of  V3n(i)  is  permutable  with  every  per- 
mutation on  the  symbols  x,  y,  0,  w. 

Ex.  18.  Find  the  conjugate  sets  of  elements  in  the  groups  of 
Vllt  V  I21(ii)  (iv)  (ix),  V2lt  V33,  and  in  the  group  a11  =  &5  =  1, 
db  =•  la3. 

Ex.  19.  Find  the  subgroups  conjugate  to  1+c  in  V  lx  and  to 
ffinV*!. 

Ex.  20.  Find  the  conjugate  sets  of  elements  and  the  subgroups 
conjugate  to  {6aj  in  a24  =  ft2  =  1,  ah  =  &a5. 

§  7.  If  every  element  of  a  group  G  transforms  an  element  g 
of  G  into  itself,  so  that  g  is  permutable  with  every  element  of 
G,  g  is  called  a  normal,  self-conjugate,  or  invariant  element 
of  G  (or  '  an  element  normal  in  G '). 
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Similarly,  if  every  element  of  0  transforms  a  subgroup  H 
into  itself,  H  is  called  a  normal,  self-conjugate,  or  invariant 
subgroup  of  G  (or  '  a  subgroup  normal  in  G  '). 

A  group  containing  no  normal  subgroup  (except  itselLan.d 
identitvVisjsalled  a  simple  group.  A  group  ^mch  contains 
a*TTormal  subgroup  (i.e.  is  not  simple)  is  called  composite. 

If  g,  h  are  two  elements  normal  in  G,  gh  is  normal  in  G. 
For  y  being  an  element  of  G,  y  .  gh  =  gyh  =  gh.y.  Hence 
the  elements  normal  in  G  form  a  subgroup.  This  subgroup 
is  called  the  central  of  G  or  the  'group  of  elements  self- 
conjugate  in  G  '.  It  is  evidently  Abelian  and  normal  in  G. 


Ex.  1.  For  example.  l+a2  +  b  +  ba2  is  a  normal  subgroup  of 
the  group  fl4  =  b2  =  (oft)2  =  1  of  order  8.  For  the  transforms  of 
b  and  la2  by  1,  a2,  6,  ba2  are  respectively  b  and  ba2,  and  their 
transforms  by  a,  a3,  ba,  ba3  are  respectively  ba2  and  6  ;  while 
1  and  a2  are  pennutable  with  every  element  of  the  group. 
Similarly  l  +  a  +  a2  +  o3,  l-fa2  +  &a  +  &a3  are  normal  subgroups. 
The  central  of  the  group  is  1  +  a2. 

Ex.  2.  Every  subgroup  of  an  Abelian  group  is  normal. 

Ex.  3.  If  a  cyclic  group  is  simple,  its  order  is  prime,  and 
conversely. 

Ex.  4.  If  a  group  contains  only  one  subgroup  of  a  given  order, 
that  subgroup  is  normal. 

Ex.  5.  If  h  +  &i  +  7»2-f  ...  is  a  set  of  conjugate  elements  in  G, 
{h.  hlt  Ji2,  ...  }  is  a  normal  subgroup  of  G. 

Ex.  6.  If  £  =  #1+02  +03  +  —,  (ft',  gj,  gj,  ...  }  is  a  normal 
subgroup  of  G. 

Ex.  7.  If  a,  6,  c,  ...  are  the  elements  of  a  group  G  whose  orders 
(i)  are  equal  to,  (ii)  divide  a  given  number,  (a,  b,  c,  ...  }  is  normal 
in  G. 

Ex.  8.  If  H  is  a  normal  subgroup  of  G,  a~lHa  is  a  normal 
subgroup  of  a~lGa. 

Ex.  9.  A  subgroup  of  (a,  b,  c,  ...  }  permutable  with  a,  b,  c,  ... 
is  normal. 

Ex.  10.  If  a  normal  subgroup  H  of  G  contains  a  subgroup  K  of 
G,  it  contains  every  subgroup  conjugate  to  K  in  G. 

Ex.  11.  The  elements  common  to  two  or  more  normal  sub- 
groups form  a  normal  subgroup. 
f  Ex.  12.  A  subgroup  of  index  2  is  always  normal. 

Ex.  13.  If  H  is  a  normal  subgroup  of  G,  H  is  normal  in  any 
subgroup  of  G  containing  H. 

Ex.  14.  If  clt  C2,  c3,  ...  are  the  commutators  of  all  pairs  of 
elements  of  G,  {c:,  c2.  C3,  ...  }  is  a  normal  subgroup  of  G. 

Ex.  15.  If  a  cyclic  group  H  is  normal  in  G,  so  is  every 
subgroup  of  H. 

Ex.  16.    If  g  is    any  element  of  G  =  Hg±  +  Hg2  4-  Hg3  +  ..., 


64  NORMALISERS  [V  7 

where  H  is  a  normal  subgroup  of  G,  (i)  Hg  =  gH,  (ii)  H+Hg 
+  Hg2+...  is  a  subgroup  of  G,  (iii)  G  =  glH  +  g2H+gsH+  ..., 
(iv)  every  element  of  Hgi .  Hgj  lies  in  the  same  partition  of  G. 

Ex.  17.  If  if  is  a  normal  subgroup  of  G  and  the  order  m  of  H 
is  prime  to  its  index  in  G,  any  element  g  of  G  whose  order  divides 
m  is  contained  in  H. 

Ex.  18.  If  H  is  a  normal  subgroup  of  {G,  H},  the  elements 
of  G  permutable  with  every  element  of  H  form  a  normal  sub- 
group of  G. 

Ex.  19.  The  central  of  a  group  G  only  coincides  with  G  if  G  is 
Abelian. 

Ex.  20.  A  normal  subgroup  of  order  2  is  necessarily  contained 
in  the  central. 

Ex.  21.  If  C  is  the  central  of  G,  (i)  a~lCa  is  the  central  of 
a"1  Ga  ;  (ii)  if  G  is  normal  in  T,  so  is  0. 

Ex.  22.  The  order  of  the  central  G  of  &  group  G  is  r.  Prove 
that:  (i)  If  g  is  any  element  of  G,  \C,  g\  is  Abelian.  (ii)  If 
9i  tfi  $"•>  •  •  •  are  mutually  permutable  elements  of  G,  {C,  g,  g',  g',  ... } 
is  Abelian.  (iii)  If  If  is  a  subgroup  of  order  pr  in  G  containing 
C,  H  is  Abelian. 

Ex.  23.  If  the  central  of  a  group  of  permutations  on  m  given 
symbols  contains  a  circular  permutation  of  degree  m  —  1  or  m,  the 
group  is  cyclic. 

Ex.  24.  Every  subgroup  of  the  group  a4  =  1,  a2  =  (a&)2  =  &2 
of  order  8  is  cyclic  and  normal.  Its  central  is  1  +  a'2. 

Ex.  25.  The  subgroup  l  +  &2  +  a2&2a  +  a&2«2  is  normal  in 

a3  =  6*  =  (a&)2  =  1. 

Ex.  26.  (a3,  (&a)2,  (a&)2}  and  {a2,  (a&)2}  are  normal  subgroups 
of  o6  =  62  =  (a3&)2  =  (a&)*  =  1. 

Ex.  27.  Those  substitutions  of  a  group  of  homogeneous  linear 
substitutions  whose  determinant  is  1  form  a  normal  subgroup. 

Ex.  28.  The  group  of  V3U(n)  is  a  normal  subgroup  of  Vl21(iV) 
and  V3n(vi)  of  Vl21(h). 

Ex.  29.  L  is  the  central  of  the  group  G  of  V  4t. 

Ex.  30.  The  square  of  any  element  not  in  {«)  of  ax  =  &2  =  1, 
ab  =  bak  is  in  the  central  of  the  group. 


§  8.  The  elements  of  a  group  G  permutable  with  any  given 
element  h  of  G  form  a  subgroup  whose  index  is  equal  to  the 
number  of  elements  conjugate  to  h  in  G. 

If  g  and  g'  are  any  two  elements  of  G  permutable  with  h, 
h.gg'=  ghff  —  gg'. h,  so  that  gg'  is  permutable  with  h.  Hence 
the  elements  of  G  permutable  with  h  form  a  subgroup  F, 
which  is  called  the  normaliser  of  g  in  G. 
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Let  G  =  r  +  r<7j  +  r<72  +  ....    Then  if  g  is  any  element  of  F, 

te)'1  %&)  =  9i~l9~lh99i  =  9i~lhffi  =  hi  (say)- 
Therefore  every  element  of  F<7,-  transforms  h  into  the  same 
conjugate  ht. 

Moreover,  h^hj  unless  i  =j:  for  if  ht  =  hj,  gt~l  hgt  =  9j~lhffj 
and  therefore  h.g^g:~l  =  9i9j~l>  h;  which  is  only  possible 
if  g.  =  g..  Hence  the  index  of  F  in  G  is  equal  to  the  number 
of  elements  conjugate  to  h  (including  h). 

Let  F^  be  the  subgroup  formed  by  the  elements  of  G 
permutable  with  ht.  Then  Yi  =  gi~1Tgi.  For  if  a  is  an 
element  of  G  such  that  a,'1  hi  a  =  ht,  a~lgi~lhgia  =  gi~lhgit 
and  therefore  h  .  g^ag^1  =  ffi<x>gi~l  •  h.  Hence  g^ugf1  is  in  F, 
and  therefore  a  is  in  g^~l  Tg^ 

Ex.  1.  For  example,  in  the  group  G  of  V  4:  the  subgroup  0  of 
index  2  is  the  normaliser  of  b,  while  b  +  ba2  is  a  conjugate  set 
of  elements  in  G. 

Ex.  2.  When  h  is  normal  in  G,  F  =  G. 

Ex.  3.  c~lTc  is  the  normaliser  of  c~lhc  in  c~lGc. 

Ex.  4.  T  is  a  subgroup  of  the  normaliser  F1  of  hx.  If  £  is 
prime  to  the  order  of  h,  F1  EE  F. 

Ex.  5.  Prove  a  result  similar  to  that  of  §  8  when  h  is  not  in  G. 

Ex.  6.  If  an  element  a  of  order  2  is  permutable  with  a  group 
G  but  with  no  element  of  G  (except  1),  (i)  every  element  of 
•  G.  a}  not  in  G  is  of  order  2,  (ii)  a  transforms  every  element 
of  G  into  its  inverse,  (iii)  every  element  of  G  is  of  odd  order, 
(iv)  G  is  Abelian. 

Ex.  7.  If  exactly  half  the  elements  of  a  group  G  are  of  order 
2  and  the  remaining  elements  form  a  subgroup,  this  subgroup 
is  Abelian  of  odd  order. 

Ex.  8.  Find  the  normaliser  of  b  in  the  groups  of  Vlj,  V33,  V  61? 
and  in  a9  =  63  =  1,  ab  =  6a4. 

Ex.  9.    Find  the  normalisers  of  (xzuyw)  in  V121(U),  of  3!  —  - 

x+1 
and  x*  =  i  ^—^  in  V  I21(v;),  and  of  (y,  z)  in  V  I2i(ix> 

§  9.  The  elements  of  a  group  G  peivmutable  with  a  subgroup 
H  form  a  subgroup  of  G  whose  index  in  G  is  equal  to  the 
number  of  subgroups  conjugate  to  H  in  G. 

These  statements  are  proved  by  putting  H  for  h,  Ht  for  ht 
in  §  8.  As  before  F  is  called  the  normaliier  of  H  in.  G. 

If  fff  =  gi~l  Hg{  is  one  of  the  subgroups  conjugate  to 
H,  gi~lrgt  is  the  subgroup  formed  by  the  elements  of  G 
permutable  with  E^ 
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Ex.  1.  For  example,  the  normaliser  of  {a}  in  the  group 
a3  =  6*  =  (a&)2  =  1  of  order  24  is  the  subgroup  (a,  62a26}  of 
order  6.  The  subgroups  conjugate  to  {a}  are  {a},  {&3a&}, 


Ex.  2.  When  H  is  normal  in  G,  T  =  G. 

Ex.  3.  c~1Fc  is  the  normaliser  of  c~lHc  in  c~lGc. 

Ex.  4.  r  contains  H  normally,  and  eveiy  subgroup  of  G 
containing  H  normally  is  a  subgroup  of  P. 

Ex.  5.  If  r  is  the  order  of  the  normaliser  of  an  element  h  of 
order  m  in  G,  the  order  of  the  normaliser  of  {h}  is  r  x  a  factor 
of  (f)(m\ 

Ex.  6.  Prove  a  result  similar  to  that  of  §  9  when  H  is  a  group 
not  contained  in  G. 

Ex.  7.  If  n  is  the  order  of  a  group,  the  number  of  elements 
conjugate  to  any  given  element  or  of  subgroups  conjugate  to 
a  given  subgroup  is  a  factor  of  n. 

Ex.  8.  The  central  of  a  group  of  order  pa  E£  1. 

Ex.  9.  The  normalisers  of  a  set  of  conjugate  elements  or 
subgroups  form  a  conjugate  set. 

Ex.  10.  No  subgroup  of  G  can  contain  an  element  from  every 
conjugate  set  of  elements  in  G. 

Ex.  11.  If  h  is  an  element  of  order  pr  in  a  group  G  whose  order 
is  prime  to  p—  1,  the  normalisers  of  h  and  {h\  in  G  are  identical. 

Ex.  12.  If  the  set  of  subgroups  H,  Hlf  H2,  ...  conjugate  to  H 
in  G  is  also  a  conjugate  set  in  K=  {H,  H^  H2,  ...},  then  every 
element  of  G  is  in  .KT,  where  F  is  the  normaliser  of  H  in  G. 

§  10.  The  elements  common  to  two  or  more  groups  form 
a  subgroup  of  each  group. 

For  if  a  and  b  are  both  contained  in  each  of  the  groups, 
so  is  ab. 

This  subgroup  is  called  the  greatest  common  subgroup 
(G.  C.  S.)  of  the  given  groups. 

Ex.  1.  For  example,  in  V  4X  the  G.  C.  S.  of  JVand  0  is  If  ;  and 
of  7T,  L,  Mia  l  +  aa. 

Ex.  2.  In  what  case  does  the  G.  C.  S.  of  G  and  H  coincide 
withff? 

Ex.  3.  The  order  of  the  G.  C.  S.  of  two  or  more  groups  is  a  factor 
of  the  H.  C.  F.  of  their  orders. 

Ex.  4.  The  G.  C.  S.  of  a  subgroup  of  H  and  a  subgroup  of  K 
is  contained  in  the  G.  C.  S.  of  H  and  K. 

Ex.  5.  If  D  is  the  G.  C.  S.  of  G,  H,  K,  ...  ,  g~lDg  is  the  G.  C.  S. 


Ex.  6.   Two  groups  have  only  identity  in  common  if  their 
orders  are  prime  to  one  another. 


V  13]          GREATEST  COMMON   SUBGROUP  67 

Ex.  7.  Two  groups  have  only  identity  in  common  if  one  is  of 
prime  order  and  is  not  a  subgroup  of  the  other. 

Ex.  8.  If  H,  K  are  subgroups  of  G-,  and  H  is  normal,  the 
G.  C.  S.  (D)  of  H  and  K  is  normal  in  K. 

Ex.  9.  Find  the  G.  C.  S.  of  (i)  V  I2l(i),  on  5  (ii)  V  I2l(vi)  and  the 
group  generated  by  x'  =  1  -f-  x,  yf  =  ix ;  (iii)  H,  M,  and  N  in  V  4t. 

§  11.  If  H,  K,  L,  ...  are  normal  subgroups  of  a  group  G, 
their  greatest  common  subgroup  D  and  {H,K,L,...}  are 
normal  subgroups  of  G. 

If  g  is  any  element  of  G,  g~l  Dg  is  evidently  the  greatest 
common  subgroup  of  g~lHg,  g~1Kgi  g~lLg,  ...,  i.e.  of 
H,  K,  L,  ....  Hence  g~1Dg  =  D,  and  D  is  normal  in  G. 

Again,  evidently  g~l  {H,  K,  L,  ...}  g  =  {g~lHg,  g~lKg, 
g-lLg,...}  =  {H,K,L,...}  ;  so  that  {H,K,L,...}  is  normal 
in  G. 

Ex.  1.  In  V  4:  K  and  M  are  normal  subgroups  of  G.  Hence 
their  G.  C.  S.  1  +  a2  and  N=  {K,  M]  are  normal  in  G. 

§  12.  If  H,  K,  L,  ...  are  a  conjugate  set  of  subgroups  in 
a  group  G,  their  greatest  common  subgroup  and  [H,K,L, ...} 
are  normal  in  G. 

Let  g  be  any  element  of  G.  Then  no  two  of  the  groups 
g~lHg,  g~lKg,  g~lLg,  ...  are  identical;  forH  =  K  if  g~lHg 
=  g~lKg.  Hence  these  groups  are  the  groups  H,  K,  L,  ...  in 
some  order  or  other.  The  theorem  then  follows  as  in  §  11. 

Ex.  1.  In  V4t  H  and  l  +  6a2-f  c+c&a2  are  a  conjugate  set  of 
subgroups  in  G.  Hence  their  G.  C.  S.  1  +  c  and  0  =  {H,  1  +  6a* 
+  c  +  cba-}  are  normal  in  G. 

Ex.  2.  If  D  is  a  normal  subgroup  of  G  contained  in  a  subgroup 
H,  D  is  contained  in  every  subgroup  conjugate  to  H. 

Ex.  3.  If  H,  H-L,  H.2,  ...  are  a  conjugate  set  of  subgroups  in 
G',  K,  Klf  Kz,  ...  are  a  conjugate  set,  and  so  on,  the  G.  C.  S. 
of  H,  H1}  H.2,  ...,  K,  K,,  K^  ...,  ...  and  {H,  Hlt  H2,  ...,  K, 
KI.  K2,  ...,  ...}  are  normal  subgroups  of  G. 

Ex.  4.  Any  simple  group  G  can  be  generated  by  a  conjugate  set 
of  elements  of  prime  order. 

§  13.  If  G,  H  are  finite  groups  of  orders  m,  n,  and  the 
mn  elements  GH  are  the  same  as  the  mn  elements  HG,  except 
possibly  as  regards  arrangement  (§  2),  G  and  H  are  said  to  be 
permutable,  and  { G,  H}  is  called  a  decomposable  group.  It  is 

F  2 
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readily  seen  that  every  element  of  {  G,  H]  is  included  among 
the  elements  GH  =  EG. 

If  G  and  H  are  two  permutable  groups  of  orders  m  and  n, 
while  the  order  of  their  greatest  common  subgroup  D  is  8  and 
of  { G,  H}  is  A,  mn  =  AS. 

Suppose  H  =  D^  +  Dhz  +  Dh3  +  .,. .    Then 
{G,  H}  =  Ghl  +  Gh2  +  Gh3  +  .... 

For  every  element  of  {G,  H}  is  included  among  the 
elements  GH,  i.  e.  among  GD^  +  GDh.2  +  GDh3  + . . . ,  i.  e.  among 
G^  +  Gh2  +  Ghs  +  ....  Again,  Ghi  and  Ghj  have  no  element  in 
common,  since  otherwise  h^hs~l  would  be  contained  in  both 
H  and  G  and  therefore  in  D. 

Hence  A  =  m  x  (n  -f-  8)  or  mn  =  AS. 

Ex.  1.  For  example,  in  V  4t  the  groups  L  and  M  of  order  4 
are  permutable,  their  G.  C.  S.  1  +a2  is  of  order  2,  and  0  =  {L,  H} 
is  of  order  4  x  4  -J-  2  =  8. 

Ex.  2.  A  normal  subgroup  of  any  group  is  permutable  with 
every  other  subgroup. 

Ex.  3.  If  a  group  is  permutable  with  each  of  the  groups  G, 
H,  K,  ...,  it  is  permutable  with  {G,  H,  K,  ...}. 

Ex.  4.  (i)  If  G  and  H  are  two  groups  of  orders  m  and  n,  while 
their  G.  C.  S.  (D)  is  of  order  5  and  {G,  H}  is  of  order  A,  mn  <  AS. 
(ii)  If  mn  =  AS,  G  and  H  are  permutable. 

Ex.  5.  Two  subgroups  H,  K  of  a.  given  group  G  are  permutable 
if  their  indices  are  (i)  prime  to  one  another,  (ii)  both  =  p. 

Ex.  6.  If  G,  H  are  permutable  subgroups  of  orders  qxr,  (fir  in 
a  group  of  order  gfr,  q  being  prime  to  r,  the  order  of  their  G.  C.  S. 
is  divisible  by  r. 

Ex.  7.  If  G,  H  are  two  permutable  groups  of  orders  qxr,  qVs, 
where  each  of  q,  r,  s  is  prime  to  the  other  two,  {G,  H}  is  of 
order  qlrs. 

Ex.  8.  The  G.  C.  S.  (D)  of  two  permutable  groups  A,  B  is  per- 
mutable with  any  group  C  contained  in  B  and  permutable  with  A. 

Ex.  9.  If  H,  K  are  normal  subgroups  of  G  such  that  H  is  not 
contained  in  a  normal  subgroup  of  G  and  does  not  contain  K, 
G  is  decomposable. 

Ex.  10.  If  H,  K  are  subgroups  of  G  such  that  H  is  normal,  is 
not  contained  in  any  subgroup  of  G,  and  does  not  contain  K,  G  is 
decomposable. 

Ex.  11.  The  groups  H  and  N  of  V4X  and  the  groups  of  V6i 
are  decomposable. 

§  14.  If  the  order  a  of  a  subgroup  A  normal  in  a  group  G 
is  prime  to  the  index  n-r  a  of  A  in  G,  every  subgroup  of 
G  whose  order  divides  a  is  contained  in  A. 
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Let  B  of  order  £  be  a  subgroup  of  G  such  that  y3  divides  a, 
and  let  A,  5  be  the  orders  of  {A,  B]  and  the  greatest  common 
subgroup  D  of  A  and  B.  Since  A  is  normal  in  G,  A  and  B 
:  are  evidently  pennutable  ;  and  hence  a^3  =  A5. 

Now    {A,  B}   is  a  subgroup  of   G,  so  that  A  divides  n. 

Hence  j  =  -  divides  -  •     Again,  ^  divides  a  since  /3  divides  a. 

o 

Therefore  —  =  1 ;  for  it  is  a  factor  of  a  and  n  -f-  a  which  are 
6 

1  prime  to  one  another.     Hence  D  coincides  with  B ;  i.  e.  B  is 
'  contained  in  A. 

Ex.  1.  For  example,  the  group  a70  =  ft3  =  1,  ab  =  ban  of  order 
210  contains  a  normal  subgroup  {a}  of  order  70.  Therefore  the 
only  subgroups  of  orders  2,  5,  7,  10,  35,  70  are  respectively  {a35}, 
(«"},  (a"},  {a'},  {a*},  {a}. 

Ex.  2.  G  contains  only  one  subgroup  of  order  a. 

Ex,  3.  Those  elements  of  G  whose  orders  divide  a  form  a 
subgroup  of  order  a. 

Ex.  4.  The  — th  power  of  any  element  g  of  G  is  in  A. 

Ex.  5.  If  G  is  normal  in  H,  so  is  A. 

Ex.  6.  If  A,  B,  C,  ...,  G,  H  are  groups  such  that  each  is 
normal  in  the  succeeding  one.  while  the  order  of  A  is  prime  to 
its  index  in  G  :  A  is  normal  in  H, 

Ex.  7.  If  G  is  a  group  of  order  n  =  a  K,  where  a  is  prime  to 
K,  every  normal  subgroup  whose  order  divides  a  is  contained  in 
all  the  subgroups  of  order  a  in  G. 

Ex.  8.  The  order  of  a  subgroup  H  is  prime  to  its  index  in  G. 
If  r  is  the  normaliser  of  H  in  G,  T  is  its  own  normaliser  in  G. 

Ex.  9.  The  group  a22  =  65  =  1,  ab  =  6a3  contains  a  single 
normal  subgroup  of  order  2,  11,  22. 

Ex.  10.  The  group  a49  =  67  =  c3  =  1,  ab  =  &O8,  6c  =  cb2,  ac  =  ca 
contains  only  one  subgroup  of  order  343,  and  one  non-cyclic 
Abelian  subgroup  of  order  49. 

Ex.11.  The  group  a43  =  &7  =  c3  =  1,  ab  =  6a*,  &e  =  d/2, 
ac  =  ca6  contains  only  one  subgroup  of  order  301  and  one  of 
order  43. 

§  15.  If  each  element  of  a  group  G  is  permutable  with 
every  element  of  a  group  H,  and  G,  H  have  only  identity 
in  common ;  { G,  H}  is  called  the  direct  product  of  G  and  H. 
More  generally,  if  Glt  G.2,  G3,  ...  are  groups  such  that  for 
each  value  of  i  P  =  {Glt  G2,  6r3,  ...}  is  the  direct  product 
*)f  G,.  and  {<?!,  G2,  ...,  <?,_!,  Gi+l,  ...},  P  is  called  the  direct 
product  of  the  component  groups  Glt  G2,  G3,  .... 
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Ex.  1.  For  example,  the  group  G  of  V  4j  is  the  direct  product 
of  N  and  1  +  c. 

Ex.  2.  The  order  of  a  direct  product  is  the  product  of  the 
orders  of  the  component  groups. 

Ex.  3.  The  component  groups  are  normal  in  their  direct 
product. 

Ex.  4.  A  direct  product  is  '  decomposable '. 

Ex.  5.  If  {Glt  G2,  ...,  HltHt,  ...,  JEi,  JT2,  ...,  ...}  is  the 
direct  product  of  Glt  G2,  ...,  Hl}  H2,  ...,  Klt  K2,  ...,  ...,  it  is 
the  direct  product  of  {Glt  G?,  ...  j,  {Hlt  H2,  ...},  {Klt  JT2,  ...}. 

Ex.  6.  The  central  of  a  direct  product  is  the  direct  product  of 
the  centrals  of  the  components. 

Ex.  7.  If  two  groups  contain  respectively  r  and  s  sets  of 
conjugate  elements,  their  direct  product  contains  rs  sets. 

Ex.  8.  If  g  is  an  element  of  order  qr,  q  being  prime  to  r,  {g}  is 
the  direct  product  of  {g$}  and  {gr}. 

Ex.  9.  In  how  many  ways  can  a  cyclic  group  of  order  1260 
be  expressed  as  a  direct  product  ? 

Ex.  10.  The  direct  product  of  Abelian  groups  is  Abelian. 

Ex.  11.  In  an  infinite  Abelian  group  G  the  elements  of  finite 
order  form  a  subgroup  H  and  the  elements  of  infinite  order  form 
(with  1)  a  subgroup  K,  while  G  is  the  direct  product  of  H  and  K. 

Ex.  12.  An  Abelian  group  G  of  order  pa  each  of  whose  elements 
is  of  order  p  or  1  is  the  direct  product  of  a  cyclic  groups  of 
order  p. 

Ex.  13.  If  G  is  the  direct  product  of  groups  A,  B,  (7,  ...  whose 
orders  are  relatively  prime,  and  the  G.  C.  S.  of  A  and  a  subgroup 
G'  of  G  is  A',  of  B  and  G'  is  B',  of  C  and  G'  is  C',  ... ,  G'  is  the 
direct  product  of  A',  B',  C',  — 

Ex.  14.  The  semi-group  formed  by  all  positive  integers,  the 
law  of  combination  being  ordinary  multiplication,  is  the  direct 
product  of  the  semi-groups  {!},  {2},  {3},  {5},  {7},  {11},  .... 

Ex.  15.  The  group  a?  =  IP  =  1,  db  =  la  is  the  direct  product 
of  any  two  of  the  groups  {a},  {&},  {ab},  but  not  of  all  three. 

Ex.  16.  In  V  4X  the  groups  H,  L,  M,  0  are  direct  products. 


§  16.  Suppose  that  two  groups  G,  F  are  so  related  that 
to  each  element  y  of  F  corresponds  one  or  more  elements 
g,  g',  g",  ...  of  G,  while  reciprocally  to  each  element  g  of  G 
corresponds  one  or  more  elements  -y,  /.  y", ...  of  F.  Suppose, 
moreover,  that  if  g^,  g*  are  elements  of  G  corresponding  to 
elements  yit  y-  of  F,  gtgj  is  an  element  of  G  corresponding 
to  y{  yj  in  F.  Then  G  and  F  are  said  to  be  isomorphic. 

If  G  and  F  are  isortwrphic  groups,  tJie  elements  of  G 
corresponding  to  identity  in  Tform  a  normal  subgroup  of  G. 
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If  gl,  gz  are  any  two  such  elements  of  G,  g1g2  corresponds 
to  1.1  =  1  in  F.  Moreover,  g  being  any  element  of  G, 
9~l9i9  corresponds  to  y~1ly=i  in  F.  Hence  the  theorem 
follows. 

If  G  and  F  are  isomorphic  groups,  and  L  of  order  I  is  the 
subgroup  formed  by  the  elements  of  G  corresponding  to  identity 
in  F,  I  elements  of  G  correspond  to  each  element  of  F. 

For  if  git  gj  correspond  to  the  same  element  y  of  F,  g^g.- 
corresponds  to  y~*y  =  1  in  F,  and  hence  g^gs  is  in  L. 
Therefore  the  elements  corresponding  to  y  are  the  I  elements 


If  I  elements  of  G  correspond  to  each  element  of  F,  and 
A  elements  of  F  to  each  element  of  G,  G  and  F  are  said  to 
have  an  (I,  A)  isomorphism  with  each  other.  The  most 
important  case  is  that  in  which  I  =  A  =  1.  In  this  case 
G  and  F  are  called  simply  isomorphic  ('  holohedrally  isomor- 
phic').  Two  simply  isomorphic  groups  are  not  distinct 
abstractly  speaking. 

Another  case  of  importance  is  that  in  which  A  =  1,  but 
I  >  1.  Here  only  one  element  of  F  corresponds  to  each 
element  of  G,  and  the  order  of  G  is  I  times  the  order  of  F. 
G  is  said  to  be  multiply  isomorphic  with  F  (or  F  'mero- 
hedrally  isomorphic'  with  G). 


Ex.  1.  For  example,  tie  group  (G)  a43  =  6s  =  1,  db  =  6a6  and 
the  group  (r)  c7  =  d3  =  1,  cd  =  dc2  have  a  (43,  7)  isomorphism  ; 
L  and  A  being  {a}  and  {c}  respectively.  To  the  elements 
lrax(x—l,  2,  ...,  43)  correspond  the  elements  drcv(y=l,  2, 
... ,  7)  and  to  dr&  correspond  brax. 

Ex.  2.  A  group  is  simply  isomorphic  with  any  transform. 

Ex.  3.  Two  simple  isomorphic  groups  are  simply  isomorphic. 

Ex.  4.  Two  groups  simply  isomorphic  with  the  same  group  are 
simply  isomorphic  with  one  another. 

Ex.  5.  If  G'  is  simply  isomorphic  with  G  and  F'  with  F,  while 
G  an4  F  have  an  (I,  A)  isomorphism,  so  have  G'  and  T'. 

Ex.  6.  Every  Abelian  group  may  be  exhibited  as  simply 
isomorphic  with  itself  by  making  each  element  correspond  to 
its  inverse. 

Ex.  7.  The  group  G  of  V  4X  is  multiply  isomorphic  with  that 
ofV3n. 

Ex.  8.  The  groups  a22  =  65  =  1,  db  =  &a3  and  c93  =  d»  =  1, 
cd  =  dc*  have  a  (22,  93)  isomorphism. 

Ex.  9.  The  groups  of  V  1410,  u  have  a  (49,  43)  isomorphism. 
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§  17.  If  H  is  a  normal  subgroup  of  G  so  that 


then  the  partitions  Hgl}  Hg2,  Hg3,  ...  may  be  considered  as 
the  elements  of  a  group  which  is  completely  defined  when 
G  and  H  are  given. 

We  have  first  to  show  that  these  partitions  may  be  looked 
upon  as  elements,  i.  e.  that  they  have  a  unique  law  of  com- 
bination, &c. 

Let  hlt  h2,  h3,  ...  be  the  elements  of  H.  Then  hxgi.hyg; 
is  an  element  of  the  same  partition  (Hg^  ,  say)  as  g{  g-  .  For 
since  H  is  normal,  gihygi~l  is  in  H  (=  hz,  say).  Hence 
hx9ihy9j  =  k*9ikv9i~lff{9j  =  hxheg{gjt  which  is  in  Eg^^Eg^ 

Hence  if  we  denote  the  partitions  by  y1}  y2,  y3,  ...,  the  y's 
obey  a  unique  law  of  combination  defined  by  %  y  •  =  y^  and 
a  similar  relation  for  each  pair  of  y's. 

The  y's  also  obey  the  associative  law.  For  if  every  element 
of  Eg  i  .  Eg:  is  in  Hg^  and  every  element  of  Eg:  .  Eg*  is  in  Hgt, 
the  elements  Hg^  .  Hgj  and  the  elements  Hgt  .  Hgt  lie  in  the 
same  partition,  since  the  elements  of  G  obey  the  associative 
law.  Hence  yk  y^  =  y{  yt  or  (y{  y.)  yf  =  y{  (y^  yj). 

Finally,  if  ge  is  that  one  of  the  g'e  which  is  in  //,  and 
Egu  is  the  partition  containing  g{~\  yi-yeyi  =  yiye  and 
ye  =  yiyu  =  7u7i'  Therefore  ylt  y?,  y3,  ...  may  be  treated 
as  elements  according  to  the  definition  of  I  1,  ye  being  the 
identical  element  and  yu  the  inverse  of  y^. 

This  set  of  elements  evidently  forms  a  group  ;  for  the 
product  of  any  two  of  the  elements  is  contained  in  the  set 
and  the  number  of  elements  is  finite. 

The  group  formed  by  the  y's  is  called  the  quotient  of  G  by  H  , 

*  G 

and  a  factor-group  of  G.    It  is  denoted  by  G/H  or  -7?,  and  is 

of  fundamental  importance  in  the  theory  of  groups.  It  is 
evident  that  G  is  multiply  isomorphic  with  G/H,  the  elements 
of  H  corresponding  in  G  to  identity  in  G/H,  and  the  elements 
of  Eg^  corresponding  to  y^  . 

In  the  above  reasoning  E  is  a  normal  subgroup  of  G.  If  // 
is  a  subgroup  of  G  but  not  normal,  G/H  denotes  the  same  as 
G/D,  where  D  is  the  normal  greatest  common  subgroup  of  all 
subgroups  conjugate  to  H  in  G  (§  12).  The  symbol  G/H  is, 
however,  very  rarely  used  unless  H  is  normal  in  G. 


Now   a2,  ft2,   (baf  are  in  y1?  62a  and  bab   are  in  y2,  a&a  and 
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la2  are  in  y3,  rib  and  la  are  in  y4.     Hence  the  partitions  ylt 
y3,  y4   may  be  considered  as  elements  combining  according 


to  the  multiplication  table. 


y, 


y 


y, 


y/ 


y* 


y/ 


y 


y* 


y* 


y/ 


y 


y* 


y, 


Therefore  G/L  is  the  group  of  V3n. 

Ex.  2.  .ff  and  G/H  in  §  17  do  not  define  G. 

Ex.  3.  (i)  The  order  of  G/H  is  the  index  of  H  in  G.  (ii)  If  H 
is  of  prime  index,  G/H  is  cyclic. 

Ex.  4.  If  G  =  H  +  Hg  +  Hg2+  ... ,  G/H  is  cyclic. 

Ex.5.  G/H=a-lGa/a-lHa. 

Ex.  6.  If  the  order  of  an  element  g  in  G  is  ro,  the  order  of 
the  corresponding  element  y  of  G/H  is  a  factor  of  m. 

Ex.  7.  If  H  and  K  are  conjugate  subgroups  of  a  group  A,  while 
H  is  normal  in  G  and  G  in  A,  K  is  normal  in  G  and  £/-^  =  G/H. 

Ex.  8.  A  factor-group  of  an  Abelian  group  is  Abelian. 

Ex.  9.  If  H  is  a  normal  subgroup  of  G  such  that  G/H  is 
Abelian,  H  contains  the  commutator  of  any  pair  of  elements  of  G. 

Ex.  10.  If  G  is  an  Abelian  group  of  order  n,  the  elements  of  G 
whose  orders  divide  a  factor  m  of  n  form  a  subgroup  H,  and 
G/H  is  simply  isomorphic  with  the  subgroup  of  G  formed  by 
the  w-th  powers  of  all  the  elements  of  G. 

Ex.  11.  (i)  If  G,  Gf  are  isomorphic  and  L,  L'  are  the  subgroups 
of  G,  G'  corresponding  to  identity  in  G',  G  respectively,  G/L 
and  G'/L'  are  simply  isomorphic.  (ii)  If  two  groups  have  an 
(Z,  I')  isomorphism,  their  orders  are  in  the  ratio  I :  I'. 

Ex.  12.  If  .HJ  is  a  normal  subgroup  of  Gl,  H2  of  (?2,  •••>  while 
{Grj,  G2,  ... }  is  the  direct  product  of  G-lt  G2,  ..., 

{Gl}G2,  ...}/{HltHtJ  ...} 

is  the  direct  product  of  groups  simply  isomorphic  with  G^/Hlt 
G2/H2,  .... 

Ex.  13.  In  §  13  {G,  H}/G  =  H/D. 

Ex.  14.  If  G  is  the  group  a4  =  1,  a2  =  (a6)2  =  Z>2  and  H  =  1  +  a'2, 
find  G/H. 

Ex.  15.  Find  (a,  6,  c]  /  [ar,  c),  where  a2r  =  V*  -  (a&)2  =  c2  =  1, 
ac  =  ca,  bc  =  cb. 

Ex.  16.  Find  {a,  6} /{a2}  and  {a,  6} /{a11},  where  a22  =  65  =  1, 
ab  =  6a3. 

Ex.  17.  Find  {a,  6}/{a7},  where  a49  =  W  =  1,  06  =  6a8. 
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§  18.  If  H  is  a  normal  subgroup  of  G,  to  each  subgroup  A 
of  T  =  G/  H  corresponds  a  subgroup  L  of  G  containing  H, 
such  that  A  =  L/  H.  If  A  is  normal  in  T,  L  is  normal  in  G 
and  G/L  =  T/A. 

Retaining  the  notation  of  §  17,  if  ya,  yb  are  any  two  elements 
of  a  subgroup  A  of  T,  each  element  of  Hga  .  Hgb  corresponds 
to  yayj>>.  Hence  the  elements  of  G  corresponding  to  the 
elements  of  A  form  a  subgroup  L  of  G,  such  that  L  contains 
#and  A  =  L/_H. 

Again,  if  y~lyay  is  in  A,  where  y  is  any  element  of  T, 
g~l  .  Hga  .g  is  in  L,  where  g  is  any  element  of  G.  Hence 
if  A  is  normal  in  T,  L  is  normal  in  G.  In  this  case 
if  F  EE  Ayl  +  Ay2  +  Ay3  -f  .  .  .  and  every  element  of  Ay^  .  Ay  • 
is  in  Ayfe,  every  element  of  Lg*.Lg.!  is  in  Lgk.  Hence 
G/L=T/A. 

Ex.  1.  For  example,  in  V4t  to  the  3  normal  subgroups  of 
(a,  6,  c}/{a2,  c}  correspond  the  3  normal  subgroups  {a,  c}, 
(a2,  b,  c},  (a2,  ba,  c}  of  {a,  b,  c}  containing  (a2,  c}.  (See  VlTj.) 

Ex.  2.  To  a  subgroup  L  of  G  containing  H  corresponds  a  sub- 
group A  of  P.  If  L  is  normal  in  (?,  A  is  normal  in  H  and 
G/L  =  T/A. 

Ex.  3.  If  T  is  simple,  H  is  contained  in  no  normal  subgroup 
of  G  ;  and  conversely. 

Ex.  4.  If  {H,  K}  is  the  direct  product  of  H  and  K, 


Ex.  5.  If  a  normal  subgroup  L  of  G  contains  a  subgroup  H 
normal  in  G  and  G/H  is  Abelian,  so  is  G/L. 

Ex.  6.  If  H,  K  are  two  normal  subgroups  of  G  whose  G.  C.  S. 
is  Z>,  G/D  contains  two  normal  subgroups  H/D,  K/D  with  only 
identity  in  common. 

Ex.  7.  If  the  G.  C.  S.  of  two  subgroups  H  and  K  of  G  is  D,  and 
H  is  normal  in  G,  G/H  contains  a  subgroup  Kf  simply  isomorphic 
with  K/D.  If  K  is  normal  in  G,  K'  is  normal  in  G/H  and 
G/{H,  K}  =  (G/H)/K'. 

Ex.  8.  Assuming  that  every  group  of  order  Pip%  ...  Pt-iPt 
(where  plt  p2,  ...,  pt  are  distinct  primes  in  ascending  order 
of  magnitude)  has  a  normal  subgroup  of  order  pt,  prove 
that  it  contains  a  normal  subgroup  of  order  prpr+\  ".Pt  com- 
posed of  all  those  elements  of  the  group  whose  orders  divide 
PrPr+l»>l>t' 

§  19.  An  Abelian  group  G  whose  order  is  divisible  by 
a  prime  p  contains  an  element  of  order  p. 
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Suppose  G  is  generated  by  gl,  g.2,  g3,  ...  and  let  a:  be  the 
order  of  gly  a2  the  order  of  g.2  relative  to  {gj,  a3  the  order 
of  g3  relative  to  {g^  g2],  a4  the  order  of  g±  relative  to 
\9v  9z>  9z}>  and  so  on*  r^hen  G  contains  evidently  a1a2oi3 ... 
distinct  elements 

gittg^g**...  (ft  =  i,  2, ...,  <*<;  i  =  i,  2,  3, ...). 

Hence  a:  a2  a3  . . .  is  divisible  by  p,  and  therefore  one  of  the 
quantities  als  a2,  a3,  ...  is  divisible  by  p.  Suppose  at-  is 
divisible  by  p.  "Then  the  order  of  gf  =  kp,  where  k  is  integral 
(§  1) ;  and  gk  is  an  element  of  order  p  in  G. 

§  20.  An  Abelian  group  G  of  order  n  contains  a  subgroup 
of  order  r,  where  r  is  any  factor  of  n. 

The  theorem  is  readily  verified  for  groups  of  orders 
1,  2,  3,  4,  ....  Assume  it  true  for  all  Abelian  groups  of  order 
<  n.  Let  p  be  any  prime  factor  of  r,  and  let  g  be  an  element 
of  order  p  in  G  (§  19). 

By  the  assumption  G/{g]  (which  is  obviously  Abelian 
of  order  n  -f-  p)  .contains  a  subgroup  of  order  r  ~  -p  :  and  the 
^corresponding  subgroup  of  G  is  of  order  r.  The  theorem  is 
now  at  once  proved  by  induction. 

Ex.  1.  It  is  not  conversely  true  that  a  group  G  of  order  n 
is  necessarily  Abelian  if  every  factor  of  «  is  the  order  of  some 
subgroup  of  G. 

Ex.  2.  G  is  an  Abelian  group  of  order  paqB?Y  ...,  p,  q,  r,  ... 
being  distinct  primes.  Prove  that  (i)  G  contains  one  and  only 
one  subgroup  of  order  p° ;  (ii)  G  is  the  direct  product  of  the 
subgroups  P,  Q,  R,  ...  of  orders  pa,  q&,  f,  ... ;  (iii)  G  is  cyclic  if 
P,  Q,  B,  ...  are  cyclic. 

§  21.  If  G  is  a  group  of  order  n,  the  number  N  of  elements 
in  G  whose  r-th  pov:er  is  conjugate  to  a  given  element  a 
is  a  multiple  of  the  H.  C.  F.  of  n  and  r. 

We  assume  the  theorem  true  for  all  groups  of  order  <  n, 
and  then  deduce  the  required  result  by  induction. 

(1)  First  suppose  that  r  is  a  factor  of  n  and  that  a  is  not 
normal  in  G. 

Let  H  of  order  m  be  the  normaliser  of  a  in  G.  If  g  is 
an  element  of  G  such  that  gr  =  a,  g  is  in  H.  Hence  by  our 
assumption  the  number  M  of  elements  such  as  gr  is  a  multiple 
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of  the  H.  C.  F.  (d)  of  m  and  r.  Let  b  =  c~l  ac  be  any  element 
conjugate  to  a  in  G.  Then  (c~lgc)r  =  c~1grc  =  c~1ac  =  6; 
and  conversely  an  element  g1  of  G  whose  r-th  power  =  6  is 
the  transform  by  c  of  the  element  cg^c'*  whose  r-th  power  =  a. 
Hence  0  contains  M  elements  whose  r-th  power  =  b.  Now  G 
contains  n  -f-  m  elements  conjugate  to  a  (§  8).  Therefore 
N  —  Mn  -7-  m.  But  M  is  &  multiple  of  d.  Hence  N  is  a 
multiple  of  r.* 

(2)  Next  suppose  that  r  is  a  factor  of  n  while  a  is  normal 
in  G.    First  take  the  case  in  which  r  =  pa  ( p  prime),  while 
the  order  k  of  a  is  divisible  by  p. 

Let  g  be  an  element  of  G  such  that  gr  =  a.     Then 

£*»•  =  ak  =  1  and  ^ct~1  =  a^P  =£  1, 

so  that  g  is  of  order  kr.  If  (<78)r  =  a,  a8  —  (gr)8  =  (g*)r  =  a ; 
and  therefore  s  =  1  (mod  fc).  Hence  (g8)r  =  a  if  and  only 
if  gr8  is  any  one  of  the  distinct  elements  gl+^,  gl+zk,  ...,  gl+r". 
Moreover  in  this  case  g  =  (g8)6  where  e  is  chosen  so  that 
se  =  1  (mod  kr) ;  which  is  always  possible  since  s  is  prime  to  k, 
and  therefore  to  p  and  r.  It  follows  that  those  elements  of  G 
whose  r-th  power  =  a  can  be  divided  into  sets  of  r  elements 
such  that  each  element  of  a  set  is  a  power  of  all  the  rest. 
Now  the  number  of  elements  in  G  whose  r-th  power  =  a  is  N. 
Hence  N  is  a  multiple  of  r. 

(3)  Now  suppose  as  in  (2)  that  r  =  pa  and  is  a  factor  of  n, 
while  a  is  normal  in  G  ;  but  that  k  is  not  divisible  by  p. 

The  normal  elements  of  G  whose  orders  are  not  divisible  by 
p  form  an  Abelian  subgroup  K\  for  if  the  orders  of  two 
permutable  elements  are  prime  to  p,  so  is  evidently  the  order 
of  their  product. 

Let  t  be  the  order  of  K.  Find  a  number  u  such  that 
ur  =  I  (mod  t) ;  this  is  always  possible  since  t  is  prime  to  p 
by  §  19.  Now  if  g  =  auh  is  an  element  of  G  such  that 
gr  =  a,  hr  =  (ga~u}r  =  gra~ur  =  gra~l  (since  a*  =  1)  =  1 ;  while 
conversely  if  hr  =  1,  (auh)r  =  a.  Hence  N  =  the  number  of 
elements  in  G  whose  r-th  power  =  1.  This  is  true  whatever 
element  of  K  a  may  be.  Hence  the  number  of  elements  in  G 
whose  r-th  power  is  in  K  is  Nt.  Now  the  total  number  of 
elements  in  G  is  a  multiple  of  r,  and  by  (1)  and  (2)  the 
number  of  elements  whose  r-th  power  is  not  in  K  is  a  multiple 
of  r.  Therefore  Nt  is  a  multiple  of  r.  Hence  N  is  a  multiple 
of  ry  since  t  is  prime  to  p. 

*  For  if  m  =  m'd,  r  **  r*d,  n  =  n'r,  Mn+m  is  a  multiple  of  dn-j-w  =  nV-r-m' : 
and  n'-r-wi'  is  integral  since  nV-r-wt'  •>  n-f-m  is  integral. 
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(4)  Now  suppose  r  is  any  factor  of  nt  while  a  is  any  normal 
element  of  G. 

Let  r  —  paq  (q  prime  to  p).  If  h  is  an  element  of  G  such 
that  hi  =  a,  (c~l  hc)i  =  c~lh^c  =  c~lac=ia.  Hence  the  elements 
of  G  whose  <?-th  power  =  a  form  one  or  more  conjugate  sets 
of  elements.  Now  if  g  is  an  element  of  G  such  that  gr  =  a, 
gPa  is  an  element  whose  g-th  power  is  a.  But  by  (1),  (2),  (3) 
the  number  of  elements  whose  pa-ih  power  is  an  element  such 
as  h  is  a  multiple  of  pa.  Hence  JV  is  a  multiple  of  pa. 
Similarly  j\r  is  a  multiple  of  every  power  of  a  prime  dividing  r, 
so  that  ^V  is  a  multiple  of  r. 

(5)  Lastly,  let  r  be  any  positive  integer  and  a  any  element 
of  G. 

Let  n  =  dnf  and  r  =  dr',  where  d  is  the  H.C.F.  of  n  and  r. 
Find  integers  xt  y  such  that  r'x— n'y  =  1 ;  this  is  always 
possible  since  r'  is  prime  to  n.  Then  if 

gr  =  a,gd  =  gr*-»y  =  gr*  =  a*, 
while  conversely  if 

g*  =  ax,  gr  =  afx  =  an'y+l  =a, 
since  att/  =  g^n  =  1. 

But  the  number  of  elements  of  G  whose  cZ-th  power  =  ax 
is  a  multiple  of  d  by  (1)  and  (4).  Hence  the  theorem  is 
completely  proved  in  every  case. 

COROLLABY.  If  7i  is  the  order  of  a  group  G,  the  number 
of  elements  in  G  whose  order  divides  a  given  factor  r  of  n  is 
a  multiple  of  r. 

Ex.  1.  For  example,  in  the  group  a3  =  b2  =  (abf  =  c3  =  1, 
ac  =  ca,  be  =  cb  of  order  18  (i)  there  are  9  elements  whose  3rd 
power  is  1  and  9  elements  whose  3rd  power  is  conjugate  to  6 ; 
(ii)  there  are  4  elements  whose  10th  power  is  c  or  c2,  4  whose 
10th  power  is  1,  and  2  whose  10th  power  is  conjugate  to  a,  ca, 
or  (?a. 

Ex.  2.  A  group  of  order  2m  (m  odd)  contains  m  elements  of 
odd  order. 

Ex.  3.  (i)  If  a  group  G  contains  (f  elements  whose  orders 
divide  q  and  /  elements  whose  orders  divide  r  (q  prime  to  r), 
G  contains  at  most  gV  elements  whose  orders  divide  qr.  (ii)  If 
q'  =  q  and  r  =  r,  G  contains  exactly  qr  elements  whose  orders 
divide  qr. 

Ex.  4.  If  those  elements  of  a  group  G  of  order  QK  (a  prime  to  /c) 
whose  orders  divide  a  generate  an  Abelian  subgroup  H,  H  is  of 
order  a. 
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Ex.  5.  The  number  of  elements  in  a  group  G  of  order  n  whose 
r-th  power  is  a  is  divisible  by  the  H.  C.  F.  of  r  and  tie  order  of 
the  normaliser  of  a  in  G. 

Ex.  6.  If  ux  is  the  number  of  cyclic  subgroups  of  order  px  in 
a  group  Cr  whose  order  is  divisible  by  jpF, 


Ex.  7.  Verify  the  result  of  §  21  when  r  =  3  in  the  group  of 

6l(ii). 

Ex.  8.  V  19  is  a  particular  case  of  the  result  of  §  21. 


CHAPTER  VI 
PERMUTATION-GROUPS 

§  1.  A  group  whose  elements  are  permutations  on  m  given 
symbols  xlt  x2,  ...,  xm  is  called  a  permutation-group  of 
degree  m. 

One  such  group  is  that  containing  each  of  the  m !  possible 
permutations  on  the  m  symbols.  It  is  called  the  symmetric 
group  of  degree  m,  and  is  of  order  m ! . 

Again,  there  are  \  ml  possible  even  permutations  on  the  m 
symbols  which  form  a  group  of  order  \  m!  called  the  alter- 
ing group  of  degree  m.  For  since  the  product  of  two 
even  permutations  is  even,  the  even  permutations  form  a 
group  A.  Let  t  be  any  transposition,  and  h  any  odd  per- 
mutation. Then  ht~l  being  even  is  in  A,  so  that  h  is  in  At. 
Hence  the  symmetric  group  =  A  +  At.  and  A  is  of  order  ^  m!. 

The  alternating  group  is  a  normal  subgroup  of  the  symmetric, 
since  any  transform  of  an  even  permutation  is  obviously  even 
(see  also  V  712). 

If  every  permutation  of  a  group  G  is  regular,  G  is  called 
a  regular  permutation-group. 

If  G  contains  permutations  y19  y2.  ...,ym  replacing  a^  by 
each  of  the  symbols  x^,  x2i  ...,  xm,  G  contains  a  permutation 
(e.g.  yr~1ys)  replacing  any  given  symbol  xr  by  another  given 
symbol  xg.  In  this  case  G  is  called  a  transitive  permutation- 
group;  while  if  G  does  not  contain  m  such  permutations, 
G  is  called  intransitive. 

A  transitive  group  containing  a  permutation  replacing  any 
two  given  symbols  by  any  other  two  given  symbols  is  called 
doubly  transitive.  Similarly,  a  group  containing  a  permu- 
tation replacing  any  3,4,  ...,  k,  ...  given  symbols  by  any 
other  3, 4,  ... ,  k, ...  given  symbols  is  called  triply,  quadruply, 
...,  k-ply,  . . .  transitive.  A  group  which  is  transitive  but  not 
doubly,  triply,  ...  transitive  is  called  simply  transitive. 

Ex.  1.  Every  permutation-group  of  degree  m  is  a  subgroup  of 
the  symmetric  group  of  degree  m. 

Ex.  2.  The  symmetric  group  of  degree  m  contains  as  subgroups 
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every  symmetric  group  of  degree  <  m,  and  the  same  is  true  of 
alternating  groups. 

Ex.  3.  Every  symmetric  group  is  decomposable. 

Ex.  4.  A  transitive  group  of  order  and  degree  m  can  always  be 
found,  but  there  is  no  transitive  group  whose  order  is  less  than 
its  degree. 

Ex.  5.  (i)  The  symmetric  group  of  degree  m  is  m-ply  transitive, 
(ii)  the  alternating  group  is  (m— 2)-ply  transitive,  (iii)  there  is  no 
(m  —  l)-ply  transitive  group  of  degree  m. 

Ex.  6.  If  the  permutations  of  an  intransitive  group  G  replace 
xl  by  xlt  x2,  ...,  x  ,  every  permutation  of  G  permutes  these  /i 
symbols  among  each  other. 

Ex.  7.  Every  subgroup  of  degree  m  in  an  intransitive  group  of 
degree  m  is  intransitive. 

Ex.  8.  If  two  permutation-groups  G,  H  act  on  distinct  symbols, 
{G,  H}  is  their  direct  product  and  is  intransitive. 

Ex.  9.  If  a  transposition  is  a  normal  element  of  a  permutation- 
group  G,  G  is  intransitive  and  a  direct  product. 

Ex.10.  Prove  that  {(1  2)(3  4),  (13  5)  (2  4  6)}  is  a  transitive 
group  of  degree  6  and  order  12. 

Ex.  11.  Find  two  transitive  and  one  intransitive  group  of 
degree  and  order  4. 

Ex.  12.  Every  two  conjugate  elements  of  a  permutation-group 
are  similar. 

Ex.  13.  Any  two  similar  permutations  on  the  same  symbols 
are  conjugate  in  the  symmetric  group. 

Ex.  14.  Every  conjugate  set  of  elements  in  the  symmetric 
group  is  self-inverse. 

Ex.  15.  (i)  A  permutation  of  degree  m  containing  a,  /3,  y,  ... 
cycles  of  degree  1,  2,  3,  ...  has  a  normaliser  T  of  order 

J?=l°a!   2^/3!   3?y!... 

in  the  symmetric  group  of  degree  m.  (ii)  If  a,  /3,  y,  8,  r,  ...  are 
all  0  or  1,  F  is  Abelian.  (iii)  When  is  T  contained  in  the  alter- 
nating group  ? 

Ex.  16.  Find  the  number  of  subgroups  conjugate  to 

{(12)(34)(567)(891011)} 

in  the  symmetric  group  on  1,  2,  ... ,  14. 

Ex.  17.  The  number  of  conjugate  sets  in  the  symmetric  group 
of  degree  mis  the  coefficient  of  tf™  in  1  -7-(l  —  #)(!  — x2)(l—  rr3) .... 

Ex.  18.  Two  similar  even  permutations  a,  b  are  conjugate  in 
the  alternating  group  if  a  is  permutable  with  an  odd  permutation  c. 

Ex.  19.  (i)  The  permutations  similar  to  an  even  permutation  a 
form  two  conjugate  sets  in  the  alternating  group  if  a  is  not 
permutable  with  any  odd  permutation,  (ii)  This  is  the  case  if 
and  only  if  the  cycles  of  a  are  of  odd  and  distinct  degrees. 
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Ex.  20.  (i)  An  even  permutation  a  of  degree  m  containing  a, 
/3.  y.  8,  f,  C  *?,  0»  *»  *»  A»  —  cycles  of  degree  1,  2,  3,  4,  5,  6,  7,  8,  9, 
10,  11,  ...  has  a  normaliser  of  order  rlaa!  20/3!  3?  y!  ...  -=-2 
in  the  alternating  group  of  degree  m,  where 


(w-1)!  (m-a(m-l)}  tn! 

(m-y)...(2-y)          (tn-8)  ...  (1-S)...  . 
*(m-l)!  {m—  y(m-l)}  w! 

(ii)  a  is  conjugate  to  a'1  in  the  alternating  group  when  r  =  1  or 
when  r=2  and  y  +  ij  +  A+  ...  is  even. 

Ex.  21.  (i)  The  permutation  a  =  (1  2  3)  (4  5  6  7  8  9  10)  is 
conjugate  to  a,  a4,  a*,  a16,  a17,  a20  in  the  alternating  group  on 
1,  2,  ...,  11.  (ii)  Find  the  number  of  subgroups  conjugate  to 
{a}  in  the  alternating  group. 

Ex.  22.  Those  permutations  of  a  group  which  (i)  do  not 
displace  (ii)  permute  among  each  other  any  given  symbols  form 
a  subgroup. 

Ex.  23.  Those  permutations  of  a  group  which  leave  a  given 
function  of  the  symbols  unaltered  form  a  subgroup. 

Ex.  24.  If  permutations  leaving  a  function  /  of  the  symbols 
unaltered  form  a  group  G  and  a  permutation  T  changes  /  into  /*, 
every  permutation  of  T~1GT  leaves/'  unaltered. 

Ex.  25.  (i)  No  permutation  of 

G  =  1  +  (al)(cd)  +  (ac)(bd]  +  (ad)(bc) 

changes  the  function  (difference  of  one  pair  of  symbols  x  differ- 
ence of  the  other  pair),  (ii)  Deduce  that  G  is  normal  in  the 
symmetric  group  on  a,  6,  c,  d. 

Ex.  26.  (i)  Find  the  group  G  formed  by  those  permutations  on 
a,  6,  c,  d  which  leave  ac  +  bd  unaltered,  (ii)  G  is  the  normaliser 
of  (ac)(bd)  in  the  symmetric  group  on  a,  &,  c,  d. 

Ex.  27.  The  function  x1  +  Xxz  +  X2xz+  ...  +Xm~lxm  is  in 
general  changed  into  m  !  distinct  functions  by  the  permutations 
of  the  symmetric  group  on  x^,  x%,  ...,  xm. 

Ex.  28.  Construct  a  function  of  xlt  x2,  ...,  xm  which  is  un- 
altered by  the  permutations  of  a  given  group  G  but  by  no  other 
permutation  on  these  symbols. 

Ex.  29.  (i)  If  a,  6,  c,  IT—  a,  if—  /3,  IT—  y  are  the  sides  and  angles 
of  a  spherical  triangle,  and  H,  %~  —  p  are  the  radii  of  the  circum- 
scribed and  inscribed  circles  ;  any  formula  connecting  the  sides, 
angles,  &c.,  of  a  spherical  triangle  remains  true  when  we  apply  to 
it  any  permutation  of  the  group  G  generated  by  (aa)(&^)(cy)(fi/>), 
(6c)(^y),  (ca)(ya).  (ii)  G  is  decomposable,  intransitive,  and  of 
order  12. 

§  2.  Every  abstract  group  of  order  n  is  simply  isomorphic 
with  a  regular  permutation-group  of  degree  and  order  n. 
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Let  <71}  <72,  ...,  gn  be  the  elements  of  a  group  G  of  order  w. 
Then  g^git  g2g{,  ...,gngt  are  the  elements  glt  g.2,  ...,  gn  in 
some  order  or  other.  For  they  are  all  in  G  and  they  are  all 
distinct,  since  gxgt  —  gyg{  would  involve  gx  =  gy- 

Let  Sj  denote  the  permutation  f*1       $2  '"  &n  \  on  the 

V0ift   9*9t  —  ffn9i' 
symbols  g1}g2,  ...,gn.    Then  since  ty  replaces  gx  by  ^^  and 

SjTeplweagxgibygxgig;,SiS;  =  (    9l          9z     '"    9n     V 

1  J     Viftty    9*ffiffj~9»ffi9j' 

Hence  if  g^g:  =  #&,  >S^$;.  =  8%.  Therefore  the  permutations 
$! ,  $2 ,  . . . ,  8n  form  a  permutation  group  P  on  the  symbols 
9i '  #2 »  •  •  •  >  9n  °f  order  and  degree  TI  simply  isomorphic  with  (r. 

The  group  P  is  transitive,  since  it  contains  a  permutation 
replacing  gl  by  any  arbitrary  symbol  gx ;  namely,  the  permu- 
tation St,  where  g^gx  =  gt> 

If  gi  is  of  order  e,  any  cycle  of  St  is  of  the  type 

(9x9i  9x9i2-9x9ie)- 

Therefore  S{  is  regular,  being  the  product  of  n  -r  e  cycles  of 
degree  e.  Hence  P  is  regular. 

Ex.  1.  (i)  G  is  simply  isomorphic  with  the  group  P'  formed 

by  the  permutations    £'  =  (  ffl       9*    '"    dn\     (ii)  Each  per- 

\ffi9i    9i9*  -  9i9n' 

mutation  of  P'  is  permutatable  with  every  permutation  of  P. 
(iii)  The  G.  C.  S.  of  P  and  P'  is  simply  isomorphic  with  the 
central  of  G.  (iv)  The  only  permutations  on  glt  g2,  ...,  gn 
permutable  with  every  element  of  P  are  the  elements  of  P'. 

Ex.  2.  If  0^  =  ^(1 ),   where  et  is  the  order  of  g{,    and 

\  Gn  / 

9x9y9z  -  =  9r  J   ar-<*x<*yaz  -    is  even' 

Ex.  3.  The  groups  P,  P/  of  Ex.  1  are  at  once  derived  from  the 
multiplication  table  of  G.  Thus  8{  is  obtained  by  writing  the 
elements  of  the  column  headed  <7f  under  the  corresponding 
elements  of  the  left-hand  column,  and  £/  is  obtained  by  writing 
the  elements  of  the  row  headed  g{  under  the  elements  of  the 
top  row. 

Ex.  4.  (i)  The  multiplication  table  of  a  group  of  order  n  is  a 
'  latin  square  of  order  n ',  i.  e.  an  array  of  n  rows  and  n  columns 
formed  by  n  symbols  where  no  row  and  no  column  contains  the 
same  element  twice,  (ii)  Though  we  can  find  in  this  way  a  latin 
square  of  any  given  order,  we  do  not  obtain  all  possible  latin 
squares  in  this  way.  (iii)  Find  all  possible  latin  squares  of  order 
2,  3,  4. 
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§  3.  If  a  group  G  contains  a  subgroup  H  of  index  m, 
G  is  isomorphic  with  a  transitive  permutation-group  of 
degree  m.  The  isomorphism  is  simple  if  H  contains  no 
normal  subgroup  of  G. 

Let  G  =  Hgl  +  Hg2  +  ...  +Hgm.  Denote  the  partitions 
Hglt  Eg2,  ...  ,  Hgm  by  the  symbols  yls  ya,  ...  ,  ym.  Let  a,  b  be 
any  two  elements  of  G.  Every  element  of  Hgi  .  a  lies  in  the 
same  partition  of  G  (the  partition  containing  g^}  ;  let  this 
partition  be  y/.  Similarly  suppose  that  each  element  of  y/  .  b 
lies  in  the  partition  y/'.  Let  S,  T  denote  the  permutations 


/7i  72  •••  7m\  pi  yi  —  7m  \  .  r^^  g^g  every  element 
V7i  X»—  y»'  V7i  72  —7m  ' 

of  £fo.o6  lies  in  y/'  and  £T  =  (7l,,y2,,  '"ym//)»   to  the 

^7i    7z    •••  7m 

product  of  a  and  6  corresponds  the  product  of  the  permu- 
tations S  and  T  corresponding  to  a  and  b  respectively. 
Hence  all  the  permutations  such  as  S,  T,  ...  form  a  group  Q 
of  degree  m  isomorphic  with  G.  Q  is  transitive,  for  we  can 
always  find  an  element  g  of  G  (e.g.  g^~lgi)  such  that 

H9\  •  9  ^  7«- 

Identity  is  the  only  element  of  Q  corresponding  to  identity 

in  G.  The  elements  of  G  corresponding  to  identity  in  Q  form 
a  normal  subgroup  K  of  G  (V  16).  Let  k  be  any  element 
of  K-,  then  Hg^  =  Hg^  for  all  the  values  1,  2,  ...,  m  of  i. 
Since  one  of  the  g's  is  in  #,  17&  =  H,  i.  e.  &  is  in  H.  There- 
fore H  contains  the  normal  subgroup  K  of  G.  If  H  contains 
no  normal  subgroup  of  G,  the  isomorphism  between  G  and  Q 
is  simple. 

COROLLARY.  A  group  G  containing  a  set  of  m  conjugate 
elements  or  subgroups  Hl,  Hz,  ...,Hm  is  isomorphic  with 
a  transitive  permutation-group  R  of  degree  m. 

For  the  normaliser  of  any  one  of  the  conjugate  elements 
or  subgroups  is  of  index  m. 

Ex.  1.  Q  and  E  are  simply  transitive. 

Ex.  2.  Q  =  G/H.     (See  end  of  V  17). 

Ex.  3.  To  the  subgroup  H  of  G  and  to  the  normaliser  of  H-^  in 
G  corresponds  the  subgroup  formed  by  those  permutations  of 
<2  and  E  respectively  which  do  not  displace  one  symbol. 

Ex.  4.  The  group  R  of  the  corollary  may  be  considered  as 
a  transitive  permutation-group  on  the  symbols  Hl,  H2.  ...,  Hn 

/     JT  JT  ff        \ 

in  which  the  element  (      ,  *  .  ^      )  of  E  corre- 

\a  1Hla    a  lH2a  ...  a  lHma/ 

sponds  to  the  element  a  of  G. 

Q  2 
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Ex.  5.  To  identity  in  B  corresponds  every  element  of  G 
permutable  with  each  of  Hlt  H2,  ...,  Hm. 

Ex.  6.  The  group  a3  =  62  =  (a&)2  =  1  is  simply  isomorphic 
with  the  symmetric  group  of  degree  3. 

Ex.  7.  Show  that  a3  =  62  =  (a&)3  =  1  is  simply  isomorphic 
with  the  alternating  group  of  degree  4. 


V  I    '  X  X«T-  V 

\  *6~  -I          \        1\  P^  / 

\        S        /' '          '  xj       x         ' 

'l^Vr'-^  -  r^-t  -  <-  r-^l' 


/ 


\ 


N/          /\          \S          /\          **/          / 


l^M;^-1-*-1-^-/-^ 

'  \          \        i  '      t  '  '    % 

'  v  (T-V*^  /K      "^  x          % 

x    I 


I 

>v 

\ 


The  group  o3  =  64  =  (a6)2  =  1.    a ,  b  _ . 

Fig.  6.      (See  Ex.  8  on  this  page.) 

Ex.  8.    If  o3  =  64  =  (a&)2  =  1,   (i)  H=  {a,  6a262}    is  simph 
isomorphic  with  the  symmetric  group  of  degree  3, 

(ii)  {a,  &}  =  H+Hb  +  Hb2+Hb3 
is  simply  isomorphic  with  the  symmetric  group  of  degree  4. 

Ex.9.    If  a6  =  &3  =  (a&)2  =  1,    (i)  H=  {b,  a362a)    is  simpl: 
isomorphic  with  the  alternating  group  of  degree  4, 

(ii)  {a,  6}  =  H+  Ha + Ha2 + Ha3 + Ha* 
is  simply  isomorphic  with  the  alternating  group  of  degree  5. 
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Ex.  10.  A  group  G  of  order  12  containing  a  normal  subgroup 
H  of  order  4  is  either  Abelian  or  simply  isomorphic  with  the 
alternating  group  of  degree  4. 

Ex.  11.  A  group  of  order  24  (or  60)  containing  a  conjugate  set 
of  4  (5)  subgroups  of  order  6  (12)  and  containing  no  normal 
subgroup  of  order  2  or  3  is  simply  isomorphic  with  the  symmetric 
(alternating)  group  of  degree  4  (5). 


The  group  o2  =  b2  =  c*  =  (aft)4  =  1,  oc  =  ca,  be  =  cfc.    a ,  6—,  c— . 

Fig.  7. 

§  4.  The  simple  isomorphism  between  any  group  G  of 
order  n  and  a  regular  permutation-group  of  degree  and 
order  n  (§  2)  can  be  shown  geometrically  as  follows. 

Represent  each  element  of  G  by  a  point.  Associate  a  colour 
with  each  element  of  G  (excluding  identity);  for  example, 
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suppose  red  associated  with  the  element 

the  points  glt  gz,  ...,  gn  draw  to  the  points 

respectively    red    lines    with    arrow-heads    to    show    their] 

direction;    and  draw   similar  coloured  lines   for   the   other 

elements.     We  have  then  n  points  joined  by  n(n—  1)  lines. 

One  line  of  each  of  the  n—  1  colours  starts  from  each  of  the 

n  points,  and  one  line  of  each  colour  ends  at  each  point.  I 


/    71' 


«N 


•V 


'r.  \\ 


a  •  •  -,  6  ^™,  c  — ,  d  -  -  -  -t  e  • 
Fig.  8. 


A  red  line  runs  from  a  symbol  gx  to  the  symbol  gxgt  replacing 
it  in  the  permutation  S^  (§  2),  and  so  for  the  other  colours. 

The  geometrical  representations  are  usually  called  '  Cayley's 
colour-groups'.  They  are  somewhat  complicated,  but  may 
conveniently  be  simplified  by  the  omission  of  all  the  coloured 
lines  except  those  associated  with  a  set  of  independent 
generators  of  G. 
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If  gt  is  one  of  these  generators,  red  lines  run  from  gx  to  gx  g^ 
,nd  from  gxgc]  to  gx.  If  gt  is  of  order  2,  gxgt  and  gxg^ 
oincide.  In  this  case  it  is  usual  to  draw  only  one  of  the  two 
ines  joining  gx  and  gxgf  and  to  suppress  the  arrow-heads 
see  Figs.  7,  9,  10). 

The  simplified  diagram  enables  us  to  find  very  readily 
svery  relation  satisfied  by  those  generators  whose  colours  are 
•etained.  For  example,  if  in  Fig.  6  we  start  from  any  point  and 


a'  .  c2  -  (ac)8  =  1. 
Fig.  9. 

pass  in  the  direction  of  the  arrows  along  the  lines  in  the  order 


we  return  to  the  original  point.     Hence  we  have  obviously 
6a263a262  =  1  or  (6a262)2  =  1.     Similarly  if  in  Fig.  7  we  pass 

along  the  lines  in  the  order  —  - ,  — , ,  -  -  -,  — », , 

-  -  - ,  — , , ,  — , ,  we  return  to  the  original 

point.    Hence  we  have  in  this  case  (abc)*  =  1. 
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The  coloured  diagram  can  sometimes  be  drawn  with  advan- 
tage on  a  sphere  or  other  closed  surface  instead  of  on  a  plane 

Ex.  1.  For  example,  Fig.  8  shows  the  complete  colour-diagrai 
for  the  group  of  Vlj.     If  we  simplify  the  diagram  by  retainir 
only  the  lines  corresponding  to  the  independent  generators  a  &! 
c  we  get  Fig.  9.    If  we  retain  only  the  lines  corresponding 
c  and  d  we  get  Fig.  10. 


=  1. 


Fig.  10. 


Ex.  2.   The  complete  colour-diagram   gives  immediately 
multiplication  table  of  the  group. 

Ex.  3.  In  a  diagram  showing  only  the  colours  correspom 
to  a  set  of  independent  generators  ylt  y2,  y3,  ...  of  a  grou 
the  red  lines  corresponding  to  yt  are  erased.     Prove  that  (i) 
diagram  breaks  up  into  sets  of  points  H,  g\H,  g2H,  •  ••»  wh 
G  =  H+glH+g2H+  ...  and  H=  {y2,  y3,  ...},  so  that  no  i 
points   in   different   sets   are  connected   by  a  line  ;   (ii)  if  L 
normal  in  G,  all  red  lines  starting  from  a  given  set  of  po 
end  in  the  same  set. 

Ex.  4.  In  the  group  of  Fig.  6  prove  dbazbza  =  &a262,  &o26a&2a 
O2fca62a6  =  1,  and  find  the  orders  of  a6a262,  a262,  o63a2. 
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Ex.  5.  In  the  group  of  Fig.  7  find  the  order  of  bac,  abca,  lab. 
Ex.   6.     Draw    colour-diagrams    (simplified)    for    the    groups 
i)  o10=l  ;    (ii)  a5  =  b2  =  1,  ab  -  ba  ;   (iii)  a5  =  62  =  (oft)2  =  1  ; 
Lv)    a2  =  62  =  (ab)5  =  1.      Show  that  (i)  and  (ii)  are  the  same 
bstract  group,  and  so  are  (iii)  and  (iv). 
•  Ex.  7.  Draw  a  colour-diagram  for  the  group 

o4  =  62  =  c2  =  (a&)2  =1,  ac  =  ca,  fc=cb 
74^     Show  that  the  group  '  is  the  same  as  that  of  Fig.  7, 
;   .  that  it  cannot  be  represented  on  a  diagram  with  less  than 

e  colours. 

:-'x.  8.  (i)  Draw  a  colour-diagram  for  the  group  ax  =  1,  6#  =  ar, 
ba.  (ii)  Prove  the  results  of  V5n  by  means  of  a  colour- 
vtn. 

.  9.  Draw  colour-  diagrams  for  the  groups  a8  =  62  =  (a2  ft)2  =  1, 
=  (ba)2  and  a8  =  62  =  1,  a26  =  &a2,  (a&)2  =  (fca)2. 

10.  Draw  the   complete  colour-diagrams  for  the  groups 
•  =  1,  (ii)  a2  =  ft2  =  1,  ab  =  ba. 

11.  ABO  is  an  equilateral  triangle  and  0  is  its   centre; 
">  in.     Points  A2  and  A3,  B3  and  Blt  (\  and  <72  are  taken 

sides  distant  1  in.  from  A,  B,  C.     Points  Da  and  A^  are 

n  OA  distant  respectively  f  in.  and  1^  in.  from  0  ;  and 

Do  and  B.2,  Dz  and  C3  are  taken  similarly  on  OB,  OC. 

ack-sided   triangles  A1A2A3)   BlB.2B3t  (\CZC3,   D^D.2DZ 

lockwise  arrows  and  red  lines  B1C^,  C.2A2,  A3B3,  AlDl, 

C3Z)3  are  drawn.   What  group  does  the  diagram  represent  ? 

I  12.  A,  B,  C,  D  are  points  of  longitude  0°,  90°,  180°,  270° 

equator  ;  X,  T,  Z,  W  are  points  in  latitude  45°  of  longitude 

35-,  225°,   315°.     Red   triangles   XBT,  ZDW,  and  black 

les  TCZ,  WAX  are  drawn,  and   the  figure  is   completed 

lexion  in  the  plane  of  the  equator  with  interchange  of  the 

lours.    If  clockwise  arrows  are  inserted  round  the  triangles, 

jroup  does  the  diagram  represent  ? 

13.  Draw  two  parallel  concentric  regular  wi-sided  red  poly- 

Denote  the    vertices  by  1,  2,  ...,  m  and  lr,  2/,   ...,  m'. 

one  polygon  through  a  right  angle.     Put  clockwise  arrows 

1  each  polygon.     Join  by  black  lines  the  vertices  (i)  1  and  1', 

1  2',  3  and  3',  ...  ;  (ii)  1  and  I',  3  and  3',  5  and  5',  ...,  2*  and 

rijf2,  4'  and  ^  +  4,  6'  and  ^  +  6,  ....     What    groups    do    the 

—  u 

Drains  represent  ? 

T  x.  14.  Put  clockwise  arrows  round  one  red  polygon  of  Ex.  13 

\  counterclockwise  round  the  other.     Black  lines  run  (i)  as 

r'jEx.  13  (i);   (ii)  as  in  Ex.  13  (ii);    (iii)  with  arrows  joining 

fend  1',  2  and  2/,  3  and  3',  ...,  1'  and      +  1,  2/  and       +  2,  3' 


+3,  ....    What  groups  do  the  diagrams  represent? 
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Ex.  15.  A  simplified  colour-diagram  drawn  on  a  sphere  divides 
up  the  surface  into  polygons  in  such  a  way  that  no  two  of  the 
coloured  lines  intersect  (except  at  an  extremity  of  both).  Prove 
that  (i)  the  two  lines  of  the  same  colour  meeting  at  any  point 
are  not  separated  by  a  line  of  another  colour ;  (ii)  the  polygons 
formed  by  lines  of  a  given  colour  contain  no  vertex  in  their 
interior. 

Ex.  16.  Show  that  diagrams  representing  the  groups  of  Ex.  7, 
8,  9,  13,  14  can  be  drawn  on  an  anchor-ring  so  that  no  two  lines 
intersect. 

§  5.  By  definition,  a  fc-ply  transitive  group  on  rm  symbols 
contains  a  permutation  not  displacing  any  k  given  symbols. 
If  S  and  T  are  any  two  permutations  which  do  not  displace 
these  k  symbols,  ST  does  not  displace  them.  Hence : — 

Those  permutations  of  a  k-ply  transitive  group  G  which  do 
not  displace  k  given  symbols  form  a  subgroup  H. 

Ex.  1.  The  permutations  of  G  not  displacing  I  of  the  Jc  given 
symbols  form  a  subgroup  of  G  containing  H. 

Ex.  2.  If  the  permutations  of  H  do  not  displace  xlt  x%,  ... 
xk ;  while  g  is  a  permutation  of  G  replacing  these  symbols  by 
Zj',  x2',  ...,  xk',  the  elements  of  G  not  displacing  x^',  #2',  •••,  ^' 
form  the  subgroup  g~lHg. 

Ex.  3.  H  contains  no  normal  subgroup  of  G. 

Ex.  4.  If  G  is  Abelian,  H  =  1. 

Ex.  5.  Any  normal  element  c  of  G  (i)  displaces  every  symbol, 
(ii)  is  regular. 

Ex.  6.  Every  transitive  Abelian  group  is  regular. 

Ex.  7.  Every  element  of  prime  degree  p  normal  in  a  group  is 
circular  of  order  p. 

Ex.  8.  A  permutation  S  permutable  with  every  element  of 
a  group  G  and  acting  on  the  same  m  symbols  displaces  all  the 
symbols  and  is  regular. 

Ex.  9.  The  order  //,  of  the  central  of  a  transitive  group  G  of 
degree  m  is  a  factor  of  m. 

Ex.  10.  (i)  The  permutations  such  as  S  of  Ex.  8  form  a  group 
whose  order  is  a  factor  of  nt.  (ii)  Find  this  group  when  G  is  the 
permutation-group  P  of  §  2. 

Ex.  11.  Find  the  group  H  in  the  case  of  {P,  P'}  of  §  2 ;  and 
prove  that  H  =  G/C  where  C  is  the  central  of  G. 

§  6.  The  order  of  a  k-ply  transitive  group  G  of  degree  m  is 
qm(m  —  l)  (m—2)  ...(m— &+1);  where  q  is  the  order  of  the 
subgroup  H  whose  elements  do  not  displace  k  given  symbols. 
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Let  <715  gz,  gr3,  ...  be  permutations  of  G  each  of  which 
replaces  the  k  given  symbols  by  a  distinct  set  of  k  symbols. 
The  number  of  such  permutations  is  ml  -J-  (m—  k)l  ;  for  the 
number  of  arrangements  of  m  symbols  &  at  a  time  is 
m!-7-(m-£)!.  Then  G  =  Hgl  +  Hg2  +  Hg3  +  ....  For  if  g,  g* 
are  two  elements  of  G  replacing  the  k  given  symbols  by  the 
same  k  symbols,  g'g~l  does  not  displace  any  one  of  the  k  given 
symbols,  and  is  therefore  contained  in  H.  Hence  G  is  of 
order  q  xm!  -r-  (m—  k)l. 

Ex.  1.  The  elements  of  G  permuting  among  themselves  the 
Tc  symbols  not  displaced  by  the  permutations  of  H  form  a  sub- 
group of  order  q  .  Jc  I  containing  H  normally. 

Ex.  2.  If  q  =  1,  G  contains  permutations  displacing  only 
i»—  Jc+1  symbols  but  no  permutation  displacing  less  than 
m  —  k+1  symbols. 

Ex,  3.  If  the  degree  and  order  of  a  transitive  group  are  equal 
q  =  k  =  1.  Every  group  is  simply  isomorphic  with  a  permutation- 
group  of  this  type. 

Ex.  4.  Prove  the  converse  of  §  3:  —  'If  a  group  G  is  simply 
isomorphic  with  a  simply  transitive  permutation-group  of  degree 
m,  G  contains  a  subgroup  of  index  m  containing  no  normal 
subgroup  of  G.' 

Ex.  5.  The  degree  of  a  simply  transitive  Abelian  group  =  its 
order. 

Ex.  6.  In  a  simply  transitive  group  G  of  degree  m  the  permuta- 
tions displacing  every  symbol  (i)  are  at  least  m—  1  in  number, 
(ii)  generate  a  normal  subgroup  of  G. 

Ex.  7.  If  the  number  of  permutations  not  displacing  r  given 
symbols  in  a  transitive  group  of  order  n  and  degree  m  is  vr, 


Ex.  8.  The  elements  of  a  fr-ply  transitive  group  displacing 
every  symbol  cannot  form  a  group  with  identity  unless  k  =  1  or 
k  =  2  and  q  =  1. 

Ex.  9.  Show  that  no  doubly  transitive  group  of  degree  5  is  of 
order  less  than  20  ;  and  prove  that  a  =  (1  2  3  4  5),  6  =  (1  2  4  3) 
generate  a  doubly  transitive  group  of  minimum  order. 

§  7.  Let  G  be  an  intransitive  group  containing  permutations 
which  replace  the  symbol  x^  by  xlt  zz,  ...,  xr  but  by  no  other 
symbol.  Then  any  permutation  g  of  G  replaces  o^  by  one  of 
the  symbols  xlt  xz,  ...,xr.  For  let  h  be  an  element  of  G 
replacing  x^  by  a;,-,  and  suppose  hg  replaces  a^  by  X:.  Then  g 
replaces  x^  by  Xs.  Hence  the  permutations  of  G  permute 
the  symbols  of  the  transitive  set  cCj,  x2,  ...,xr  among  them- 
selves. 


92  INTRANSITIVE   GROUPS  [VI 7 

Similarly  if  the  permutations  of  G  replace  the  symbol  yt  by 
2/i  >  2/2  > •••»  2/8  onty>  they  permute  the  symbols  of  the  '  transitive 
set '  2/1 , 2/2 '  •  •  •  >  2/8  among  themselves ;  and  so  on. 

Ex.  1.  A  cycle  of  any  permutation  of  G  only  contains  symbols 
from  one  transitive  set. 

Ex.  2.  G  is  a  subgroup  of  the  direct  product  of  the  symmetric 
groups  on  the  symbols  [a?,,  z2,  —  >  <v!>  [#i>  2/2>  — »  &?]>  •••• 

Ex.  3.  The  order  of  6r  is  a  factor  of  r !  x  s !  X  .... 

Ex.  4.  Those  permutations  of  G  which  do  not  displace  the 
symbols  of  certain  given  transitive  sets  form  a  normal  subgroup 
of  G. 

Ex.  5.  Those  permutations  of  G  which  do  not  displace  x1  form 
a  subgroup  of  index  r. 

Ex.  6.  If  those  cycles  of  any  generator  of  a  permutation-group 
G  which  contain  one  of  the  symbols  a^,  x2,  ...,  xr  contain  no 
symbol  other  than  xlt  x2,  ... ,  xr,  G  is  intransitive ;  and  conversely. 

Ex.  7.  If  in  §  2  H  is  a  subgroup  of  G=Hga  +  Hgb  +  Hgc  +  ..., 
the  corresponding  subgroup  of  P  is  intransitive,  the  transitive  sets 
being  the  symbols  ga"lS,  gb~lH,  g^H,  .... 

Ex.  8.  Find  the  transitive  sets  of 
{(1432)  (5876)  (9  10),  (24)(58)(67)}  and  of  {(12 3 4),  (2  4),  (56)}. 

§  8.  Let  certain  of  the  transitive  sets  of  symbols  affected 
by  an  intransitive  group  G  be  denoted  collectively  by  <r,  and 
let  the  remaining  sets  be  denoted  collectively  by  T.  If  k,  k' 
are  two  elements  of  G  permuting  only  the  symbols  of  or 
(displacing  no  symbol  of  T),  and  if  g  is  any  element  of  G,  then 
evidently  kk'  and  g~lkg  do  not  displace  any  symbol  of  T. 
Hence  those  elements  of  G  which  permute  only  the  symbols 
of  <r  form  a  normal  subgroup  K  of  G.  Similarly  the  elements 
of  G  permuting  only  the  symbols  of  r  form  a  normal  subgroup 

If  we  leave  out  of  consideration  the  effect  of  G  on  the 
symbols  of  r,  G  reduces  to  a  group  H  on  the  symbols  of  <r 
alone.  If  g,  g'  are  any  two  elements  of  G,  while  h,  h'  are 
elements  of  H  permuting  the  symbols  of  o-  in  the  same  way 
as  g,  </';  then  gg*  and  hh'  permute  the  symbols  of  o-  in  the 
same  way.  Hence  G  and  H  are  isomorphic.  To  the  identical 
element  in  H  correspond  the  elements  of  K'  in  G.  Therefore 
H  —  G/ K'.  It  is  evident  that  H  contains  K  as  a  normal 
subgroup. 

Now  K  and  K'  have  only  identity  in  common,  and  every 
element  of  K  is  permutable  with  each  element  of  K'.  Hence 
{K,  K'}  is  the  direct  product  of  K  and  K'\  and  it  is  normal 
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in  G,  since  K  and  K'  are  normal  in   G.      It  follows   that 
\G/  {K,  K'}  and  H  /  K  have  the  same  order. 

Now  when  we  neglect  the  effect  of  the  elements  of  G  on  the 

I  symbols  of  r,  each  element  of  {K,  K'}  reduces  to  an  element 

of  K,  and  each  element  of  (r  to  an  element  of  H.    If  &15  k.2,  k3 

jare  elements  of  {K,  K'}  and  g^,  gr2,  g3  elements  of  G  which 

:  reduce  respectively  to  &/,  kz',  k3'  and   <//,  <jr2',  gr3'  when  we 

I  neglect  their  effect  on  the  symbols  of  r,  and  iSk1gl.  k2g2  =  k3g3  ; 

•we  have  evidently  &/#/•  ^z9z=  k3'g3'.     Hence  G/{K,  K'} 

:and  H/K  are  isomorphic;   and  the  isomorphism  is  simple 

since  these  two  groups  have  the  same  order  (cf.  V 


Ex.  1.  If  H'  is  the  group  to  which  G  reduces  when  we  leave 
out  of  consideration  the  effect  of  its  permutations  on  the  symbols 
of  <r,  H/K  =  H  'IK'. 

Ex.  2.  The  elements  of  G  are  found  by  multiplying  each 
element  of  H  by  the  corresponding  elements  of  H'. 

Ex.  3.  Find  H,  H',  K,  K'  when  (i)  G  =  {(1  2  3  4),  (2  4),  (5  6)}, 
<r  =  [l,2,  3,4];  (ii)  G  =  {(1  4  3  2)  (5  8  7  6)  (9  10),  (2  4)  (5  8)  (6  7), 
a  =  [9,  10]  or  [5,  6,  7,  8,  9,  10]. 

§  9.  Let  G1  be  a  simply  transitive  group  on  m  symbols. 
Suppose  that  the  771  symbols  may  be  divided  into  r  sets 
o-j,  o-2,  ...  ,  (Tr  each  containing  s  symbols  (m  =  rs),  so  that  every 
permutation  of  G  either  permutes  the  s  symbols  of  any  set  <rf 
among  themselves  or  replaces  them  by  the  s  symbols  of 
another  set  oy.  Then  G  is  called  an  imprimitive  group,  and 
°"ij  °"2»  •••>  °V  are  called  iniprimitive  systems.  If  no  such 
division  of  the  m  symbols  into  sets  is  possible,  G  is  said  to 
be  primitive. 

Ex.  1.  A  fc-ply  transitive  group  (k  >  1)  is  primitive. 

Ex.  2.  A  transitive  group  of  prime  degree  is  primitive. 

Ex.  3.  If  a  transitive  group  G  of  degree  m  contains  a  permuta- 
tion whose  order  is  prime  and  greater  than  the  largest  divisor  of 
m,  G  is  primitive. 

Ex.  4.  Those  permutations  of  an  imprimitive  group  G  which 
do  not  displace  the  imprimitive  systems  but  only  permute  the 
symbols  of  each  system  form  a  normal  subgroup  of  G. 

Ex.  5.  The  central  of  a  primitive  group  =  1. 

Ex.  6.  The  central  of  a  ft-ply  transitive  group  ==  1  if  jfc  >  1. 

Ex.  7.  No  Abelian  group  is  Ar-ply  transitive. 

Ex.  8.  If  H  is  any  subgroup  of  the  group  G  of  §  2  and 
G  =  Hgl  +  Hg2+Hg3+  ...,  P  is  imprimitive  in  such  a  way  that 
the  symbols  of  Hgv  Hg.2,  Hg3,  ...  are  imprimitive  systems. 
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Ex.  9.  {(xyz)(abc\  (xa)(yc}(zb}}  is  an  imprimitive  group  of 
order  6,  the  imprimitive  systems  being  either  [x,  y,  z]  and 
[a,  6,  c]  or  [x,  a],  [#,  &],  and  [*,  4 

Ex.  10.  Find  imprimitive  systems  in  the  groups  (i)  {(13  5)  (2  4  6), 
(13)(24),  (34)(56),  (12)(34)}  and  (ii)  {(14)(26)(35),  (123)(456), 


§  10.  If  y,  y'  are  two  elements  of  an  imprimitive  group  G 
which  do  not  displace  the  imprimitive  systems  but  only 
permute  the  symbols  of  each  system,  then  yy'  has  evidently 
the  same  property.  Hence  elements  such  as  y,  y  form  a  sub- 
group F  of  G.  If  G  =  Ygl  +  rg2  +  ~Tg3  +  ...,  it  is  obvious  that 
all  elements  in  the  partition  Tgi  permute  the  imprimitive 
systems  in  the  same  way. 

The  group  T  is  normal  in  G.  For  let  g  be  any  element 
of  G,  and  suppose  that  g  replaces  every  symbol  of  any 
imprimitive  system  ^  by  a  symbol  of  the  system  o-y.  Then 
since  y  permutes  the  symbols  of  o-^  among  themselves,  gTlyflM 
permutes  the  symbols  of  <r-  among  themselves.  The  group 
G/T  may  be  considered  as  a  permutation-group  of  degree  r  on 
the  symbols  a-lt  <r2,  ...,  a-r. 

Ex.  1.  F  is  intransitive. 

Ex.  2.  The  index  of  T  in  G  is  a  divisor  of  r!. 

Ex.  3.  Find  T  for  the  groups  of  VI  99, 10. 

§  11.  The  group  T  of  §  10  is  an  intransitive  normal  subgroup 
of  the  transitive  group  G.  We  show  in  this  section  that  every 
intransitive  normal  subgroup  of  G  is  contained  in  a  group 
such  as  r. 

Let  H  be  an  intransitive  normal  subgroup  of  G,  and  let 
£C19  #2>  ...;  2/1  >  2/2'  •••>  •••  be  the  symbols  in  the  transitive  sets 
of  H.  Then  if  g  is  an  element  of  G  replacing  xl  by  ylt 
g"1  replaces  yl  by  xl .  Hence  since  g'1  Hg  =  H,  g  replaces 
every  *  x  by  a  y ;  and  since  gHg~l  =  H,g  replaces  every  y  by 
an  x  (II 5).  Therefore  there  are  as  many  y's  as  ce's.  Similarly 
we  can  show  that  each  transitive  set  of  H  contains  the  same 
number  of  symbols. 

Now  since  every  element  of  G  transforms  H  into  itself, 
every  such  element  permutes  the  transitive  sets  of  H  among 
themselves.  Therefore  G  is  imprimitive  and  has  the  transitive 
sets  of  H  as  imprimitive  systems;  which  proves  the  above 
statement. 

*  For  at  least  one  permutation  of  H  contains  a  cycle  of  the  form  (at,n ... ), 
whatever  t  may  be.  If  g  transforms  this  cycle  into  (j/j^...))  9  changes 
x±  into  yt. 
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Ex.  1.  Every  normal  subgroup  of  a  primitive  group  is  transitive. 
Ex.  2.  The  order  of  a  normal  subgroup  H  of  a  primitive  group 
G  is  a  multiple  of  the  degree  of  Cr. 

Ex.  3.  Every  primitive  composite  group  is  decomposable. 
Ex.  4.  If  the  group  P  of  §  2  is  primitive,  it  is  simple. 

§  12.  The  symmetric  group  is  the  only  primitive  group 
containing  a  transposition. 

Suppose  (1  2)  is  a  transposition  contained  in  a  transitive 
permutation-group  G  on  the  m  symbols  1, 2, 3. ..., m.  Let  (1  2), 
(1  3),  ...,  (1  e)  be  the  only  transpositions  in  G  which  affect  the 
symbol  1.  Then  since  (ij)  =  (1  i)  (1 .;")  (1  i),  G  contains  (ij)  ; 
where  i  and  .;'  are  any  two  of  the  set  a-  of  symbols  1,  2,  ...,  6. 
Hence,  unless  G  is  the  symmetric  group,  the  set  a-  does  not 
include  all  the  m  symbols  permuted  by  G. 

Let  a  be  a  permutation  of  G  replacing  1  by  a  given  symbol  / 
not  included  in  cr  and  replacing  2  by  s  (say).  Then  G  contains 
a~J(l  2)  a  =  (/  s).  Now  s  is  not  in  a- ;  for  otherwise  G  would 
contain  (1  s)  (f  s)  (1  s)  —  (1  /).  Hence  each  permutation  of  G 
permutes  the  symbols  1 ,  2, . . . ,  e  among  themselves  or  replaces 
them  by  a  completely  different  set  T. 

If  cr  and  T  do  not  include  all  the  m  symbols  on  which  G  acts, 
let  b  be  a  permutation  of  G  replacing  1  by  a  symbol  not  in 
cr  or  T.  Then  as  before  b  replaces  each  symbol  of  o-  by  a  symbol 
of  a  set  v  having  no  symbol  in  common  with  o-.  Now  v  has  no 
symbol  in  common  with  T  either.  For  if  a  and  b  replace  two 
symbols  1'  and  2'  of  <r  by  the  same  symbol,  ba~l  replaces  2' 
by  I'.  Hence  ba~l  permutes  the  symbols  of  cr  among  them- 
selves ;  i.  e.  b  =  ba~l .  a  replaces  cr  by  T,  or  T  and  v  coincide. 

Continuing  this  reasoning  we  see  that  the  m  symbols  fall 
into  sets  permuted  imprimitively  by  the  elements  of  G ;  and 
hence  G  is  imprimitive. 

Ex.  1.  The  symmetric  group  is  the  only  fc-ply  transitive  group 
(k  >  1)  or  simply  transitive  group  of  prime  degree  containing 
a  transposition. 

Ex.  2.  Cr  contains  as  subgroups  the  symmetric  groups  on  the 
symbols  of  cr,  T,  v,  — 

Ex,  3.  The  symmetric  group  is  the  only  group  of  degree  m 
containing  the  transposition  (1  2)  and  (i)  the  circular  permutation 
(1  2  3  ...  m\  (ii)  a  circular  permutation  &  of  degree  m  in  which 
the  symbols  1,  2  are  separated  by  i—  1  symbols,  where  »  is  prime 
to  m. 

Ex.  4.  The  symmetric  group  of  degree  m  is  simply  isomorphic 
with  a  group  whose  elements  are  birational  substitutions  of 
degree  m  —  B, 
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Ex.  5.  The  alternating  and  symmetric  groups  are  the  only 
primitive  groups  containing  a  circular  permutation  of  order  3. 

Ex.  6.  A  transitive  group  G  containing  a  circular  permutation 
of  order  3  contains  the  alternating  groups  on  the  symbols  of  each 
imprimitive  system. 

§  13.  The  group  G  generated  by  every  possible  circular 
permutation  of  order  r  on  the  symbols  1,  2,  ...,  m  is  the 
alternating  or  symmetric  group  on  these  m  symbols  according 
as  r  is  odd  or  even. 

First  take  r  =  2.  Since  every  permutation  is  the  product 
of  transpositions,  G  contains  every  possible  permutation  on 
the  m  symbols  and  is  therefore  the  symmetric  group. 

Next  take  r  =  3 ;  then  G  contains  every  possible  product 
of  two  transpositions  on  the  m  symbols.  For  such  a  pro- 
duct is  either  of  the  form  (1  2)  (1  3)  =  (1  2  3)  or  of  the  form 
(1  2)  (3  4)  =  (2  3  4)  (123);  and  both  these  products  are  in  G. 
Hence  G  contains  every  even  permutation  on  the  m  symbols, 
and  is  therefore  the  alternating  group. 

Lastly,  take  r  >  3 ;  then  G  contains  every  circular  permu- 
tation of  order  3  such  as  (123).  For 

(123)=(1324...r)  (lr...432) 

which  is  in  G.  If  r  is  even,  G  contains  a  circular  permutation 
of  even  order ;  i.  e.  Cr  contains  an  odd  permutation  and  is  the 
pymmetric  group.  If  r  is  odd,  G  is  the  alternating  group. 

Ex.  1.  The  group  G  generated  by  every  permutation  of  the 
type  (1  2)(3  4)  on  m  symbols  (m  >  4)  is  the  alternating  group  on 
the  m  symbols. 

Ex.  2.  The  theorem  in  Ex.  1  does  not  hold  if  m  =  4. 

Ex.  3.  If  p  is  a  prime  <  m,  the  symmetric  group  of  degree  m 
does  not  contain  any  subgroup  of  index  <  p  except  the  alternating 
group. 

§  14.  The  alternating  group  G  of  degree  m  is  simple, 
unless  rti  —  4. 

This  is  evident  when  m  =  2  or  3.  When  m  —  4,  G  has 
evidently  a  normal  subgroup  of  order  4  containing  the  four 
permutations  1,  (1  2)  (3  4),  (1 3)  (2  4),  (1 4)  (2  3) ;  where  1, 2, 3, 4 
are  the  four  symbols  on  which  G  acts. 

Suppose  that  when  m  >  4,  G  contains  a  normal  subgroup  H. 
Let  g  be  that  permutation  of  H  which  displaces  the  smallest 
number  of  symbols.  Let  g  be  decomposed  into  its  cycles. 
None  of  these  cycles  can  contain  more  than  three  symbols; 
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for  if  g  =  (123...)...,   H  contains  /=(132)  gr(123)  and 
also  gf~l  =  (2)  (31  ...)  which  displaces  fewer  symbols  than  g. 

Again,  no  cycle  of  g  can  contain  three  symbols  unless  it 
is  the  only  cycle  of  g.  For  if  g  =  (4  1  2)  (3  ...)  ... ,  gf  = 
(2)  (1  3  ...)...  displaces  fewer  symbols  than  g  and  is  in  H . 

Again,  g  cannot  contain  two  cycles  of  two  symbols  each 
unless  m  =  4.  For  if  g  =  (1  2)  (4  5)  ...,  gf=  (4)  (5)  (1  3  ...)  ... 
displaces  fewer  symbols  than  g  and  is  in  H. 

We  see  then  that  g  must  be  (if  m  >  4)  a  circular  permu- 
tation of  order  2  or  3.  The  former  is  impossible  since  g  is  odd. 
If  g  =  (1  2  3),  H  contains  every  other  circular  permutation  of 
order  3  such  as  (!' 2'  3'),  and  is  therefore  the  alternating  group 
(§  13).  For  G  contains  one  or  other  of  the  two  permutations 

/1234...m\        ,  _/1234...m\ 
=  ll'2'3'4'...m'J  °r  '    H2'l'3'4'...m'>J' 
since  ba~l  =  (1  2)  is  odd.     Hence  (1'2'3')  =  a~lga  =  b~lg*b 
is  in  H,  since  H  is  normal  in  G. 

§  15.  The  symmetric  group  of  degree  m  can  contain  no 
normal  subgroup  except  the  alternating  group  of  degree  m, 
m  =  4. 


If  m  —  4,  the  subgroup  of  order  4  normal  in  the  alternating 
group  is  also  normal  in  the  symmetric  group.  If  m  =£  4,  the 
proof  is  exactly  the  same  as  that  of  §  14.  We  have  only 
to  prove  in  addition  that  g  cannot  be  a  transposition.  If 
g  =  (1  2),  H  contains  every  other  transposition  such  as  (!'  2') 
in  the  m  symbols  and  is  therefore  the  symmetric  group ;  for 
H  contains  a~lga. 

Ex.  1.  A  function  /i  of  m  symbols  (m  >  4)  is  changed  into 
fi,  /2> /a?  •••  by  the  elements  of  the  symmetric  group  on  the  m 
symbols.  If  those  permutations  which  do  not  alter  /:  do  not 
alter/!,  /2,  /3.  ...,  they  form  the  alternating  or  symmetric  group. 

Ex.  2.  The  alternating  and  symmetric  groups  are  the  only 
groups  of  degree  m  and  order  >  (m—  1) !  (m^4). 

Ex.  3.  (i)  If  G  is  the  symmetric  group  of  degree  4  and  H  is 
its  normal  subgroup  of  order  4,  G/H  is  simply  isomorphic  with 
the  group  formed  by  the  substitutions  zf  =  x,  (1— x)~l,  (x—  l)-r-ar, 
x~\  x  -r  (x  —  1),  1—z.  (ii)  What  is  the  geometrical  interpretation 
of  this  result  ? 


HILTON    ».    O. 


CHAPTER  VII 
SUBSTITUTION-GEOUPS 

§  1.  A  GROUP  whose  elements  are  substitutions  on  m  given 
variables  is  called  a  substitution-group  G  of  degree  m.  If  the 
substitutions  are  homogeneous  and  linear  (III  4),  G  is  called 
a  homogeneous  linear  substitution-group.  If  the  substitu- 
tions are  fractional  and  linear  (III  9),  G  is  called  a  fractional 
linear  substitution-group.  We  shall  suppose  in  §§  1  to  8 
that  all  quantities  considered  (both  coefficients  and  variables) 
are  ordinary  real  or  complex  quantities  unless  the  contrary 
is  stated. 

Ex.  1.  (i)  A  permutation-group  is  a  particular  case  of  a  homo- 
geneous linear  substitution-group,  (ii)  Each  of  its  substitutions 
is  real  and  orthogonal. 

Ex.  2.  The  similarities  of  a  homogeneous  linear  group  form 
a  normal  Abelian  subgroup. 

Ex.  3.  The  determinant  of  every  substitution  of  a  finite  homo- 
geneous linear  group  is  a  root  of  unity. 

Ex.  4.  Those  substitutions  of  a  homogeneous  linear  group 
whose  determinant  is  a  power  of  a  form  a  normal  subgroup. 

Ex.  5.  (i)  The  '  group  of  subtraction  and  division  '  generated  by 
a/=  d—  x  and  #'=  b+x  is  of  finite  order  if  ir-f-^  is  rational, 
where  2  \/&  cos  (f>  =  d.  (ii)  If  b  and  d  are  rational,  the  group  is 
of  order  4,  6,  8,  12,  or  oo. 

§  2.  If  every  substitution  of  a  substitution-group  G  on  the 
m  variables  a^  ,  x2  ,  .  .  .  ,  xm  is  expressed  in  terms  of  new  variables 
#i»  2/2  »  ••••  2/m  (functions  of  x^,  x2,  ...,xm),  we  obtain  a  new 
substitution-group  G'  on  the  m  variables  ylt  y2,  ...,  ym.  If 
now  we  put  x^  for  yi  (i  —  1,  2,  ....  m)  in  the  substitutions 
of  6?',  every  substitution  of  G'  will  be  derived  from  the 
corresponding  substitution  of  G  by  transforming  by 

T  =  (yi>y*>  ••• 
(HI  3).     Hence  G'  becomes  T~l  GT. 


Ex.  Find  T~*GT  when  G  is  generated  by    ^= 
and  xf  =  1  -7-#,  and  T  is  xf  =  x—  1. 
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§  3.  Suppose  that  every  element  of  a  substitution-group  G 

on  the  variables  x^  ,  x.2  ,  .  .  .  ,  x.m  when  operating  on  any  function 

f(xltx.2,  ...,xm)  either  (i)  leaves  it  unaltered  for  all  values 

i  of  <c1}  x2,  ...,xm  or  (ii)  merely  multiplies  it  by  a  constant 

independent    of    #15  »2,  ...,  xm.      Then  /  (XT,  x.2,  ...,  xm)    is 

called  (i)  an  absolute  invariant  or  (ii)  a  relative  invariant 

i  of  G.    By  an  invariant  we  shall  mean  an  '  absolute  invariant  ' 

unless  the  contrary  is  stated. 

Every  finite  group  G  has  invariants.  For  if  the  n  sub- 
stitutions gi,g2,---,gn  of  G  change  the  function  /j  into 
/i  >  /2  .  •  •  •  »  fn  >  a-11?  symmetric  function  of  /x  ,  /2  ,  .  .  .  ,  /„  (e.  g. 
their  sum  or  product)  is  an  invariant  of  G.  In  fact  gr-  changes 
/^  into  /£,  where  g^g.-  =  g^  ;  so  that  each  substitution  of  G 
permutes  /15/2,  ...,/„. 


Ex.  1.  For  example;  x2y2  and  a^-f-y2  are  absolute  invariants, 
xy  and  xz—y2  are  relative  invariants  of  the  group  whose  elements 
are  (a;,  y),  (-y,  x),  (-x,  -y),  (y,  -x),  (x,  -y\  (y,  x),  (-x,  y), 
(—y,  —x). 

Ex.  2.  If  /(z1?  z2,  ...,  xm)  is  an  invariant  of  G,  /(*lf  $2»  •••  »  $m) 
is  an  invariant  of  T'1GT;  where  «/  =  $t-(a^,  a;2,  ...,  a;OT)  is  the 
substitution  T~l. 

Ex.  3.  An  expression  is  an  invariant  of  G  if  it  is  not  altered 
when  we  perform  on  it  every  one  of  a  sot  of  substitutions  which 
generate  G. 

Ex.  4.  Those  substitutions  of  a  group  which  leave  unaltered 
one  or  more  given  expressions  form  a  subgroup. 

Ex.  5.  (i)  If  a  homogeneous  linear  group  has  a  homogeneous 
algebraic  invariant  /  of  the  second  degree  with  non-zero  deter- 
minant, it  can  be  transformed  into  a  group  of  orthogonal 
substitutions,  (ii)  Illustrate  by  taking 


Ex.  6.  xl  +  x.2  +  x3+  ...  is  a  linear  invariant  of  any  permutation  - 
group  on  the  symbols  a:l5  x2,  x3,  .... 

Ex.  7.   The  sum  of  the  symbols  in  any  transitive  set  of  an 
intransitive  permutation-group  G  is  an  invariant  of  G. 

Ex.  8.   If  a  homogeneous  linear  group  G  has  xlx2..,xm  as  a 
relative  invariant,  every  substitution  of  G  is  monomial. 
Ex.  9.  x+y—z  is  an  invariant  of  the  group  generated  by 

(9,  —*,  —  *)  and  (*,  —e,  -y}. 

Ex.  10.  x—  y  +  z  is  a,  relative  invariant  of  the  group  generated 
by  (Sx-Sy  +  lz,  2x—3y  +  4:z,   —y  +  z)  and 

(-3^+4^-4^,  -2x  +  Sy-4:Z,  -z). 

Ex.  11.    xx  +  yy  is  an  invariant  of  the   group  generated   by 
(i)  (sin0  x—  cos0  y,  cost)  .r  +  sin0  y)  and   (y,  x),  (ii)  (iy,  ix)  and 
I  (iy,  -ix\  (iii)  (ix,  -iy)  and  (y,  x). 

H  2 
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Ex.  12.  xy(x*  — #4)  and  x*+y*±2</~ 3x2y2  are  relative  in- 
variants of  the  group  generated  by  (ix,  —iy)  and 

(1— i        1—i       —  1—i        1+i     \ 
-  -  j_    /y»  J-  _    at /Y    I  44      I 

2  2^2  2     y) 

§  4.  If  every  substitution  of  a  group  G  on  the  variables 
o^fcg,  ...,0^,  yl,y.2,...,yf,zl,z.2,...,zg,  ...  changes  a15;r2,  ...,o;a 
into  functions  of  xlt  x.2,  ...,  x6  only,  Cr  is  called  'reducible*. 
A  substitution-group  which  can  be  transformed  (by  a  suitable 
change  of  variables)  into  a  group  such  as  G  is  also  called 
reducible.  A  group  which  cannot  be  so  transformed  is  called 
irreducible. 

Suppose  that  (i)  every  substitution  of  the  group  G  changes 
«!,  aj2,  ...,  xe  into  functions  of  xlt  x2,  ...,  xe  only;  yltyt)  ...,yf 
into  functions  of  ylt  y2,  ...,  y*  only;  zlt  z2,  ...,  zg  into  func- 
tions of  zit  zz,  ...,  z  only;  and  so  on:  and  (ii)  that  G  is 
irreducible  when  considered  as  a  group  of  degree  e  affecting 
xlt  a?2,  ...,  xe  only,  and  as  a  group  of  degree  /  affecting 
3/1  >  2/2>  •••>  y/  °nly>  and  as  a  group  of  degree  gr  affecting 
zlt zz, ... ,  z  only,  &c.  Then  G  is  called  '  completely  reducible '. 
A  substitution-group  which  can  be  transformed  into  a  group 
such  as  G  is  also  called  completely  reducible. 

Ex.  1.  If  we  transform  by  (x— y  +  z,  y,  s)  the  group  G  generated 
by  (3#— 3«/  +  4#,  2x— 3^  +  4^,  —y  +  z)  and  (  —  3#  + 4^-40, 
—2  a; +  3^  — 4^,  —  ^),  we  get  the  group  6r'  generated  by  (x, 
2x—y+2s,  —y  +  z)  and  (  —  x,  —2x+y-2z,  —z).  Since  every 
substitution  of  G'  obviously  changes  x  into  a  function  of  x,  G' 
and  hence  G  is  reducible.  If  we  transform  Gr'  by  (x,  —x  +  y—0, 
x  +  0)  we  get  the  group  G"  generated  by  (x,  z,  —y}  and  (—x,y,  —z). 
Since  every  substitution  of  G"  evidently  changes  x  into  a  function 
of  x  and  y,  z  into  functions  of  y,  z  while  the  group  generated 
by  (z,  —y)  and  (y,  —z)  is  irreducible  (since  these  two  substitutions 
have  no  pole  in  common),  G"  is  completely  reducible.  Hence  G' 
and  G  are  completely  reducible. 

Ex.  2.  A  homogeneous  linear  group  whose  substitutions  have  a 
pole  in  common  is  reducible. 

Ex.  3.  Denoting  alxl  +  a2xz+  ...  +amxm  by/:  prove  that  (i)  a 
homogeneous  linear  group  G  with  ft  as  absolute  or  relative 
invariant  is  reducible ;  (ii)  if  the  substitutions  of  an  irreducible 
homogeneous  linear  group  H  change  f^  into  flt  f2,  ...,  fn, 

/1+/2+    .-    +/»  =  0. 

Ex.  4.  A  permutation-group  of  finite  degree  is  reducible. 
Ex.  6.  The  group  generated  by  (z,  x,  Jf)  and  (—  y,  —x,  —z)  is 
reducible. 
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§  5.  If  A,  B  are  any  two  homogeneous  linear  substitutions 
and  a,  ^3  are  their  determinants,  we  see  at  once  by  III  4  that 
a/9,  /3~l,  and  /3~1a/3  =  a  are  the  determinants  of  AB,  B~l,  and 
B~1AB  respectively.  Hence  if  G  is  any  homogeneous  linear 
substitution-group,  those  elements  of  G  whose  determinant 
=  1  form  a  normal  subgroup  T.  If  g,  h  are  two  elements 
of  G  with  the  same  determinant,  g~lh  is  in  T,  since  its  deter- 
minant =  1.  Hence  if  g1}  g2,  g3,  ...  are  substitutions  of  G 
such  that  no  two  have  the  same  determinant, 


It  is  at  once  proved  that  the  product  of  two  similarities 
is  a  similarity,  and  that  a  similarity  is  permutable  with  any 
other  substitution.  Therefore  the  similarities  of  G  form  a 
subgroup  M  contained  in  the  central  of  G. 

Let  a,  b  be  the  fractional  linear  substitutions  derived  from 
any  two  substitutions  A,  B  of  G  (HI  9).  Then  it  is  at  once 
proved  that  ab  is  the  fractional  substitution  derived  from  AB. 
Hence  the  fractional  substitutions  derived  from  each  element 
of  G  form  a  group  F  isomorphic  with  G.  The  identical 
element  of  F  may  obviously  be  derived  from  any  similarity 
of  G  but  from  no  other  element  of  G.  Therefore  to  1,  in  F 
corresponds  M  in  G,  so  that  F=  G/M. 

Ex.  1.  For  example,  in  the  group  G  of  order  8  generated  by 
(—  y,  x)  and  (x,  —y)  M  contains  (x,  y),  (—x,  —y\  and  F—  G/M 
is  the  group  generated  by  x'  =  —  1  -f-  x  and  x'  =  —  x. 

Ex.  2.  If  any  homogeneous  linear  substitutions  form  a  group, 
(i)  the  transposed  substitutions,  (ii)  the  conjugate  substitutions, 
form  simply  isomorphic  groups. 

Ex.  3.  The  monomial  substitutions  of  a  group  G  form  a  sub- 
group H,  the  multiplications  of  G  form  a  subgroup  K  of  H,  and 
the  similarities  of  G  form  a  subgroup  of  K. 

Ex.  4.  (i)  The  real  substitutions  of  a  group  G  form  a  subgroup 
H,  the  orthogonal  substitutions  of  G  form  a  subgroup  K,  and  the 
unitary  substitutions  of  G  form  a  subgroup  L.  (ii)  The  G.  C.  S.  of 
K  and  L  =  the  G.  C.  S.  of  L  and  H  =  the  G.  C.  S.  of  H  and  K. 

Ex  5.  The  substitutions  of  G  with  a  given  pole  or  poles  form 
a  subgroup. 

Ex.  6.  A  homogeneous  linear  group  of  degree  m  is  simply 
isomorphic  with  a  group  of  real  substitutions  of  degree  2m. 

Ex.  7.  The  totality  of  all  substitutions  of  the  type  (ax+cy, 
~cx  +  ay),  where  da—  cc  =•  1,  form  a  group. 

Ex.  8.  A  set  of  substitutions  of  the  type  xf  =  (ax  +  6)  ~r-  (cx+  d) 
with  a  pole  in  common  ^orm  a  -finite  group.  Prove  that  (i)  they 
have  a  second  pole  in  common,  (ii)  the  group  is  cyclic. 
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Ex.  9.  Prove  the  following  properties  of  the  infinite  '  modular  ' 

ax  "^  & 

group  G  formed  of  all  substitutions  such  as  xf  =  —      -  where   a. 

cx  +  d 

b,  c,  d  are  integers  and  ad  —  bc=  1.  (i)  No  substitution  of  G  is 
loxodromic  ;  (ii)  every  substitution  of  Gr  is  of  order  1,  2,  3,  or  oo, 
(iii)  the  substitutions  for  which  a=  d  =  l,  &  =  c=0  (mod  n) 
form  a  normal  subgroup. 

§  6.  Every  finite  homogeneous  linear  group  G  has  a  positive 
Hermitian  form  as  an  invariant. 

Let  /j  be  any  positive  Hermitian  form 

(e.  g.  #!«!  +  xzxz  +  a?3«3  +  .  .  .  ), 

and  suppose  that  /x  is  changed  into  fly  /2,  ...,/„  by  the 
substitutions  of  G.  By  III  5  /1}/2,  •••>/«  are  Hermitian 
forms,  and  since  /x  is  always  positive  for  all  values  of  the 
variables  (not  all  zero)  so  are  /2,  /3,  ...,/n.  Then 

/!+/«+...+/, 

is  evidently  a  positive  Hermitian  form  and  is  an  invariant  of  G. 

Ex.  1.  In  the  group  G  =  1  +  a  +  a2  +  a3  +  &  +  &a  +  &a2  +  6a3  where 
a  =  (—  x  +  2y,  —x+y),  6  =  (x—  2y,  —y)  take  /J  =  xx+yy.    Then 


__ 

/5  =/7  =  a»+6yf  —  2a?y—  2%,  /6  =/8  = 
so  that  A+/2+  •••  +/8  =  12(xx  +  2yy—  xy—  xy\ 

Hence  xx  +  Zyy—xy  —  xy  is  a  positive  Hermitian  invariant  of  G. 

Ex.  2.  Find  a  positive  Hermitian  invariant  of  the  groups  of 
orders  4,  8,  12  generated  respectively  by  (i)  (  —  x,  —y)  and 
(  —  2x—  (o>  —  1)#,  (co2  —  1)#  +  2#),  where  co3  =  1  ;  (ii)  (ir  +  (l  —  i)y, 
—iy)  and  (^,  (1  —  i)x—  y)  where  i2  =  1  ;  (iii)  (y,  e,  x)  and 
(^c,  -y,  -4 

Ex.  3.  Every  finite  homogeneous  group  can  be  transformed 
into  a  group  of  unitary  substitutions. 

Ex.  4.  (i)  A  homogeneous  group  of  degree  m  with  the  invariant 
xlxl  +  x2x2+  ...  +xsxs  is  reducible  if  s  <  m.  (ii)  A  group  with 
a  hypohermitian  invariant  is  reducible. 

Ex.  5.  If  an  irreducible  group  G  has  two  positive  Hermitian 
invariants  /  and  f,  their  ratio  is  a  constant. 

§  7.  Any  finite  homogeneous  linear  substitution-group  G 
is  either  irreducible  or  completely  reducible. 

If  G  is  reducible,  it  may  be  transformed  by  a  suitable 
choice  of  variables  xl,  x2,  ...,  xk,  ylt  y2,  ...,  yi  so  that  any 
substitution  g  of  G  is  of  the  form 
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(8=1,2,...,*;  1  =  1,2,...,  I). 
Let  then 

H  =  2  p^s,  +  2  qef  yeyf+  2  [ruvxuyv  +  r^^ajj, 
(i,  ;,  it  =  1,  2,  ....  A;;  e,/,  w  =  1,  2,  ...,  I), 

be  a  positive  Hermitian  invariant  of  G. 

Now  express  G  in  terms  of  a^,  #2,  ...,£&,  zltz2,  ...,  ztt 
where  y0  =  z?  +  valx^  +  va2a:2  +  .  ..  +  Vak  xk(a  -  1,  2,  .  ..  ,  I),  and 
the  W  quantities  v  are  chosen  so  that 


This  is  always  possible  ;  for  by  III  5  the  determinant 


since  H  is  positive. 
Then  H  takes  the  form 
2V+2[(< 


Now  express  2jfo'z^  in  the  canonical  form  2  X^ 

XjjXg,  ...,Xfc  are    linear    functions   of  xl,  xz,  ... 
express  2qefZeZj  in  the  canonical  form  2ZeZe. 
Suppose  that  when  g  is  expressed  in  terms  of 

X^  ...,  Xk,  Zlt  ...,  Zl 
it  takes  the  form 


t-  (where 
«      and 


Then  if  we  perform  this  substitution  on  H  =  2  ^ 
the  coefficient  of  XUZV  in  JT  becomes 


This  must  vanish  for  v  =  1,  2,  ...,  I,  since  IT  is  not  altered 
by  the  substitution  g.     But  the  determinant 


=£0, 


-Zl 
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since  the  determinant  of  g  =£  0.    Hence 

Yiu  =  :y*u=  —=yiH  —  Q' 

This  holds    for  each  value  of  u,  and  therefore  every  sub- 
stitution of  G  is  of  the  type 


If  0  is  irreducible  considered  as  a  group  affecting  X^  X2, 
.  .  .  ,  X%  and  as  a  group  affecting  Z^  ,  Z2  ,  .  .  .  ,  Zt  ,  the  theorem 
is  proved.  If  not,  the  process  can  be  repeated  until  G  is 
transformed  into  a  completely  reducible  group. 

Ex.  1.  Any  '  Hermitian  group  '  (i.  e.  a  finite  or  infinite  group 
with  a  positive  Hermitian  invariant)  is  irreducible  or  completely 
reducible. 

Ex.  2.  A  finite  reducible  group  of  degree  2  is  Abelian. 

Ex.  3.  A  permutation-group  is  completely  reducible. 

Ex.  4.  A  finite  reducible  group  of  degree  3  has  a  relative  linear 
invariant. 

Ex.  5.  The  completely  reducible  group  of  §  4  can  be  transformed 
so  that  every  positive  Hermitian  invariant  is  of  the  form 
a  (&!*!+  ...  +xexe)  +  ft(y1yl+  ...  +y/j?/)+y(*i*i  +  •-  +*gzg)+  -i 
where  a,  /?,  y,  ...  are  real  positive  constants. 


§  8.  -4  finite  Abelian  homogeneous  linear  substitution- 
group  G  can  be  transformed  into  a  group  each  of  whose 
substitutions  is  a  'multiplication. 

If  all  the  roots  of  the  characteristic  equation  of  an  element 
A  of  G  are  equal,  A  is  a  similarity.  For  find  a  substitution  T 
such  that  T~1AT  =  a  multiplication  M  (III  8).  Now  M  is 
a  similarity,  since  the  roots  of  its  characteristic  equation  are 
all  equal.  Therefore  A  -  TMT~l  -  M.  Hence  if  each 
element  of  G  is  such  that  all  the  roots  of  its  characteristic 
equation  are  equal,  every  element  of  G  is  a  similarity. 

Now  suppose  A  is  an  element  of  G  whose  characteristic 
equation  has  not  all  its  roots  equal.  Transform  the  group  G 
(of  degree  m,  say)  into  a  group  G  so  that  A  becomes  a  multipli- 
cation M=(u>iXly  o)2a;2,  ...,  o>mxm).  Suppose  0^  =  a>2=  ...  =  a>r> 
but  coj  3=  ft>r+i,  G>r+2>  •••>  wn»  (tne  reasoning  is  general).  Now 
if  M  is  permutable  with 


•  •  •  +  ° 


VII 9]      GENERAL  HOMOGENEOUS  GROUPS          105 

as  is  evident  on  comparing  MB  and  BM.  Hence  &,-.•  =  0 
if  <o,-  3=  <Dj .  Therefore  every  element  of  G'  changes  a^,  x%  , . . . ,  #r 
into  functions  of  xlt  xz,  ...,  xr  only  and  changes  xr+l,  £Cr+8, 
...,  xm  into  functions  of  xr+l,  a?r+?,  ...,«,„  only. 

Now  if  we  consider  the  effect  of  the  elements  of  G'  on  the 
variables  a^, a;2, ... , xr  only,  G'  reduces  to  an  Abelian  group  Hl 
of  degree  r.  Similarly  if  we  consider  the  effect  of  the  elements 
of  G'  on  the  variables  xr+l,  xr+2,  ...,xm  only,  G'  reduces  to  an 
Abelian  group  H.2  of  degree  m—r.  Now  assume  the  theorem 
true  for  every  Abelian  group  of  degree  <  m.  Then  by  the 
assumption  we  can  find  linear  functions  yi,yz,  ...,  yr  of 
o^a-g,  ...,xr  and  functions  yr+1,  yr+2, ...,  ynof  xr+l,  xr+z, ..., 
«TO  such  that  when  Hl  is  expressed  in  terms  of  yl ,  y2 , . . . ,  yr  every 
element  of  Hl  is  a  multiplication;  and  similarly  for  B2. 
Hence  G'  may  be  expressed  in  terms  of  yl ,  yz ,  . . . ,  ym  so  that 
every  element  of  G'  is  a  multiplication.  Then  the  theorem 
follows  by  induction, 

Ex.  1.  A  homogeneous  irreducible  Abelian  group  is  of  degree  1. 

Ex.  2.  An  Abelian  group  of  degree  m  has  m  distinct  positive 
Hennitian  invariants  ;  and  conversely. 

Ex.  8.  The  central  of  a  homogeneous  irreducible  group  consists 
solely  of  its  similarities. 

Ex.  4.  Transform  the  Abelian  group  of  order  8  generated  by 
(19a?-12y-24xr,  Wx-7y-l2z,  10x-Gy-13e}, 
(2ox-18y-3Qz,  8x-oy-10z,  16x-12y 
and  (5z-6y— 6z,   —2x+y  +  2z,  6x—6y—7z) 

into  a  group  of  multiplications. 


§  9.  We  now  consider  the  case  of  a  group  of  homogeneous 
linear  substitutions  whose  coefficients  and  variables  are  marks 
of  a  GF[pr~\.  The  totality  of  all  possible  homogeneous  linear 
substitutions  (of  non-zero  determinant)  on  m  given  variables 
X-L,  #2,  ...,  xm  in  a  GF[pr]  evidently  forms  a  group  G.  It 
is  called  the  general  homogeneous  linear  substitution-group 
in  the  Field  and  is  of  order 

nNr  =  (pmr-l)  (pmr-pr)(pmr-p*r)  ...  (fpr-tf^VT). 

For  the  substitutions  of  G  leaving  x^  unchanged  form 
a  subgroup  H  of  order  p(m-W  x  m-^Nr.  In  fact 


is  such  a  substitution  when  a    =  1  and 


n 
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while  each  of  the  coefficients  «21,  «31,  ...,  aml  is  any  one  of 
the  pr  marks  of  the  Field  and  ai2,  aiz,  ...,  aim  (i  —  2,  3,  ...,  m) 
are  marks  subject  solely  to  the  condition  that  their  deter- 
minant ^  0. 

Now  if  g,  h  are  two  substitutions  changing  o^  into  the  same 
linear  function  b^x^  +  blzxz  +  .  .  .  +  blmxm,  gh~l  is  in  H.  Hence 
G  =  Hg1  +  Hgz  +  .  .  .  +  Hg^  ,  where  </15  gz,  ...,#£  are  substitu- 
tions each  replacing  a^  by  a  different  linear  function.  Now 
k  —  pmr  —  l,  for  6n,  612,  ...,  blm  may  be  chosen  arbitrarily  in 
the  Field  provided  they  are  not  all  =  0.  Therefore 


and  the  required  result  follows  at  once  by  induction. 

Ex.  1.  The  general  linear  group  may  be  considered  as  a 
permutation-group  on  prm  symbols. 

Ex.  2.  We  denote  by  P,  Q,  R  the  groups  formed  respectively  by 
all  substitutions  of  the  types  x'  =  x+b,  x'  =  ax  +  b  (a  ^  0), 

CL(f  *\    "h 

x'  —  —   —  (ad—  be  ^  0),  where  x,  a,  b,  c,  d  are  marks  of  a  GF[pr], 
CX~T  d 

Prove  that  (i)  P  may  be  considered  as  a  simply  transitive 
permutation-group  of  degree  pr  and  order  pr  ;  (ii)  Q  may  be 
considered  as  a  doubly  transitive  group  of  degree  pr  and  order 
pr(pr—l);  (iii)  R  may  be  considered  as  a  triply  transitive  group 
of  degree  pr+  1  and  order  pr(p2r—  1)  ;  (iv)  every  substitution  of 
R  is  equivalent  to  a  substitution  with  determinant  1  or  v,  where 
v  is  any  given  not-square  of  the  Field  ;  the  substitutions  with 
determinant  1  forming  a  normal  subgroup  of  index  ^[3  —  (  —  1)P]  ; 
(v)  Q  is  the  normaliser  of  P  in  R  ;  (vi)  Q/P  is  cyclic  ;  (vii)  Q 
contains  a  cyclic  subgroup  of  order  pr—  1  consisting  of  the 
substitutions  x'  =  ax  +  u(l—  a)  where  u  is  a  given  mark  of  the 
Field  ;  (viii)  by  varying  u  we  get  a  set  of  pr  conjugate  subgroups 
of  Q  ;  (ix)  every  element  of  Q  is  in  P  or  in  one  of  these  conjugate 
subgroups. 

Ex.  3.  The  totality  of  all  substitutions  of  the  type 

x'  —  (a#  +  b)  -r-(b#  +  a)  where  aa  —  bb  =  1 
(III  1110)  form  a  group. 

Ex.  4.  In  the  substitutions    tf  =  -  £    each  coefficient  is  of 

yx  +  o 

the  form  u  +  vS,  where  M,  v  are  marks  of  a  GF[p],  and  S  is  a 
symbol  not  in  the  Field  defined  by  S2  =  1  and  combining  with 
the  marks  of  the  Field  under  the  ordinary  laws  of  addition,  &c. 
Prove  that  the  totality  of  substitutions  for  which  a8—  j3y  =  1  and 
(i)  a  =  a,  ft  =  b,  y  =  c,  b  =  d  (a,  b,  c,  d  being  marks  of  the  Field), 
(ii)  a  =  l  +  a(l  +  S),  p=b(l  +  S),  y  =  c(l  +  S),  b=l  +  d(l 
(iii)  a  =  l  +  a(l-S),  p  =  b(l-S),  y  =  c(l-S),  8=  l  +  d( 
form  groups  K,  H^  H2.  Every  substitution  of  Hl  is  permu  table 
with  every  substitution  of  H2  and  H^=.H^  —  K. 
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§  10.  The  remarks  of  §  5  evidently  apply  to  homogeneous 
substitution-groups  whose  coefficients  and  variables  are  marks 
of  a  GF[pr]. 

Let  G  be  the  general  homogeneous  linear  group  of  degree  m, 
and  let  u  be  a  primitive  root  of  the  Field.  Then  if  g  is 
(ua^a^,^,. ..,zj,  g*=(«fa^ab,/fc,...,<tJ  **  a  substitution 
of  G  with  determinant  u*.  But  u'  can  be  any  non-zero  mark 
of  the  Field ;  and  hence  G  =  Tg  +  Tg2  + . . .  +  TgPr~\  There- 
fore G/T  is  cyclic  of  order pr—l. 

Again,  if  s  =  (ua^,  uxt,  ...,  uxm),  every  similarity  of  G  is 
of  the  type  ^  =  (u*^,  u*a;2,  ...,  ulxm}.  Therefore  M  is  cyclic 
of  order  pr  —  l. 

The  greatest  common  subgroup  D  of  T  and  M  is  of  order  d, 
where  d  is  the  H.C.F.  of  pr  —  1  and  m.  For  tf  is  in  T  if  and 
only  if  utm  =  1,  Le.  £m  =  0  (mod  pr — 1) ;  and  the  smallest 
value  off  satisfying  this  congruence  is  (jf—  l)-r-c£. 

The  fractional  linear  group  A  of  degree  771  —  1  derived  from 
T  =  r/D  and  is  therefore  of  order  m2fr  -J-  (pr—l)d.  It  may 
be  shown  that  A  is  simple  unless  m  =  2  and  jf  =  2  or  3 
(i.  e.  p  =  2  or  3  and  r  —  1).  For  the  proof  of  this  result,  and 
for  a  discussion  of  other  simple  groups  derived  from  subgroups 
of  the  general  homogeneous  linear  group  with  given  invariants, 
we  must  refer  the  reader  to  Dickson's  Linear  Groups  (Teubner, 
1901). 

Ex.  1.  Show  that  the  centrals  of  G  and  F  consist  solely  of  their 
similarities. 

Ex.  2.  Show  that  there  are  simple  groups  of  orders  60,  168, 
504,  660,  1092,  2448,  3420,  4080,  5616. 

Ex.  3.  A  is  of  even  order.* 

Ex.  4.  Those  substitutions  of  Gf,  F,  A  whose  coefficients  are 
integral  marks  form  a  subgroup. 

Ex.  5.  When  in  =  2  and  r  =  1  every  element  of  A  is  included 
once  and  only  once  among  S*TS"TS'  and  TS'TS'TS*  (A,  v, 
T=  1,2,  ...,p;  fr<r  =  1,2,  ...,i(p—  1);  (XT  =  1  (mod p))  ;  where 
Siax'  =  x+l  and  Tis  si  —  -1+x. 

Ex.  6.  Show  that  A  can  be  generated  by  three  substitutions  of 
order  2  when  m=2,  r=l,  j>>3. 

Ex.  7.  If  m  =  2  and  ff  =  2,  G  contains  a  normal  subgroup 
of  order  3  generated  by  (y,  x+y) ;  and  G  EE  F  =  A. 

Ex.  8.  Ifm  =  2and|)r  =  3,  while  A,  B,  C,  D,  E  denote 
respectively  (2x,  x+y),  (y,  2x+y),  (2y,  x\  (x+y,  x  +  2y\  (2x,  2y), 
show  that  {E},  {D,  E},  {C,  D,  E},  F  =  {B,  C,  D,  E},  G  =  [A, 
B,  C,  D,  E}  are  of  orders  2,  4,  8,  24,  48  and  that  each  is  normal 
in  its  successor. 

*  No  simple  non-cyclic  group  of  odd  order  has  yet  been  discovered. 


CHAPTEE  VIII 

GEOUPS  OF  MOVEMENTS 

§  1.  WE  shall  consider  in  this  chapter  groups  whose  elements 
are  geometrical  '  movements '  of  the  kind  discussed  in  Ch.  IV. 
Such  a  group  is  called  a  group  of  movements.  If  each  move- 
ment of  the  group  leaves  a  given  point  0  unmoved  the  group 
is  called  a  point-group. 

Ex.  1.  A  point-group  can  only  contain  rotations  about  lines 
through  0  and  rotatory-inversions  about  0  and  lines  through  0. 

Ex.  2.  Every  finite  group  of  movements  is  a  point-group. 

Ex.  3.  If  a  group  contains  a  rotation  through  2?r  -i-m  (m  integral) 
about  a  line  I  and  a  reflexion  in  a  plane  through  I,  it  contains 
reflexions  in  m  planes  through  I. 

Ex.  4.  If  a  point-group  contains  a  rotation  through  2  TT  -f-  m 
about  I  and  a  rotation  through  TT  about  a  line  perpendicular  to  I,  it 
contains  rotations  through  TT  about  m  lines  perpendicular  to  I. 

Ex.  5.  If  a  point-group  contains  rotations  through  \-n  about  two 
perpendicular  lines,  it  contains  a  rotation  through  %  TT  about  a  line 
making  an  angle  tan~1\/2  with  each. 

Ex.  6.  If  a  point -group  contains  rotations  through  f  TT  about  two 
lines  inclined  at  an  angle  cos"1  J,  it  contains  a  rotation  through  TT 
about  a  line  making  an  angle  tan-1\/2  with  each. 

Ex.  7.  If  a  point-group  contains  rotations  through  fir  about  two 
lines  inclined  at  an  angle  tan"1 2,  it  contains  a  rotation  through 
f  77  about  another  line. 

§  2.  If  G  is  any  group  of  movements  containing  rotatory- 
inversions,  the  scretus  of  G  form  a  normal  subgroup  which  is 
of  index  2  when  G  is  finite. 

We  include  rotations  and  translations  as  particular  cases 
of  'screws',  and  reflexions,  inversions,  gliding-reflexions  as 
particular  cases  of  '  rotatory-inversions '  unless  the  contrary 
is  stated. 

By  IV  6  the  product  of  two  screws  is  a  screw.  Hence  the 
screws  form  a  subgroup  H.  Also  the  transform  of  a  screw 
is  a  screw  (IV  9),  so  that  H  is  normal  in  G. 
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Let  J  be  a  given  rotatory-inversion  of  G,  and  let  /  be  any 
other  rotatory-inversion  of  G.  Then  IJ~l  being  a  screw,  is 
in  H]  so  that  1  is  in  HJ.  Hence  G  =  H+HJ;  and  H  is  of 
index  2  if  G  is  finite. 

§  3.  If  any  point,  line,  &c.  P  is  brought  to  the  positions 
P,  P1,  P2,  ...  by  the  movements  of  a  group  G-,  P,  Pj,  P2,  ... 
are  said  to  form  an  equivalent  system,  of  points,  lines,  &c. 
under  G. 

If  G  contains  a  screw  S  about  a  line  I,  G  contains  a  similar 
screw  (one  of  equal  angle  and  translation)  about  every  line 
equivalent  to  I ;  since  G  contains  the  transform  of  S  by  each 
movement  of  G  (IV  9).  These  similar  screws  are  the  elements 
conjugate  to  S  in  G.  A  like  result  holds  for  the  rotatory- 
inversions  of  G. 

Ex.  1.  Points  equivalent  under  a  point-group  lie  on  a  sphere. 

Ex.  2.  If  G  is  of  finite  order  n,  the  number  of  points,  lines,  &c. 
in  an  equivalent  system  is  in  general  n. 

Ex.  3.  (i)  If  G  contains  a  rotation  through  2ir-f-w  about  a 
line  OP,  but  no  rotatory-inversion,  there  are  n-rw  points 
equivalent  to  P.  (ii)  If  G  contains  a  reflexion  in  a  plane  through 
OP  there  are  n-r-2m  points  equivalent  to  P. 

Ex.  4.  Every  movement  of  G  permutes  P,  Pl1  P.2,  ....  These 
permutations  of  P,  Px,  P2,  ...  form  a  permutation-group  isomorphic 
with  G. 

Ex.  5.  Use  Ex.  4  to  prove  the  result  of  VI 2  for  a  point-group. 

Ex.  6.  A  normal  subgroup  H  of  any  group  of  movements  G 
contains  a  screw  about  a  line  L  Show  that  H  contains  a  similar 
screw  about  every  line  equivalent  to  2  under  G ;  and  that  a  like 
result  holds  for  rotatory-inversions. 

Ex.  7.  If  a  group  contains  a  screw  of  angle  ^ir  about  a  line  I 
and  a  reflexion  in  a  plane  through  I,  it  contains  reflexions  in  two 
other  planes  through  I. 

Ex.  8.  If  a  group  contains  a  screw  of  angle  f  -n  about  a  line  I 
and  a  translation  perpendicular  to  I,  it  contains  three  independent 
translations. 

§  4.  The  translations  of  any  group  G  of  geometrical  move- 
ments form  a  normal  subgroup  H,  and  G/H  is  simply 
isomorphic  with  a  point-group. 

Since  the  product  of  any  two  translations  is  a  translation, 
the  translations  of  G  form  a  subgroup  H,  and  since  the 
transform  of  a  translation  by  any  movement  is  a  translation 
(IV  9),  H  is  normal  in  G. 
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If  $1?  $2,  ...  are  any  screws  of  G,  and  R^,  Rz,  ...  are 
rotations  through  equal  angles  about  parallel  lines  through 
a  fixed  point  0,  we  can  find  translations  Tlt  T2,  ...  such  that 
$!  =  R^T^  $2  =  RZT^  ....  Moreover  we  can  find  a  transla- 
tion T  such  that  S{  Sj  =  RtR. .  T  (IV  96 , 7 , 8 , 9). 

Similarly  if  Jlt  J2,  ...  are  any  rotatory-inversions  of  G, 
and  Jj,  72,  ...  are  rotatory-inversions  through  equal  angles 
about  0  and  parallel  lines  through  0,  we  can  find  translations 
£j,  £2,  ...  such  that  Jl  =  I1t1)  «72  =  72£2,  ....  Moreover  we 
can  find  a  translation  t  such  that  J^  Jj  =  Ii  I: ,  t,  or  such  that 
StJj^Rtlj.t,  or  JiSj^IiRj.t. 

Hence  the  group  G  is  multiply  isomorphic  with  the  point- 
group  T  consisting  of  the  movements  Rl}  R2,  ...,  /t,  72,  .... 
To  identity  in  T  corresponds  every  translation  of  G,  so  that 
T  =  G/H. 

A  group  (such  as  H)  each  of  whose  elements  is  a  translation 
is  called  a  translation-group. 

Ex.  1.  H  is  infinite  unless  H  EE  1. 

Ex.  2.  The  group  generated  by  rotations  through  IT  about  two 
perpendicular  non-intersecting  lines  is  isomorphic  with  the  point- 
group  of  V3n(ii),  the  subgroup  H  being  generated  by  a  single 
translation. 


§  5.  We  proceed  now  to  find  all  possible  types  of  finite 
point-group  leaving  a  given  point  0  unmoved.  Every  element 
of  such  a  group  G  is  a  rotation  about  a  line  through  0  or 
a  rotatory-inversion  about  0  and  a  line  through  0.  Let  R  be 
any  rotation  about  a  line  Z  through  a  positive  angle  a  con- 
tained in  the  group,  and  suppose  that  the  group  contains 
no  rotation  about  I  through  a  positive  angle  <  a.  Then 

2ir 
a  =  —  where   n  is  integral.      For  if   (n  + 1)  a  >  2  ir  >  n  a, 

a  rotation  through  STT— na  about  I  is  a  movement  of  the 
group,  so  that  2  -n  =  na.  Similarly  if  /  is  a  rotatory-inver- 
sion through  a  about  0  and  /,  and  the  group  contains  no 
rotatory-inversion  about  0  and  I  through  an  angle  <  a, 

a  =  -—  5  where  n  is  integral.  We  shall  speak  of  R  or  7  as 
an  '  7i-al '  rotation  or  rotatory-inversion  of  G. 

Ex.  1.  A  1-al  rotatory-inversion  is  equivalent  to  inversion 
about  0. 
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Ex.  2.  A  2-al  rotatory-inversion  about  I  is  equivalent  to  reflexion 
in  a  plane  through  0  perpendicular  to  L 

Ex.  3.  Find  the  orders  of  E  and  7. 

Ex.  4.  If  a  group  G  of  order  N  contains  an  n-al  rotation  or 
rotatory-inversion,  N-^-n  is  integral. 

Ex.  5.  If  a  group  contains  an  n-al  rotatory  -inversion,  it  contains 

an  j  (3—  (—  iy*}-al  rotation  about  the  same  line. 

§  6.  We  first  consider  a  'holoaxial'  point-group  G  of 
order  n  containing  only  rotations  about  lines  through  a 
point  0. 

If  G  contains  2-al  rotations  about  uz  different  lines,  3-al 
rotations  about  u3  different  lines,  ..., 


For  any  point  P  is  brought  to  coincide  with  (m  —  1)  other 
equivalent  points  by  'successive  rotations  through  2  TT  -J-  m 
about  any  one  of  the  um  lines  round  which  an  ra-al  rotation 
of  G  takes  place.  We  thus  get  u2  +  2u3  +  3u4+  ...  points 
equivalent  to  P.  Also  since  G  contains  only  rotations,  all 
the  points  equivalent  to  P  are  thus  obtained  except  P  itself. 
But  in  general  there  are  n  points  equivalent  to  and  in- 
cluding P. 

Ex.  If  a  group  G  of  order  n  contains  2-al  rotations  about  u.2 
lines,    3-al  rotations  about  u%  lines,  ...  and  rotatory  -inversions, 


§  7.  Let  now  G  contain  a-al,  6-al,  c-al,  ...(a>6>c>  ...) 
rotations  about  lines  OA,  OB,  0(7,...  no  two  of  which  are 
equivalent  under  G.  We  suppose  these  lines  only  drawn  in 
one  direction  from  0.  The  prolongation  OA'  of  0  A  is  in- 
cluded among  OB,  OC,  ...  if  and  only  if  the  two  ends  of  the 
line  A'O  A  are  not  equivalent,  which  is  the  case  if  G  contains 
no  rotation  (through  IT  about  a  line  perpendicular  to  OA) 
bringing  0  A  to  coincide  with  OA'.  If  t  is  any  line  through  0, 
there  are  in  general  n  lines  equivalent  to  t  ;  but  if  t  coincides 
with  OA,  these  lines  coincide  in  sets  of  a.  Hence  there  are 
7i  -?-  a  lines  equivalent  to  (and  including)  OA',  and  G  con- 
tains a-al  rotations  about  each.  A  similar  result  holds  for 
OB,  OC,  —  Therefore  G  contains  a-al  rotations  about  71-7-0- 
equivalent  lines,  6-al  rotations  about  n  -f-  b  equivalent  lines, 
and  so  on.  These  lines  are  the  u2  +  u3  +  u±+  ...  lines  of  §  6 
reckoned  twice  over.  Thus,  for  instance,  the  line  A'O  A  is 


^.^U/t  &1 

112  HOLOAXIAL  POINT-GROUPS  [VIII 7 

reckoned  once  as  0 A  and  once  as  0 A' .     Hence 

L)  =  -(a— 1)  +  ^(&_l)  +  -fc—l)  +  ... 

QJ  0  C 


The  term  inside  each  bracket  of  this  equation  is  <  1  but  >  \. 
Hence  there  are  on  the  right-hand  side  not  more  than  three 
brackets  or  less  than  two. 


0 


Fig.  11. 

The  diagram  shows  the  lines  about  which  the  2-al  rotations  of  D4  take 
place.  The  4-al  rotation  of  D4  takes  place  about  a  line  through  0  perpen- 
dicular to  the  plane  of  the  diagram. 

211 

(i)  If  there  are  two  brackets,  we  have  —  =  -  +  T  •     But 
n          n  nab 

-  and  -r  are  integral ;  hence  a  =  b  =  n.    Then  OB  is  OA't 
a          o 
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and  G  is  a  cyclic  group  (Ca)  formed  by  rotations  about  a 
single  line. 

2111 

(ii)  If  there  are  three  brackets,  we  have  1  H —  =-  +  TH —  - 

n      a      b      c 

Then  c  =  2  ;  for  otherwise  n  would  be  negative,  since  a  >  b  >  c. 

1211 

Hence  -  H —  =-  +  T-      If  b  also   =  2,  we  have   2a  =  n, 
2      n      a      b 

b  =  c  =  2.  Then  OA'  is  equivalent  to  OA,  and  G  is  the 
dihedral  group  (Da)  formed  by  rotations  through  multiples 
of  2r  -r  a  about  J/0-A  and  rotations  through  ir  about  a  lines 
perpendicular  to  0  A  each  making  angles  ir  -7-  a  with  its 
neighbours  (Fig.  11). 

The  group  D  ( =  D2)  formed  by  rotations  through  TT  about 
three  mutually  perpendicular  intersecting  lines  is  called  the 
*  Quadratic '  group  (Vierergruppe). 

(iii)  If  c  =  2  and  b  >  2,  b  =  3  ;  for  otherwise  -  +  r  <  ^  " 

112  a 

Then  -  =  -  H —  >  so  that  a  <  5. 
a      o      n 

We  can  have  n  —  12,  a  =  b  =  3,  c  —  2.  Then  G  contains 
rotations  through  f  TT  about  -  ( — I-  -j-  j  =  4  lines.  Each  such 

£  \  Of         O/ 

rotation  brings  the  system  of  four  lines  to  self-coincidence  (§  3). 
This  is  evidently  possible  only  if  the  four  lines  lie  along  the 
diagonals  of  a  cube.  By  IV  2  G  also  contains  rotations 
through  -  about  three  lines  perpendicular  to  the  faces  of  the 
cube.  We  call  G  in  this  case  the  tetrahedral  group  (T). 

(iv)  Again,  we  can  have  n  =  24,  a  =  4,  b  =  3,  c  =  2.  Then 
as  before  G  contains  rotations  through  fir  about  four  lines 
lying  along  the  diagonals  of  a  cube.  It  contains  also  rotations 
through  \-x  about  the  perpendiculars  to  the  cube-faces  and 
rotations  through  IT  about  the  lines  joining  the  middle  points 
of  opposite  edges.  We  call  G  in  this  case  the  octahedral 
group  (O). 

(v)  Again,  we  can  have  n  =  60,  a  =  5,  b  =  3,  c  =  2.     Then 

1     71 

G  contains  rotations  through  fir  about  - .  —  =  6  lines.     Each 

<&    a 

such  rotation  brings  the  system  of  six  lines  to  self-coincidence, 
and  hence  the  six  lines  lie  along  the  diagonals  of  a  regular 
icosahedron.  By  IV  2  G  contains  rotations  through  3  ~  about 
the  ten  perpenoUculars  to  the  faces  of  the  icosahedron,  and 
rotations  through  TT  about  the  fifteen  lines  joining  the  middle 
points  of  opposite  edges.  We  call  G  in  this  case  the  icosa- 
hedral  group  (B). 

HJLTOX  T.  B.  I 
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Ex.  1.  Find  the  groups  formed  by  the  rotations  bringing  to 
self-coincidence  (i)  a  right  regular  hexagonal  pyramid,  (ii)  a  right 
regular  hexagonal  bipyramid,  (iii)  a  rectangular  parallelepiped  on, 
(iv)  an  ellipsoid,  (v)  a  cube,  (vi)  a  regular  tetrahedron,  (vii)  octa- 
hedron, (viii)  dodecahedron,  (ix)  icosahedron. 

Ex.  2.  CL  and  D  are  Abelian. 

Ex.  3.  (i)  Ca  is  a  normal  subgroup  of  Dft,  Da  of  Da  (a  even), 

"2 
T  of  O,  D  of  T  and  O.     (ii)  £  is  simple,     (iii)  O/D  =  D3. 

Ex.  4.  Da  contains  1  or  3  conjugate  sets  of  elements  of  order  2 
as  a  is  odd  or  even. 

Ex.  5.  If  2  is  a  factor  of  a,  Da  contains  q  subgroups  Da. 

</ 

Ex.  6.  Find  the  conjugate  sets  of  elements  in  T. 

Ex.  7.  O  contains  4  subgroups  D3  forming  a  conjugate  set  and 
3  subgroups  D4  forming  a  conjugate  set. 

Ex.  8.  E  contains  5  subgroups  T  forming  a  conjugate  set, 
10  subgroups  D3  forming  a  conjugate  set,  and  6  subgroups  D5 
forming  a  conjugate  set. 

§  8.  We  now  consider  a  point-group  G  containing  rotatory- 
inversions.*  The  rotations  of  0  form  a  normal  subgroup  H 
of  index  2  (§  2),  and  G  is  completely  given  when  we  know  // 
and  a  single  rotatory-inversion  of  G.  We  find  then  all 
possible  point-groups  by  taking  any  one  of  the  groups  H  of 
§  7  and  finding  each  m-al  rotatory- in  version  X  about  0  and 
a  line  I  which  (1)  brings  to  self-coincidence  the  system  of 
lines  about  which  the  a-al,  6-al,  . . .  rotations  of  H  take  place, 

and  (2)  is  such  that  H  contains  a—  (3  — (— l)m}-al  rotation 

about  I  (VIII  55). 

First  we  have  cyclic  groups  (cm)  generated  by  an  m-al 
rotatory-inversion  about  0  and  a  line  1:  H  is  Cm  or  C$m  as 
m  is  odd  or  even. 

The  only  other  cases  in  which  H  is  the  group  Cm  are  those 
in  which  X  is  an  inversion  about  0,  or  a  reflexion  in  a  plane 
through  the  line  0  A  of  §  7.  We  thus  get  two  types  of  group 
(Fm  and  8J. 

Again,  we  may  derive  a  type  (dm)  by  combining  the  group 
cm  with  a  rotation  through  TT  about  a  line  perpendicular  to  I : 
H  is  DTO  or  Djm  as  m  is  odd  or  even. 

The  only  other  case  in  which  H  is  DTO  is  that  of  the 
type  (Am)  in  which  X  is  an  inversion  about  0. 

From  T  we  derive  two  types  (0  and  6)  by  taking  X  as 

*  Such  groups  are  sometimes  called  '  extended '  groups. 
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an  inversion  about  0  or  a  reflexion  in  the  plane  through  two 
opposite  edges  of  the  cube  of  §  7,  (iii). 

From  each  of  O,  E  we  derive  a  single  type  (Q,  H)  by 
taking  X  as  an  inversion  about  0. 

Ex.  1.  Show  that  dj  is  identical  with  82,  Tm  with  cm  (m  odd). 

Ex.  2.  By  taking  H  as  Cm  or  Dw  and  X  as  a  reflexion  in  a 
plane  perpendicular  to  OA,  we  get  no  group  not  already  obtained. 

Ex.  3.  By  taking  H  as  D,n  and  X  as  a  reflexion  in  a  plane 
through  OA  (i)  passing  through  one  of  the  lines  about  which 
a  2-al  rotation  takes  place,  (ii)  bisecting  the  angle  between  two 
such  lines,  we  get  no  new  group. 

Ex.  4.  Show  that  we  have  exhausted  all  distinct  point-groups 
derivable  from  T,  O,  E. 

Ex.  5.  8m  contains  reflexions  in  m  planes  through  OA  each 
of  which  makes  angles  TT  -f-  m  with  its  neighbours. 

Ex.  6.  What  are  the  groups  of  symmetry-movements  of  an 
ellipsoid,  a  parallelepipedon,  a  rectangular  parallelepipedon,  a 
sphero-conic,  an  oblique  circular  cone,  a  right  square  prism, 
a  cube,  a  regular  tetrahedron,  octahedron,  dodecahedron,  icosa- 
hedron,  a  tetrahedron  with  two  pairs  of  opposite  edges  equal, 
a  tetrahedron  with  each  pair  of  opposite  edges  equal,  a  tetra- 
hedron with  two  pairs  of  opposite  edges  equal  and  the  third  pair 
perpendicular,  a  square  open  tank,  a  bound  book,  a  paraboloid. 

Ex.  7.  cm,  82,  A(=  A2),  Tm  are  Abelian. 

Ex.  8.  8m  =  Dm,  dw  =  D,n  (m  even),  O  =  6,  T2  =  D  =  82. 

Ex.  9.  6  D  =  D3,   0/D  =  C6,  G  T  =  D,  G  D  =  d3. 

Ex.  10.    Which  groups  of  §  8  are  direct  products  ? 

§  9.  We  shall  now  consider  briefly  the  properties  of  a 
translation-group  H  containing  no  infinitesimal  translation. 
Let  0  be  any  point  and  let  OAl  represent  (IV  8)  a  translation 
of  H  such  that  no  other  translation  of  H  is  represented  by 
a  line  shorter  than  OA^  Let  OBl  represent  another  transla- 
tion of  H,  Bl  being  chosen  (out  of  OAJ  so  that  the  area  of 
the  parallelogram  OA1DB1  is  as  small  as  possible.  Take 
equidistant  points  ...,  A_2,  A_lt  0,  Alt  A2,  ...  along  OA^,  and 
through  them  draw  lines  parallel  to  OB^.  Treat  OBl  similarly. 
The  net  of  points  so  obtained  (see  Fig.  12)  includes  all  the 
points  in  the  plane  AlOBl  which  are  equivalent  to  0  under  H. 
For  if  V  were  such  a  point  situated  in  a  parallelogram  r, 
then  evidently  the  parallelogram  OA^DB^  (and  in  fact  each 
parallelogram  of  Fig.  12)  would  contain  a  point  F  equivalent 
to  V  situated  with  respect  to  OA1DBl  in  the  same  way  as  V 
with  respect  to  r.  This  is  impossible ;  for  the  parallelogram 
whose  adjacent  sides  are  OF,  OAl  is  smaller  than  O 

12 
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Let  OC i  represent  another  translation  of  H,  Cl  being  chosen 
(out  of  the  plane  A^OB^  so  that  the  volume  of  the  parallele- 


Fig.  12. 

pipedon  whose  adjacent  sides  are  OAlt  OBt)  OC1  is  as  small 
as  possible.  Take  equidistant  points  ...,  (7_2,  (7_lf  0,  CJ,  (72, ... 
along  OCl  and  through  them  draw  planes  parallel  to  OA^B^ 
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Treat  the  lines  OAlt  OBl  similarly.  Then  just  as  before  we 
see  that  the  lattice  of  points  formed  by  the  intersections  of 
these  three  sets  of  parallel  planes  (Fig.  13)  includes  all  the 
points  equivalent  to  0  under  H.  Hence  H  is  generated  by 
the  translations  represented  by  OAlt  OBlt  OC^;  and  there- 
fore:— 


Fig.  13. 

Ertry  translation-group  containing  no  infinitesimal  trans- 
latiqn  is  generated  by  not  more  than  three  independent 
translations. 

Ex.  1.  Every  translation  of  H  is  represented  by  a  line  drawn 
from  any  given  point  of  the  lattice  to  some  other  point  of  the 
lattice. 


118  GROUPS  OF  MOVEMENTS  [VIII  9 

Ex.  2.  The  straight  line  joining  two  points  of  a  net  (or  lattice) 
passes  through  an  infinite  number  of  points  of  the  net  (or  lattice). 

Ex.  3.  The  plane  through  three  non-collinear  points  of  a  lattice 
contains  a  net  of  points  in  the  lattice. 

Ex.  4.  If  £j,  t2,  tz  are  the  translations  represented  by  OA^, 
OBu  0(7]  in  §9,  (i)  prove  that  t^it^i  and  tla^t2^2  are  independent 
if  al(3z  —  a2(31=£  0  and  generate  a  subgroup  of  {tl9  tz]  which 
only  coincides  with  {tl}  t2}  if  Oi^2  — «2A  =  +!»  (u')  nn(^  the 
condition  that  T:  =  t-^it^it^i,  T2  =•  t^at^st^,  T3  =  t^at^at^fa 
should  be  independent ;  (iii)  show  that  K  =  {TI}  TZ,  r3}  is  a 
subgroup  of  H  and  find  the  condition  that  H=.K;  (iv)  show 
that  {tl,  t2,  t3}  I  {tj*,  t%y,  ts3}  is  an  Abelian  group  of  order  xyz 
generated  by  three  permutable  elements  of  orders  x,  y,  z. 

Ex.  5.  Find  every  group  of  movements  such  that  H  is  generated 
by  a  single  translation. 

Ex.  6.  No  function  of  the  complex  quantity  x+  */—ly  can 
have  more  than  two  independent  periods. 

§  10.  Let  H  be  the  normal  subgroup  formed  by  the  trans- 
lations of  any  group  of  movements  G  (§  4).  Let  G  contain 
a  screw  8  through  an  angle  2  TT  -J-  n  (but  through  no  smaller 
angle)  round  any  line.  Let  R  be  the  rotation  through  STT-J-TI 
about  a  parallel  line  I  through  0.  Now  S  transforms  every 
translation  of  G  into  another  translation  of  G,  and  hence  8  at 
most  moves  the  lattice  of  §  9  parallel  to  itself.  Hence  R 
brings  the  lattice  to  self-coincidence. 

Let  El  be  a  point  of  the  lattice  such  that  no  point  of  the 
lattice  is  nearer  I  than  Et  (excluding  points  on  I).  Let  the 
rotations  R,R2,...,  Rn~l  bring  El  to  E2,  E&,  ...,En.  Com- 
plete the  parallelogram  E^E^E^D.  Then  E^  E2,  ..,,En  are 
points  of  the  lattice,  and  therefore  E2EV  E2E3  represent 
translations  of  H.  Hence  E2D  represents  a  translation  of  H ; 
so  that  D  is  a  point  of  the  lattice.  Therefore  D  lies  on  I, 
or  else  is  outside  the  polygon  ElE2...En.  We  see  at  once 
that  this  is  only  possible  if  n  =  2,  3,  4,  or  6. 

A  similar  result  holds  for  the  rotatory-inversions  of  G. 
Hence : — 

If  the  subgroup  H  formed  by  the  translations  of  a  group  G 
contains  no  infinitesimal  translation^  the  point-group  simply 
isomorphic  with  G /  H  contains  only  2-al,  3-al,  4-a/,  and  6-ai 
rotations  and  rotatory-inversions. 

G  is  not  necessarily  given  when  H  and  G/H  are  given. 
If  H  is  generated  by  three  finite  independent  translations, 
G  is  one  of  230  different  types  (of  which  165  contain  rotatory- 
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inversions).  For  the  discussion  of  these  we  must  refer  to 
Schoenflies'  Krystalkysteme  und  Krystallt-tructur,  or  Hilton's 
Mathematical  Crystallography. 

Ex.  1.  G/H  is  one  of  32  different  types. 

Ex.  2.  The  movements  bringing  a  net  to  self-coincidence  and 
not  displacing  0  form  one  of  the  groups  F2,  A,  A4,  A6. 

Ex.  3.  The  movements  bringing  a  lattice  to  self-coincidence 
and  not  displacing  0  form  one  of  the  groups  c,  F2,  A,  A3,  A4, 
A6.  Q. 

Ex.  4.  The  only  type  of  lattice  brought  to  self-coincidence  by 
A6  is  that  in  which 

OA1  =  05j,  AlOBl  =  120°,  C1OAl  =  ClOBl  =  90° 

(§  9)-  * 

Ex.  5.  There  are  two  types  of  lattice  brought  to  seU«coincidence 

by  A4  ;  that  in  which 

(i)  OAl  =  OB^  AlOBl  =  ClOAl  =  ClOBl  =  90° ; 
(ii)  0.4 1  =  OB^  AlOBl  -  90J, 

and  the  line  joining  Cj  to  the  middle  point  of  A1Bl  is  perpendicular 
to  the  plane  OA1BI. 

Ex.  6.  If  ClOAl  =  ClOBl  =  90°  and  G/H=C2,  G  is  one  of 
two  possible  types.  If  G/H  =  c2,  G  is  one  of  two  types. 

Ex.  7.  If  AfiB^  =  120°,  ClOAl  =  ClOBl  =  90°,  and  G/H=  C3, 
G  is  one  of  three  types. 

Ex.  8.  There  is  only  one  type  of  group  for  which  G/H  =  c6 . 

Ex.  9.  Find  the  groups  in  which  H  is  generated  by  only  two 
independent  translations  and  G/H  is  C2,  C3,  C4,  or  C6. 


§  11.  If  a  given  movement  brings  any  point  P  to  the 
position  P',  P  and  P'  have  a  one-to-one  correspondence. 
Therefore  a  movement  may  be  considered  as  a  particular  case 
of  collineation.  If  (xf,  y',  z')  and  (x,  y,  z)  are  the  coordinates 
of  P'  and  P  referred  to  the  same  Cartesian  axes  of  reference, 
we  have  evidently  relations  of  the  form 

x'= 


(for  if  P  is  at  infinity  so  is  P').  These  relations  may  be 
considered  as  defining  a  substitution.  Hence  any  group  of 
movements  G  may  be  looked  upon  as  a  group  of  collineations, 
while  the  corresponding  substitutions  evidently  form  a  sub- 
stitution-group of  degree  3  simply  isomorphic  with  G. 

If  G  is  a  holoaxial  point-group  whose  elements  leave  a 
point  0  unmoved,  G  is  simply  isomorphic  with  a  fractional 
linear  substitution-group  of  degree  1. 
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For  let  2  be  any  sphere  with  centre  0,  and  et  a  point  P 
on  2  be  brought  to  Q  by  a  rotation  of  G  equivalent  to 
successive  reflexions  in  two  planes  through  0  meeting  2  in 
the  great  circles  j,  k.  Let  P',  Qf,  f,  kf  be  the  stereographic 
projections  of  P,  Q,  j,  k.  Then  P'  is  brought  to  Q'  by 
successive  inversions  in  the  circles  /,  k'  (IV  11).  Let  the 
coordinates  of  P',  Q'  referred  to  rectangular  axes  be  (x,  y), 

(x',  y')  ;  and  let  z  =  x  +  iy,  z'—x'  +  iy'  (i  =  V^-\).     Let  /,  k' 
be  the  circles 


e  =  0,  a?  +  y*  +  2g1x  +  2f1y  +  e1  =  0; 
and  let  (X,  Y)  be  the  inverse  of  (x,  y)  in  /  or  of  (x',  y')  in  k'. 
We  verify  at  once  that 


x  +  g      +    y+  *  ~ 

Hence 

X-iY  =  *<-*  +  W-'  ^(similarly        7]  ......  (i) 

• 


Solving  (i)  we  have  a  substitution  S  of  the  form  z'  —  - 

CZ  -f~  Ct 

(where  a,  b,  c,  d  are  complex  quantities)  which  is  not  altered 
by  multiplying  a,  b,  c,  d  by  &  common  factor  (not  0  or  oc). 
It  is  usual  to  take  ad  —  be  =  1.  The  substitutions  similar  to 
$  form  a  substitution-group  G'  simply  isomorphic  with  G. 
If  we  change  the  vertex  of  stereographic  projection  or  the  axes 
of  reference,  we  obtain  a  transform  of  G'  by  some  substitution. 

Ex.  1.  A  point-group  is  simply  isomorphic  with  a  group  of 
homogeneous  orthogonal  substitutions. 

Ex.  2.  (i)  The  substitutions  of  a  homogeneous  orthogonal  group 
of  degree  3  whose  determinant  is  1  form  a  normal  subgroup  H  of 
index  1  or  2.  (ii)  If  H  is  finite,  it  can  be  transformed  into  one 
of  5  given  types  of  group. 

Ex.  3.  Find  the  simplest  substitution-groups  of  degree  3  simply 
isomorphic  with  A,  d3,  D4,  T,  the  group  generated  by  an  inversion 
and  three  independent  translations,  and  the  group  generated  by 
two  screws  through  it  and  of  equal  translations  about  two  parallel 
lines. 

Ex.  4.  Find  the  simplest  substitution-groups  of  degree  2  simply 
isomorphic  with  84,  the  group  generated  by  two  rotations  through 
TT  about  parallel  lines,  and  the  group  generated  by  a  reflexion  in 
a  plane  and  a  rotation  through  TT  about  a  parallel  line. 

Ex.  5.  Find  the  simplest  fractional  substitution-groups  of 
degree  1  simply  isomorphic  with  Cm,  DTO,  T. 

Ex.  6.  Show  that  there  are  only  5  possible  types  of  finite 
fractional  linear  substitution-groups  of  degree  1. 
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Ex.  7.  By  what  substitution  is  the  group  G'  of  §  11  transformed 
if  (i)  the  plane  of  stereographic  projection  is  turned  through  an 
angle  a  about  the  axis  of  y,  the  origin  being  at  0 ;  (ii)  the  axes  of 
reference  are  turned  through  an  angle  ft  about  the  origin,  the 
plane  of  projection  remaining  unaltered  ? 

Ex.  8.  Show  that  a  point-group  containing  rotatory-inversions 
is  simply  isomorphic  with  a  group  composed  of  substitutions  such 
as  3?  =  (ax  +  b)  -f-  (ex  +  d)  and  '  pseudo-substitutions '  such  as 
x'  =  (ax+  6)  -i-  (cx+  d). 

§  12.  We  shall  conclude  this  chapter  by  working  out  in 
detail  one  example  showing  the  connexion  between  certain 
groups  of  movements,  collineations,  permutations,  and  sub- 
stitutions. 

Consider  the  octahedral  group  O  formed  by  the  rotations 
bringing  a  cube  to  self-coincidence  (§  7  (iv)) .  Take  as  Cartesian 
reference-axes  the  lines  through  the  centre  0  of  the  cube 
perpendicular  to  the  faces.  The  group  O  may  obviously  be 
generated  by  a  rotation  a  through  \  IT  about  x  =  y  =  0  and 
a  rotation  b  through  TT  about  y  =  0,  x  =  z. 

Now  let  (x,  y,  z)  be  the  coordinates  of  any  point  P.  Then 
if  the  rotation  a  brings  P  to  coincide  with  the  point  Pl  and  b 
brings  P  to  coincide  with  P2,  the  coordinates  of  Pl  and  P2  are 
(—y,x,z)  and  (z,  —y,x).  Hence  O  is  simply  isomorphic 
with  the  homogeneous  linear  substitution-group  of  degree  3 
generated  by  x'—  —y,  -*/=  x,  z'—  z  and  x'=z,  /=  —y,  z'—  x. 

Take  OP  as  unit  of  length  and  project  points  on  the  sphere 
j*  +  y*  +  2*  =  1  stereographically  from  the  point  (0,  0,  —  1) 
on  to  the  plane  2  =  0.  Let  (x,  y),  (x,,  y^),  (x^  y2)  be  the 
coordinates  of  the  stereographic  projections  of  P,  Plt  P2  and 
let  z  =  x  +  V  —  ly,  z1  =  x1+  </  —  lyls  z2  =  x2  +  V  —  1  y2.  The 
rotation  a  is  equivalent  to  successive  reflexions  in  the  planes 
>j  =  0,  x  =  y  and  6  is  equivalent  to  successive  reflexions  in 
the  planes  y  =  0,  x  =  z.  These  planes  meet  the  sphere  in 
great  circles  whose  projections  are  y  —  0,  x  =  y  and  y  =  0, 
j-'2  +  y2  +  2x  =  1.*  Hence  it  follows  by  equations  (i)  of  §  11 
that  Zj  =  V  —  1  z,  z2  =  (1  —  z)  -:-  (1  +z).  Hence  O  is  simply 
isomorphic  with  the  fractional  substitution-group  generated 

\—x 

by  £'=-/—  Ix  and  x'=  = •• 

\  +  x 

Again,   every  rotation  of  O   interchanges  the  four   lines 
*  The  circle  through  (0,  + 1)  cutting  x  =  0  at  an  angle  of  -  • 
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x—  ±y  =  ±z  (the  diagonals  of  the  cube)  while  evidently 
no  rotation  of  O  except  identity  brings  each  such  diagonal 
to  self-coincidence.  Hence  O  being  of  order  4!  must  be 
simply  isomorphic  with  the  symmetric  group  of  degree  4. 

Again,  suppose  a  rotation  r  of  O  brings  any  line  I  to 
coincide  with  I'.  Let  I,  I'  meet  a  given  plane  in  Q,  Q' ;  and 
let  the  lines  x  —  ± y  =  ±z  meet  the  plane  in  the  corners 
of  a  quadrangle  A  BCD.  Then  the  rotation  r  establishes 
a  collinear  transformation  of  the  plane  ABGD  such  that  Q' 
corresponds  to  Q.  This  collineation  interchanges  the  points 
A,  B,  G,  D  and  therefore  transforms  the  quadrangle  A  BCD 


Fig.  14. 

into  itself.  Moreover  since  a  collineation  of  a  plane  is  com- 
pletely determined  when  four  pairs  of  corresponding  points 
are  given  and  A,  B,  C,  D  can  be  interchanged  in  4!  ways, 
O  is  simply  isomorphic  with  the  group  formed  by  all  those 
collineations  of  a  plane  which  transform  a  given  quadrangle 
into  itself.  The  collineations  of  order  2  in  this  group  are 
at  once  seen  from  Fig.  14  to  be  the  perspective  collineations 
whose  fixed  point  and  line  are  X  and  YZ,  Y  and  ZX.  Z  and 
XY,  E  and  CD,  ^and  DA,  0  and  AB,  H  and  BC,  I  and  BD, 
J  and  AC.  These  correspond  to  the  rotations  through  it 
contained  in  O  as  explained  in  IV  13. 

Ex.  1.    Show  that    9  is   also    simply    isomorphic    with    the 
symmetric  group  of  degree  4. 
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Ex.  2.  Show  that  X!  is  simply  isomorphic  with  the  alternating 
group  of  degree  5  and  with  the  group  generated  by  those  collinea- 
tions  of  a  plane  of  order  2  which  transform  into  itself  the  figure 
formed  by  a  regular  pentagon  and  the  line  at  infinity. 

Ex.  3.  Show  that  an  Abelian  group  composed  of  collineations 
of  order  2  transforming  (i)  a  straight  line,  (ii)  a  plane  into  itself  is 
of  order  <  4. 

Ex.  4.  Show  that  an  Abelian  group  generated  by  perspective 
collineations  of  order  2  is  of  order  <  8. 

Ex.  5.  Show  that  in  an  Abelian  group  of  collineations  of  order 
2  the  non-perspective  collineations  form  with  identity  a  normal 
subgroup  of  index  1  or  2. 

Ex.  6.  Discuss  the  groups  generated  by  (i)  two  perspective 
collineations  with  a  common  fixed  point ;  (ii)  four  perspective 
collineations  with  a  common  fixed  plane ;  (iii)  three  non- 
perspective  collineations  of  order  2  with  one  fixed  line  in  common 
and  the  other  fixed  lines  concurrent. 


CHAPTER  IX 

GENERATORS  OF  GROUPS 

§  1.  WE  defined  '  an  independent  set  of  generators '  in  V  3. 
A  group  may  have  several  such  sets,  but  the  group  is  com- 
pletely determined  when  we  know  any  one  such  set  of 
generators  and  all  independent  relations  between  them.  So 
far  our  knowledge  of  the  properties  of  generators  is  confined 
to  isolated  theorems  (see  the  examples  below)  except  in  the 
case  of  Abelian  groups  which  are  discussed  in  §§  3  to  6.  We 
shall  suppose  the  number  of  generators  to  be  always  finite ; 
this  is  the  case  for  all  finite  groups. 

Ex.  1.  The  group  am  =  bn  —  1  is  infinite. 

Ex.  2.  If  a,  b  denote  (i)  permutations  on  any  finite  number  of 
symbols,  (ii)  linear  substitutions  in  a  GF[pr],  a  and  b  are 
connected  by  relations  other  than  the  equations  am  =  bn  =  1 
giving  their  orders. 

Ex.  3.  (i)  The  relations  ax  =  1,  W  —  ar,  ab  =  bak  *  are  incon- 
sistent unless  k&—  1  =  r(Jc—  1)  EE  0  (mod  A),  (ii)  If  they  are 
consistent,  {a,  b}  is  of  order  A/3.  (iii)  a?  =  bP  =  1,  ab  =  bak 
are  inconsistent  unless  Jc  =  1. 

Ex.  4.  If  {a,  6}  is  finite  and  b2  =  (ab)2,   {a,  6}  is  of  the  type 

a\  —  J2/*  _  ^    ala  —  &    Qr    a2A  =  1?    J2,,  _  a^  afta  _  k 

Ex.  5.  The  relations  ab  =  bak,  ba  —  ab1  define  (if  consistent) 
a  finite  group. 

Ex.  6.  If  a  and  6  are  of  finite  order  and  are  both  permutable 
with  their  commutator  c,  {a,  6}  is  finite  and  each  of  its  elements 
is  of  the  form  axPc*. 

Ex.  7.  If  aP  =  bP  -  c2  —  1,  ab  —  la,  ca=bc;  {a,  b,  c}  is  of 
order  2p2. 

Ex.  8.  azm  =b2  =  (ab)2  =  c2  =  1,  ac  -  ca,  bc-cb  cannot  be 
generated  by  <  3  generators. 

Ex.  9.  Find  in  their  simplest  form  the  elements  of 
(i)  a3  =  b3  =  1,  ba  =  a2b* ;  (ii)  a3  =  b6  =  1,  ba  =  a2b2. 

Ex.  10.  (i)  Prove  that  if  a*  =  64  =  1  and  ba  =  a2b2,  ab  -  (&a)2 

*  This  implies  that  A.  is  the  order  of  a,  /8  the  order  of  b  relative  to  {a}, 
X  >  k  >  0. 
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and  (6a)5  =  1.     (ii)  Deduce  that  a4  =  6*  =  1,    &a  =  a262  is  the 
same  abstract  group  as  (f  =  h5  —  1,  hg  —  gh2  and  find  its  order. 

Ex.  11.  Prove  that  a5  =  65  =  1,  6a  =  a262  is  the  same  abstract 
group  of  order  55  as  g5  =  ft11  =1,  /z#  =  <7&3. 

Ex.  12.  a2™  =  62  =  (a2  ft)2  =  1,  (ab)r  =  (6a)r  and  a-m  =  62  =  1, 
a-b  =  ba2,  (a&)r  =  (&a)r  are  of  order  4wr. 

Ex.  13.    Find  the  orders  of  (i)  a*  =  6*  =  (a&)2  =  a262a&3  =  1, 
(ii)  a2  =  62  =  c2  =  (a&c)2  =  (ac)3  (cfc)2  =  (ac)3  (c&)3  =  1. 

Ex.  14.  Find  the  orders  of 

(i)  a3  =  &2  =  (aft)3  =  1,   (ii)  a*  =  &3  =  (a&)2  =  1, 
(iii)  a5  =  b-  =  (a&)3  =  1,   (iv)  a7  =  62  =  (a&)3  =  (a*&)*  =  1. 


§  2.  Suppose  we  are  given  a  finite  or  infinite  group  G 
generated  by  any  given  elements  glt  </2,  g3,  ...  connected  by 
given  mutually  consistent  relations  #*#£...  =  1,  <jr£#f  ...  =  1,  &c. 
Consider  the  group  Y  generated  by  elements  yl,y<ii  V3>  ... 
connected  by  the  relations  y^y£...  =  l,  y^y^...  =  l,  &c.,  and 
also  by  any  number  of  further  relations  y°yf  •••  =1,  y'y'."  =  l> 
&c.,  not  in  general  all  independent  but  consistent  with  each 
other  and  with  yfy£...  =  l,  y£yf  ...  =  l,&c.  Now  GandT  are 
evidently  isomorphic  ;  for  to  the  product  of  any  two  generators 
</,.,  gi  of  G  corresponds  the  product  of  yt-,  y,-  in  F,  and  conversely. 
To  each  element  of  G  corresponds  only  one  element  of  F, 
while  to  identity  in  F  corresponds  every  element  of  G  con- 
tained in  the  normal  subgroup  H  whose  elements  are  1, 
..**  Hence  F= 


Ex.  1.  (i)  The  addition  of  gaag^  ...  =  1  to  the  relations 
connecting  the  generators  glt  g.2,  g3,  ...  of  any  group  G  involves 
h  =•  1,  where  h  is  any  element  conjugate  to  9aag^  •••in  G.  (ii)  If 
gaagb&  ...  is  normal  in  G  and  of  order  v,  the  addition  of  the 
relation  gaag^  ...  =  1  reduces  the  order  of  G  to  1  -r-  v  its  original 
value. 

Ex.  2.  a2n  =  ow62  =  1,  aba  =  6  is  a  subgroup  of  index  2  in 
o2"  =  &*  =  !,  ofca  =  6. 

Ex.  3.  Prove  that  in  §  1,  Ex.  14  the  group  (i)  is  simply 
isomorphic  with  the  alternating  group  of  degree  4,  the  group 
A(m  =  2)  in  the  GF[S]  (see  VII  10),  and  the  tetrahedral  group 
T  ;  that  (ii)  is  simply  isomorphic  with  the  symmetric  group  of 
degree  4  and  the  groups  O,  0  ;  that  (iii)  is  simply  isomorphic 
with  the  alternating  group  of  degree  5,  the  group  A  (rn  =  2)  in 
the  ffJF[5]  and  the  group  A(m  =  2)  in  the  G.F[22J,  and  the 
group  E  ;  that  (iv)  is  simply  isomorphic  with  the  group  generated 
by  (1  2  3  4  5  6  7)  and  (12)  (47),  the  group  A(m  =  2)  in  the  GF[7] 
and  the  group  A(m  =  3)  in  the  GF[2]. 
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Ex.  4.    Prove   that   in   §  1,   Ex.  14  the   group   (i)  is  simply 

4  Bx 

isomorphic  with  that  generated  by  x'  =  -  T  and  x'  —  -  -   in 

x+1  x+2 

the  GF[5],  and  the  group  (iii)  with  that  generated  by  x'  •=.— 

r   i    Q  4 

and  of  -     -        in  the 


Ex.  5.  Prove  that  the  group  a3  =  62  =  (ab)2  —  1  is  simply 
isomorphic  with  the  symmetric  group  of  degree  3,  the  group 
A(m  =  2)  in  the  GF[2],  and  the  groups  D3,  8S. 

Ex.6.    Show   that      a6  =  &2  =  (a&)3  =  (a3  &)2  =  1      is    simply 
isomorphic  with  the  permutation-group  generated  by 
a  =  (1  2  3  4  5  6)  and  b  =  (3  6). 

Ex.  7.  Show  that  a8  ==  6s  =  (a&)2  =  (a56)2  =  1  is  simply 
isomorphic  with  the  general  homogeneous  linear  group  of  degree 
2  in  the  GF[3]. 

Ex.  8.  Prove  that  a5  =  &2  =  (a&)4  =  (a*&a&)3  =  1  is  simply 
isomorphic  with  the  symmetric  group  of  degree  5. 

Ex.  9.  Find  abstract  groups  generated  by  two  elements  simply 
isomorphic  with  0,  Q,  H. 

§  3.  As  independent  generating  elements  of  an  Abelian 
group  G  of  order  n,  we  can  always  find  elements  glt  g2,  </3,  ... 
satisfying    the  following    conditions  :  —  g^gj  =  g^g^  for    all 
values  of  i  and  j  and  <//*»  =  1,  where  (i)  the  order  nj  of  gt  is  ] 
a  factor  ofn^  and  is  the  order  of  g^  relative  to  {  gl  ,  gz  ,  .  .  .  ,  grf  _x  }  ;  ;' 
(ii)  gni  is  in  {glt  g2,  ...s^i_i},  g  being  any  element  of  G  ; 
(iii)  n  =  TijTZ/gTig.... 

(1)  If  9ix  is  the  L.  C.  M.  of  the  orders  of  all  the  elements 
of  G,  G  contains  an  element  whose  order  is  nr     For   let 
rtj  =  paq^rr  ...,  where  p,  q,  r,  ...  are  prime  numbers.     Then 
G  contains  an  element  g  whose  order  is  p°m  (m  integral)  ; 
and  therefore  G  contains  an  element  gm  of  order  pa.     Simi- 
larly G  contains  elements  of  orders  q&,  r~Y,  .  .  .  ;  and  the  product 
<7X  of  these  permutable  elements  of  orders  pa,  q&,  r7,  ...  is  of 
order  nr     If  g  is  any  element  of  G,  we  have  gn\  =  1. 

(2)  Let  the  L.  C.  M.  of  the  orders  of  all  the  elements  of 
&j  =  G  /  {(7j}  be  nz.     Any  factor-group  of  an  Abelian  group 
is  evidently  Abelian  ;  in  particular  Gl  is  Abelian.     Then  G} 
contains  an  element  h'  of  order  n%.     Let  h  be  an  element  of  G 
corresponding  to  h'  in  Gl.     Then  n2  is  the  order  of  h  relative 
to  {<7i}.     The  order  of  any  element  of  G  relative  to  {g^  is 
a  factor  of  n2;   for  it  is  equal  to   the  order  of  the  corre- 
sponding element  of  Or     Hence  gn*  is  {g^,  where  g  is  any 
element  of  G. 
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Let  hni  —  gj.  Then  £-7-7i2(=e,  say)  is  integral.  For 
g^V  =  hni  =  1  by  (1)  ;  which  is  only  possible  if  e  is  integral. 
Put  gz  =  hgi-*.  Then  &»,  =  (%rT'  =  *"*  #ren>  =  *">  flT*  =  ]  • 
Moreover  h*  is  not  in  {g^  (s  <  n^,  and  therefore  gr,*  =  (hg^Y 
=  hsgl~es  is  not  in  {g^},  if  s  is  a  positive  integer  <  n.2.  Hence 
/i0  is  the  order  of  g.2  and  is  its  order  relative  to  {gi}. 

Since  7i2  divides  the  order  of  h  which  divides  nlt  n.2  divides 
n^  (the  case  n2  =  %  is  not  excluded).  It  is  evident  that  the 
order  of  {gl}  gz]  is  nlnz,  and  that  each  of  its  elements  is  of 
the  form  g^g/i. 

(3)  Let  the  L.  C.  M.  of  the  orders  of  all  the  elements  of 
G\,  =  G  /  {glt  gz  }  be  n3.     Then  Gz  contains  an  element  of  order 
/<3.     Let  A:  be  a  corresponding  element  of  G.     Then  as  in  ('2) 
n3  is  the  order  of  k  relative  to  {gly  g2},  and  gna  is  in  {glt  g%}, 
g  being  any  element  of  G. 

Let  kns  =  givgzw.  Then  v-$-n3  and  w  -7-  n3  (=q  and  r,  say) 
are  integral.  For  g**lg*tr  =  kn*  is  in  {gt}  by  (2)  ;  which  is 
only  possible  if  r  is  integral  ;  and  glniqg2nir  =  kni  —  1  by  (1)  ; 
which  is  only  possible  if  q  is  integral.  Put  g3  =  kg1~lg2~r. 
Then  as  in  (2)  g^  =  k^g^g^  =  1,  and  gj  =  h^g^g^ 
is  not  in  {gl}  gz}  (s<  %).  Hence  7i3  is  the  order  of  g3  and  is 
its  order  relative  to  {#15  gz}. 

Since  kn*  is  in  {glt  gz}  and  n3  is  the  order  of  k  relative 
to  {glt  gz},  7i3  divides  7i2  (V  1). 

(4)  We  now  apply  to  [glt  g2,  g3]  the  process  applied  in  (3) 
to  {g^  g2]  and  so  on. 

All  the  elements  of  G  will  then  be  included  among  the 
7i1/n2...7i.c  elements 

9i*9f*-9,P*  03*  =  i.2,  ...,^-;  i  =  1,  2,  ...,  a?). 
These    elements    are    all    distinct.      For    if     gLa  gza*...gxa* 

=  9&9&  —  9J**  9xa*~fi*  is  in  (9v  9v  •••>  9x-(}  and  hence 
az  =  ^a;»  and  then  similarly  az_i  =  y3z_1}  &c.  Therefore 
n  =  nln.,...nx. 


§4.  The  elements  gltg2,gzt  ...  are  said  to  form  a  base 
[ffitffvffti  ...]  of  the  Abelian  group  G.  The  base  may  be 
chosen  in  many  different  ways;  but,  however  the  base  is 
chosen,  the  quantities  Tij,  7i2,  7i3>  ...  are  always  the  same. 
For  this  reason  nlt  nz,  n3,  ...  are  called  invariants  of  G,  and 
G  is  said  to  be  of  the  type  (nlt  nz,  n3)  ...).*  Two  Abelian 

*  An  Abelian  group  of  the  type  (pa,  pP,  p1  ,  ...)  is  said  by  some  authors  to 
be  of  the  type  (a,  0,  f,  ...)  ;  see  §  7. 
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groups  of  the  same  type  are  simply  isomorphic  and  two  simply 
isomorphic  Abelian  groups  are  of  the  same  type  ;  so  that  an 
Abelian  group  is  completely  defined  as  an  abstract  group 
when  its  invariants  are  given.  Abelian  groups  of  every 
possible  type  exist.  These  statements  we  shall  now  prove 
(§§  5  and  6). 

§  5.  The  orders  of  the  elements  of  two  different  bases  of  an 
Abelian  group  0  are  respectively  equal. 

If  bi»  9z>  &>  •-]  and  Oi>  y*»  73,  •••]  are  the  bases,  gi  being 
of  order  %  and  yf  of  order  vit  we  wish  to  prove 

™t  =  "t>  (*'  =  !»  2>  3>  •••)• 

Now  %  =  i>j  by  §  3  (1).  If  therefore  we  can  prove  nt  =  vi 
when  we  assume  %  =  i>1?  n2  =  v2,  ...,  ni_l  —  v^,  the  theorem 
can  be  proved  by  induction. 

Consider  the  elements  obtained  by  raising  every  element 
of  G  to  the  ifyth  power.  They  form  a  subgroup  H  of  G,  since 
gnihni  =  (gh}\  g  and  h  being  any  elements  of  G.  Every 
element  of  If  is  included  in 


(0t  =  1,2,  ...,*!;  *  =  1,2,  3,  ...); 
i.e.  in 

g&**gf*i...g*t-**i  (pt  =  1,  2,  ...,  nt;  t  =  1,  2,  ...  ,  t-1), 
since  ^»<  =  ^  =  gf4«|2  =  .  .  .  =  1. 

Now  g/tni(Pt  =  1,  2,  ...,  nt)  takes  nt  -r  ^  distinct  values, 
and  therefore  j£T  is  of  order  —•—•...•  —  —  • 

7lf     KI  Hf 

Again,  the  elements 

y£i*tyf*i...y»i+*i  (^  =  1,2,...,^;  t  =  1,  2,  ...,  t-1) 

are  all  in  H  and  are  —  •  —•...•  —  —  in  number  on   the 
n{     n{  n{ 

assumption  %  =  vlt  nz  =  v2,  ...,  n^^  =  v^.  Hence  every 
element  of  H  is  included  among  these  elements  and  is  there- 
fore in  [y1,  yz,  ...jy^.!}.  But  yt-w»  is  in  H  and  is  only  in 
(yi»  ya»  •••»y<-i)  ^  r»  divides  -n^.  Hence  j^  divides  7if)  and 
similarly  7if  divides  j/f  .  Therefore  ni  —  i>it  and  the  proof  by 
induction  can  be  completed. 

It  should  be  noted  in  particular  that  every  base  contains  the 
same  number  of  elements. 
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§  6.    Two  Abelian  groups  with  the  same  invariants  are 
simply  isomorphic. 


!,  #2,  &  ,  .  .  .],  [y,  ,  y2,  y3,  .  .  .]  be  bases  of  the  two  Abelian 
groups.  The  g's  are  connected  by  precisely  the  same  relations 
as  the  y's  and  therefore  {glt  gz,  #3,  ...}  =  (ylf  y2,  y3,  ...}. 

Two  simply  isomorphic  Abelian  groups  G  and  F  have  the 
same  invariants. 


Let  [#!,  <72'  03'  •••]  b6  a  base  °^  ^  an(*  kt  y»  iQ  r  correspond 
to  <7f  in  (?.  Since  the  y's  are  connected  by  the  same  relations 
as  the  gr's,  the  y's  satisfy  the  conditions  of  §  3  and  therefore 
form  a  base  of  F  precisely  similar  to  [glt  g.2,  <73,  ...]. 

An  Abelian  group  of  any  given  type  can  always  be  found. 

Let  the  type  be  (nlt  nz,  nz,  ...).  Taking  for  gl  the  cyclical 
permutation  (a^  ...  ani),  for  gz  (b^..  .  fc^for  gs  (c^cz  .  .  .  cns),  &c., 
the  required  group  is  the  permutation-group  [glt  g2,  g3,  ...}. 

Ex.  1.  An  infinite  Abelian  group  is  not  of  necessity  generated 
by  a  finite  number  of  elements. 

Ex.  2.  The  group  G  of  §  4  is  the  direct  product  of  H  =  {glt  g.2, 
g±,  gs,  ...  }  and  K  ={#>,  g5,  g&,  g-j,  g$,  ...  }  or  of  any  two  similar 
subgroups. 

Ex.  3.  Every  Abelian  group  is  the  direct  product  of  cyclic 
subgroups. 

Ex.  4.  Two  conformal  Abelian  groups  are  simply  isomorphic. 

Ex.  5.  The  subgroup  formed  by  those  elements  of  Cr  whose 
orders  divide  «,-  is  of  the  type  (w,-,  no  ...,  nit  ni+l,  ni+z,  ...  ,  nx). 

Ex.  6.  The  subgroup  formed  by  the  w,-th  powers  of  the  elements 

of  G  is  of  the  type  (-1  ,  -2  ,  ^  ,      \. 
\n{   nt    nf       / 

Ex.7.  If  nl=paim1,  n2  —  pazmz,  ...,  nx  =paxmx,  where  %, 
w»2,  ....  mx  are  prime  to  p,  [gimi,  g^,  ...,  gxm*]  is  a  base  of  the 
subgroup  of  order  j7ai+a2+  '"  +a-t  in  G. 

Ex.  8.  Find  a  base  and  the  invariants  of  (i)  a*  =  63  =  1 
afc  =  6a;  (ii)  a30  =  624  =  1,  ab  =  ba  ;  (iii)  a12  =  1,  b6  =  aia, 
ab  -  la  ;  (iv)  a*3  =  1,  &20  =  a30,  ab  =  ba  ;  (v)  a15  =  610  =  c6  =  1, 
6c  =  cb,  ca  =  ac,  db  =  6a  ;  (vi)  a18  =  1,  612  =  a15,  c3  =  a°69, 
&c  =  c6,  ca  —  ac,  ab  —  ba. 

Ex.  9.  Find  the  types  of  the  Abelian  groups  Cm,  8.2,  A,  Fm. 

BILTOX    F.  G.  K 


130  PRIME-POWER  ABELIAN  GROUPS         [IX  7 

§  7.  If  [git  9z>  '••)  9X]  is  a  base  °f  an  -A-belian  group  G  of 
order  pa  (p  prime),  the  orders  of  glt  #2,  ...,  gx  are  evidently 
all  powers  of  p.  If  these  orders  are  pai,  p°2,  ...,  pax, 
als  a2,  ...,  ax  are  often  called  the  invariants  of  G  instead  of 
pai,pu2,  ...,pax  as  in  §  4;  and  G  is  said  to  be  of  the  type 
(QJ,  a2,  ...,  ax)  instead  of  the  type  (pai,pa2,  ....  pax]  as  in  §  4. 
No  ambiguity  will  arise  if  we  are  careful  to  state  in  this  case 
that  the  order  of  G  is  a  power  of  p.  Thus  'an  Abelian 
group  of  the  type  (%,  n2,  ....  nx)'  has  generators  of  orders 
Tfcj,  71/2,  .  .  .  ,  nx  ;  while  '  an  Abelian  group  of  order  pa  and  of  the 
type  (%!,  7i2,  ...,  nx)  '  has  generators  of  orders  pni,  pn2,...,  pnx. 

Any  element  g  of  the  group  G  of  order  pa  with  base 
[9i>  9z>  •••>  9x]  and  invariants  a19  a2,  ...,  ax  is  of  the  form 
9l0ig3P*...gafi*(Pt  =  l>  2>  •••»  ^aO-  Suppose  a^\^ai+1. 
Then  g^x  =  1  if  and  only  if  ft  is  a  multiple  of  p°^,  /32  of 
_pa2~\  ...,  fy  of  ^)ar\  Hence  6=  contains  ^+cti+i+a,-+2+-+a* 
elements  whose  orders  divide^.  If  a-  >  X—  1  >  a-+1  (i  >j), 
G  contains  pJ(*-V+aj+i+aj+i+"'+az  elements  whose  orders  divide 
^~*  and  therefore  G  contains 


(  =  L  say)  elements  of  order  px. 

Ex.  1.  G  contains  px  —  1  elements  of  order  p. 
Ex.  2.  If  a,-  >  A.  >  A—  1  >  QJ-+I,  G  contains 


elements  of  order 

Ex.  3.  6^  contains  L~p*~l(p  —  1)  cyclic  subgroups  of  order  p\ 

Ex.  4.  An  Abelian  group  G  contains  L,  M,  N,  ...  elements  and 
L',  M',  N',  ...  subgroups  of  orders  px,  qP,  r^,  ...  respectively; 
p,  q,r,  ...  being  distinct  primes.  How  many  elements,  subgroups, 
and  cyclic  subgroups  of  order  pxg^r"  ...  does  G  contain  ? 

Ex.  5.  (i)  Every  element  of  an  Abelian  group  of  order  pa  and 
type  (1,  1,  ...,  1)  is  of  order  1  or  p  ;  (ii)  conversely,  if  every 
element  of  an  Abelian  group  G  except  identity  has  the  same 
order,  6r  is  of  this  type;  (iii)  every  subgroup  and  factor-group 
of  G  is  of  this  type. 

Ex.  6.  If  every  element  of  an  Abelian  group  G  is  contained 
in  one  of  a  set  of  subgroups  of  G  no  two  of  which  have  an 
element  in  common.  G  is  of  the  type  (1,  1,  ...,  1). 

Ex.  7.  If  an  element  a  of  prime  order  q  is  permutable  with  an 
Abelian  group  G  of  order  pa  but  with  no  subgroup  of  G,  q  is  >  a. 

Ex.  8.  (i)  A  group  G  whose  elements  are  all  of  order  <  3  is 
Abelian  of  order  2a  and  type  (1,  1,  ...  ,  1).  (ii)  If  a  is  an  element 
of  order  r  permutable  with  G,  {G,  a]  is  of  order  2a~lr  or  2ar. 
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Ex.  9.  (i)  In  the  group  ar  —  62  =  1,  ~b\  —  bm(bt  =  a~*6a')  prove 
that  &A+i  =  6*+m  and  Hbe  —  a~m(bblb.2  ...  be-i)am.  (ii)  Show 
that  the  group  contains  a  normal  Abelian  subgroup  of  order  2k 
and  type  (1,  1,  ...  ,  1)  where  k  <  m. 

Ex.  10.  If  f^,  $r2,  ...,  <7m]  is  a  base  of  an  Abelian  group  G, 
find  the  condition  that 


may  (1)  be  independent,  (2)  form  a  base  of  G  in  the  two  cases 
where  the  invariants  are  (i)  infinite,  (ii)  all  =  p. 

Ex.  11.    The  marks  of  a  GF[pr]  form  an  Abelian  group  of 
order  pr  and  type  (1,  1,  ...,  1)  when  combined  by  addition. 


§  8.  Let  G  be  an  Abelian  group  of  order  pa  and  type 
(1,  1  ,  .  .  .  ,  1).  Then  evidently  a  base  of  G  contains  a  generators, 
every  element  of  G  except  identity  is  of  order  p,  and  every 
subgroup  of  G  is  of  order  pr  (r  <  a)  and  type  (1,  1,  ...,  1). 

A  base  [hl,h2,...)  h^\  of  some  subgroup  of  order  pr  in  G 
may  be  chosen  in 

X=(pa-I)xp(pa-'L-I)xp'(pa-2-l)x...xpr-l(pa-r+l-l) 

ways.  For  h^  may  be  any  one  of  the  pa  —  I  elements  of  order  p 
in  G;  h2  may  be  any  one  of  the  (pa  —  1)  —  (p—  l)=p(pa~l  —  1) 
elements  of  G  not  contained  in  {h^}  ;  h}  may  be  any  one 
of  the  (pa—  1)  —  (p2—  1)  =  p2  (pa~z—l)  elements  of  G  not  con- 
tained in  {hlth2}  ;  A4  may  be  anyone  of  the  (pa  —  1)—  (p3—  1) 
=  p3(pa~3—  1)  elements  of  G  not  contained  in  {hl}  hz,  h^}  ; 
and  so  on. 

Putting  a=r  in  X  we  see  that,  when  a  subgroup  of  order  pr 
is  given,  its  base  may  be  chosen  in 

7  =  (pr-l)  xp(pr-l-l)  xp*(pr-z-l)  x  ...  xpr-l(p-l) 

ways.     Hence  the  total  number  QNr  of  subgroups  of  order 
r  in  G  is 


Ex.  1.  a.Yr  =  QNa_r. 

Ex.  2.  QNr  x.pir(r+1>  =  the  coefficient  of  xr  in 


Ex.  3.  An  Abelian  group  G  of  order  pa  and  type  (a1?  a.2,  ...,  a_) 
contains  (p*-!)^-1-!)  ...  (p*-r+i_i)^_(pr_1)(],r-i_1)  ... 
(p—  1)  subgroups  of  order  pr  and  type  (1,  1,  ...,  1). 

Ex.  4.  The  G.  C.  S.  of  all  the  subgroups  of  index  p  in  G  (§  8)=1. 

£  2 
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Ex.  5.  If  an  element  a  of  prime  order  q  is  permutable  with  an 
Abelian  group  G  of  order  pa  and  type  (1,  1,  ...,  1)  but  with  no 
subgroup  of  Gr,  aNr  =  0  (mod  q\  and  q  >  a. 

Ex.  6.  Find  the  number  of  subgroups  of  order  p2  in  an  Abelian 
group  of  order  p22/+*  and  type  (2,  2,  ...,  2,  1,  1,  ...,  1):— y2's 
and  z  1  's. 

Ex.  7.  Find  the  number  of  subgroups  of  the  type  (2,  1)  in  an 
Abelian  group  of  order  p6  and  type  (2,  2,  1,  1). 

Ex.  8.  Find  the  number  of  subgroups  of  the  type  (3,  3,  2)  in 
an  Abelian  group  of  order  pl*  and  type  (3,  3,  3,  2,  2,  1,  1). 

Ex.  9.  Find  the  number  of  distinct  bases  of  an  Abelian  group 
of  order  p$m(m+V  and  type  (m,  m-1,  ... ,  2,  1). 


CHAPTER  X 


THE  COMMUTANT 

§  1.  THE  commutator  of  any  two  elements  of  a  group  G 
will  be  called  for  brevity  a  commutator  of  G.  (See  1  4.) 

Let  h,  k,  ly  ...  be  these  commutators;  then  the  subgroup 
A  ==  {h,  k,  I,  ...}  of  G  is  called  the  commutant,  commutator 
vubgroup,  or  first  derived  group  of  G.  Though  A  contains 
every  commutator  of  G,  it  is  not  in  general  true  that  every 
element  of  A  is  a  commutator  of  G  ;  for  the  product  of  two 
commutators  of  G  is  not  necessarily  a  commutator  of  G. 

If  A  coincides  with  G,  G  is  called  a  perfect  group. 

Ex.  1.  A  =  1,  if  and  only  if  G  is  Abelian. 

Ex.  2.  The  commutant  of  a  subgroup  of  G  is  a  subgroup  of  A. 

Ex.  3.  The  commutant  of  the  direct  product  of  any  number  of 
groups  is  the  direct  product  of  their  commutant. 

Ex.  4.  The  direct  product  of  perfect  groups  is  perfect. 

Ex.  5.  If  A  is  of  order  8,  no  conjugate  set  of  G  contains  more 
than  8  elements. 

Ex.  6.  If  A  is  a  subgroup  of  the  central  of  G,  any  two  elements 
conjugate  in  G  are  permutable. 

Ex.  7.  If  G  contains  a  normal  cyclic  subgroup  K,  each  element 
of  A  is  permutable  with  each  element  of  K. 

Ex.  8.  If  la  =  db&  and  ab  =  6a°,  the  commutant  of  {a,  6}  is 
cyclic. 

Ex.  9.  Find  the  commutants  of  the  groups  of  V4a  and  IX  13. 

§  2.  The  commutant  A  of  a  group  G  is  normal  in  G. 

Let  a,  6  be  two  elements  of  G;  then  a~lb~lab  is  in  A. 
Let  g  be  any  other  element  of  G  ;  then 


is  in  A,  for  it  is  the  commutator  of  g~lag  and  g~lbg  which 
are  elements  of  G.     Again,  if  h,  k,  I,  ...  are  commutators  of  G, 
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g~lhkl ...  g  =  g~lhg .  g~lkg  .g~llg  —  is  the  product  of  com- 
mutators of  G,  and  is  therefore  in  A.  Hence  the  transform 
of  any  element  of  A  by  any  element  of  G  is  in  A,  i.e.  A  is 
normal  in  G. 

Ex.  1.  Every  simple  group  is  perfect. 

Ex.  2.  The  direct  product  of  any  number  of  simple  groups  is 
perfect. 

Ex.  3.  The  commutant  of  a~lGa  is  a"1  A  a. 

Ex.  4.  The  commutant  of  the  symmetric  group  of  degree  m  is 
the  alternating  group  of  degree  m,  and  this  alternating  group  is 
perfect  unless  m  =•  4. 

Ex.  5.  In  VII 10  T  is  the  commutant  of  G  except  when  m  =  2, 
pr  =  2or  3. 

§  3.  If  H  is  any  normal  subgroup  of  a  group  G  and  A  is 
the  commutant  of  G,  {H,  A}  / H  is  the  commutant  of  G/ H. 

Let  A'  be  the  commutant  of  F  =  G  /  H.  Let  a,  b  be  any 
two  elements  of  G,  and  a,  /3  the  corresponding  elements  of  F. 
Then  to  the  commutator  a"1/}"1^  of  a  and  /3  correspond 
the  elements  of  Ha~lb~lab,  while  to  each  commutator  of  G 
corresponds  a  commutator  of  F.  It  follows  that  to  the  pro- 
duct of  any  number  of  commutators  of  F  correspond  the 
products  of  elements  of  H  and  commutators  of  G,  and  con- 
versely. Hence  the  subgroup  A'  of  F  corresponds  to  the 
subgroup  {H,  A}  of  G,  and  therefore  A'=  {H,  &}  / H  (V  18). 

COROLLARY  I.  If  any  normal  subgroup  H  of  a  group  G 
coincides  with  or  contains  the  commutant  A  of  G,  F  =  G/ H 
is  Abelian. 

For  in  this  case  the  commutant  A'  of  F  =  {//,  A}  / H  =  1, 
and  therefore  F  is  evidently  Abelian. 

COROLLARY  II.  Conversely,  if  F  is  Abelian,  H  coincides 
with  or  contains  A. 

For  if  F  is  Abelian,  A'=  1. 

Ex.  1.  Every  factor-group  of  a  perfect  group  is  perfect. 

Ex.  2.  Every  perfect  group  is  isomorphic  with  a  simple  non- 
cyclic  group. 

Ex.  3.  We  can  always  find  a  group  G  such  that  6r/A  is  simply 
isomorphic  with  any  given  Abelian  group  K. 

Ex.  4.  The  G.  C.  S.  of  all  normal  subgroups  of  index  p  in  any 
group  G  contains  A. 
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Ex.  5.  (i)  A  normal  subgroup  H  containing  the  commutators 
of  each  pair  of  generators  of  G-  contains  A.  (ii)  If  these  com- 
mutators generate  a  subgroup  K  and  K,  K^,  K2,  ...  are  the 
conjugates  of  K  in  G,  A  =  {K,  Klt  K2,  ...  }. 

Ex.  6.  If  the  commutant  of  a  group  G  is  Abelian,  the  corn- 
mutant  of  any  factor-group  F  is  Abelian. 

Ex.  7.  Find  the  commutants  of  the  groups  of  V  1410,  n  and 
IX  112. 

Ex.  8.  Find  the  commutants  of  Dm,  T,  O,  H. 

THE  GROUP  OF  INNER  AUTOMORPHISMS 

§  4.  If  C  is  the  central  of  a  group  G,  A  =  G/C  is  called 
the  group  of  inner  automorphisms,  the  group  of  cogredient 
isomorphisms,  the  first  cogredient,  or  the  first  adjoined  group 
of  G.  (See  V  7.) 

The  group  of  inner  automorphisms  A  of  a  group  G  is  not 
cyclic,  unless  G  is  Abelian  when  .4=1. 

If  A  is  generated  by  a  single  element  a  of  order  e,  and  g 
is  an  element  in  G  corresponding  to  a  in  A;  the  elements 
C+Cg  +  Cg2  +  ...  +Cg€~l  are  all  distinct  and  include  every 
element  of  G.  Hence  if  A  is  cyclic,  G  is  Abelian  :  for  any  two 
elements  such  as  ct-</x,  C:gV  are  permutable  (ct-  and  C:  being 
in  G),  since  c4gx .  c^  =  c{Cj  gxgV  =  CjC{ gVg*  =  c^v .  c{gx.  But 
if  G  is  Abelian  G  =  C,  and  hence  A  =  \. 

Ex.  1.  No  element  of  A  is  a  power  of  each  of  the  others. 

Ex.  2.  h  is  an  element  of  G  corresponding  to  an  element  of 
order  t  normal  in  A,  and  g  is  any  other  element  of  G.  Prove  that 
(i)  h  is  permutable  with  every  commutator  of  G ;  (ii)  c  =  g~lh~1gh 
is  in  C',  (iii)  ghs  =  c^^g ;  (iv)  gV  =  hig;  (v)  c*  =  1 ;  (vi)  if  C  is  of 
order  pa,  it  is  possible  to  choose  h  so  that  c  is  of  order  t . 

Ex.  3.  The  group  of  inner  automorphisms  of  a  direct  product 
is  the  direct  product  of  groups  simply  isomorphic  with  the  groups 
of  inner  automorphisms  of  the  component  groups. 

Ex.  4.  The  orders  of  a  group  G,  its  commutant,  and  its  central 
C  are  n,  8,  y.  If  the  group  G/C  contains  an  element  a  of  order  e, 
G  contains  a  subgroup  of  index  <  8  with  a  central  of  order  >  ry. 

Ex.  5.  Find  the  groups  of  inner  automorphisms  of  the  groups 
ofV33,  V4j,  and  V1410. 

§  5.  If  the  group  of  inner  automorphisms  of  a  group  G 
is  Abelian,  G  is  called  Metabelian.  It  follows  at  once  from 
§  3  that  the  commutant  of  a  metabelian  group  is  contained 
in  its  central ;  and  conversely,  that  if  the  commutant  of 
a  group  is  contained  in  its  central,  the  group  is  metabelian. 
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Ex.  1.  If  the  group  of  inner  automorphisms  A  of  a  group  G  is 
metabelian,  its  commutant  is  Abelian. 

Ex.  2.  If  {a},  {&},  {c},  ...  are  normal  in  G  =  {a,  &,  c,  ...},  (? 
is  metabelian. 

Ex.  3.  a,  6  are  two  elements  of  a  metabelian  group  G  and  c  is 
their  commutator.  Prove  that  the  order  of  c  is  a  factor  of  the 
order  of  ab  and  of  the  orders  of  a,  &  relative  to  {&},  {a}. 

Ex.  4.  (i)  Every  metabelian  group  of  odd  order  is  conformal 
with  an  Abelian  group,  (ii)  This  is  not  true  of  every  metabelian 
group  of  even  order. 

Ex.  5.  a2m  -  &2  =  1,  a2&  =  &a2,  (a&)2  =  (6a)2  is  metabelian. 


THE  GROUP  OP  AUTOMORPHISMS 

§  6.  If  the  elements  g^  ,  g2  ,  g3  ,  ...  of  a  group  G  are  trans- 
formed by  an  element  y  perinutable  with  G  into  #/,  g2't  g3',  ...  ; 
then  gtgj  is  transformed  into  #/<//  since 


The  transformation  by  y  exhibits  G  as  simply  isomorphic 
with  itself,  g{  corresponding  to  gi  in  the  isomorphism.  If  yt 
transforms  gl  into  #/',  yyt  evidently  transforms  g^  into  #/'. 
Therefore  to  the  isomorphisms  of  G  with  itself  given  by  y  and 
y1  corresponds  a  definite  isomorphism  of  G  with  itself  given 
by  yy^  A  simple  isomorphism  of  G  with  itself  is  often 
called  an  automorphism  of  G.  It  is  defined  as  an  inner  or 
cogredient  automorphism,  if  the  isomorphism  can  be  obtained 
by  transforming  G  by  an  element  contained  in  G  ;  if  not,  as  an 
outer  or  contragredient  automorphism. 

If  every  possible  outer  automorphism  of  G  is  obtained  by 
transforming  G  by  y,  y,,  y2,  ...  ,  F  =  {G,  y,  y,,  y2,  ...  }  is  a  group 
(not  necessarily  finite)  containing  G  as  a  normal  subgroup. 
Those  elements  of  F  which  transform  each  element  of  G  into 
itself  evidently  form  a  subgroup  H  of  F.  If  h  is  permutable 
with  each  element  of  G  and  a  is  any  element  of  F,  a~lha  is 
permutable  with  each  element  of  G  ;  and  therefore  H  is  normal 
in  F.  The  greatest  common  subgroup  of  G  and  H  is  obviously 
the  central  C  of  G. 

If  the  same  automorphism  of  G  is  exhibited  on  transforming 
by  two  elements  a,  b  of  F,  ab~l  transforms  eaeh  element  of  G 
into  itself,  and  is  therefore  in  H.  Let 

F  =  Ha1  +  Ha2  +  Ha3  +  .... 

Then  each  element  of  Ha^  transforms  the  elements  of  G  in 
the  same  way,  while  the  elements  of  Hat,  Ha-  transform  the 
elements  of  G  in  different  ways  (i  =£j)-  Let  at  be  the  element 
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of  T/H  corresponding  to  the  elements  Hai  of  T.  Then  if  the 
elements  Hat  .  Ha-  transform  the  elements  of  G  in  the  same 
•way  as  the  elements  Ha^,  c^Oy  =  afc.  Hence  T/H  is  a  per- 
fectly definite  group  such  that  to  each  element  of  T/H 
corresponds  one  and  only  one  automorphism  of  G.  It  is 
called  the  group  of  automorphisms  or  group  of  isomorphisms 
of  G. 

If  any  two  elements  g,  g'  of  G  transform  the  elements  of  G 
in  the  same  way,  g*g~l  is  in  H  and  G,  and  is  therefore  in  C. 
Hence  (changing  the  notation)  if 


(where  y,  y1}  y2,  ...  are  not  in  G).     Now 


is  a  normal  subgroup  of  T,  for  E  =  {H,  G}  and  H,  G  are 
normal  subgroups  of  T.  The  automorphism  of  G  exhibited 
by  transforming  the  elements  of  G  by  an  element  g  of  F  is 
inner  or  outer  according  as  E  does  or  does  not  contain  g. 
Therefore  the  group  of  automorphisms  T/H  contains  a  normal 
subgroup  E/H=G/C  corresponding  to  the  inner  auto- 
morphisms of  G.  This  is  the  reason  why  G/C  is  called  the 
'  group  of  inner  automorphisms  '  of  G.  If 

T=  Ebi  +  Ebz  +  Eb^..., 

the  r  outer  automorphisms  exhibited  by  transforming  the 
elements  of  G  by  each  element  of  Eb^  are  said  to  form  a  class 
of  outer  automorphisms. 

If  G  admits  of  no  outer  automorphisms  and  the  central 
C  =  1,  G  is  called  a  complete  group. 

Ex.  1.  The  identical  element  corresponds  to  itself  in  every 
automorphism  of  a  group  G. 

Ex.  2.  Those  elements  of  G  which  correspond  to  themselves  in 
a  given  automorphism  of  G  form  a  subgroup. 

Ex.  3.  In  any  automorphism  of  G  a  conjugate  set  of  elements 
corresponds  to  a  conjugate  set. 

Ex.  4.  An  Abelian  group  may  be  exhibited  as  automorphic  by 
making  each  element  correspond  to  its  inverse. 

Ex.  5.  A  complete  group  is  simply  isomorphic  with  its  group 
of  automorphisms. 

Ex.  6.  If  L  is  the  group  of  automorphisms  of  the  direct  product 
G  of  two  complete  groups  A  and  B,  G  =  L,  unless  A  =  B  when 
G  is  normal  and  of  index  2  in  L. 

Ex.  7.  If  ij,  -L2,  L3,  ...  are  the  groups  of  automorphisms  of 
groups  GI,  G2,  G3,  ...  such  that  the  orders  of  any  two  are  prime 
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to  one  another,  while  {Gi,  G2,  G3,  ...}  is  their  direct  product; 
the  group  of  automorphisms  of  {Gi,  G2,  G3,  ...}  is  the  direct 
product  of  groups  simply  isomorphic  with  L^  L2,  L3,  — 

Ex.  8.  In  §  6  those  elements  of  T  which  are  permutable  with  a 
given  subgroup  X  of  G  form  a  subgroup  H  of  T.  Those  elements 
of  F  which  transform  each  partition  of  G  with  respect  to  X  into 
itself  form  a  normal  subgroup  of  H. 

Ex.  9.  If  the  complete  group  K  is  a  normal  subgroup  of  a 
group  G,  the  elements  of  G  not  lying  in  K  form  (with  1) 
a  subgroup  M  of  G  ;  and  G  is  the  direct  product  of  K  and  M. 

Ex.  10.  If  a,  b,  c,  ...  are  generators  of  a  group  G  satisfying 
certain  relations,  and  a',  6',  c',  ...  are  elements  of  G  satisfying 
precisely  similar  relations  but  no  relations  independent  of  these, 
then  an  automorphism  of  G  exists  in  which  a'  corresponds  to  a, 
&'  to  6,  cf  to  c,  .... 

Ex.  11.  The  group  of  automorphisms  of  a  cyclic  group  of  order 
jpa  is  a  cyclic  group  of  order  pa~l(p  —  1)  excluding  the  case 
p  =  2,  a  >  2. 

Ex.  12.  The  group  of  automorphisms  of  a  cyclic  group  of  order 
2«(a  >  2)  is  Abelian  of  order  2"-1  and  type  (a-2,  1). 

Ex.  13.  Find  the  group  of  automorphisms  of  any  cyclic  group. 

Ex.  14.  (i)  If  \gi  corresponds  to  gi  in  an  automorphism  of  an 
Abelian  group  G=gl+g2+g3  +  ...  (ht  in  G),  g{  corresponds  to  ht 
in  an  isomorphism  of  G  with  a  subgroup,  (ii)  Every  Abelian 
group  (of  order  >  4)  is  isomorphic  with  a  subgroup  in  such  a  way 
that  no  element  corresponds  to  its  inverse. 

Ex.  15.  G  is  an  Abelian  group  with  base  [gl}  g2,  ...,  gx~}. 
Prove  that  (i)  if  Jii  corresponds  to  gi  (i  =  1,  2,  . . . ,  x)  in  any 
automorphism  of  G,  \hlf  h2,  ...,  /i^]  is  a  base  of  G;  (ii)  if  [hlt 
hz,  ...,  hx]  is  a  base  of  G,  an  automorphism  of  G  exists  such  that 
At-  corresponds  to  gi ;  (iii)  the  order  of  the  group  of  automorphisms 
of  an  Abelian  group  is  equal  to  the  number  of  distinct  bases : 
apply  this  to  the  group  of  IX  8. 

Ex.  16.  (i)  If  an  Abelian  group  G  of  order  pm  and  type  (1,  1, 
...,  1)  with  base  [g^  g2,  ...,  g^\  admits  of  an  automorphism  in 
which  gfirgftr  ...  gmamr  corresponds  to  gr,  gixi  g<f*  —  gmx" 
corresponds  to  g-?\g<?i  ...  gmx>»  in  this  automorphism;  where 
x{  —  aarr1  +  ai2rr2+  ...  +aimxm  in  the  GF[p].  (ii)  The  group  of 
automorphisms  of  G  is  simply  isomorphic  with  the  general 
homogeneous  linear  group  of  degree  m  in  the  GF[p], 

Ex.  17.  If  an  element  of  prime  order  q  is  permutable  with  an 
Abelian  group  G  of  order  pa  and  type  (1,  1,  ...,  1),  a  is  >  s, 
where  s  is  the  smallest  integer  such  that  ps  E=  1  (mod  q). 

Ex.  18.  If  aP  =•  W  =  1,  and  the  commutator  c  of  a  and  &  is 
permutable  with  a  and  &,  every  element  of  {a,  6}  is  of  the  form 
cPWc*  and  is  of  order  p(p  >  2).  Prove  that  a'  —  a^W^  can 
correspond  to  a  and  b'  =  arbsd  to  &  in  some  automorphism  of 
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(a,  6}  if  and  only  if  xs—yr  £  0  (mod  p).     Find  the  order  of  the 
group  and  of  its  group  of  automorphisms. 

Ex.   19.    Find  the  order  of  the   group   of  automorphisms  of 
(i)  a3  =  62  =  (afc)3  =  1,          (ii)  a4  =  fc3  =  (at)2  =  1, 
(iii)  a5  =  63  =  (ab)*  =  1. 

§  7.  If  the  group  E  of  §  6  is  itself  simply  isomorphic 
with  G,  T  is  called  the  hoiomorph  of  G.  For  the  proof  that 
this  hoiomorph  always  exists  we  refer  to  §  8,  where  we  shall 
show  how  to  construct  a  permutation-group  simply  isomorphic 
with  the  hoiomorph  of  any  given  group. 

If  every  element  permutable  with  G  is  permutable  with 
a  subgroup  K  of  G,  K  is  called  a  characteristic  subgroup  of  G. 
In  every  automorphism  of  G  each  element  of  K  corresponds 
to  itself  or  some  other  element  of  K.  A  characteristic  sub- 
group of  G  is  evidently  a  normal  subgroup  of  the  group  T 
of  §  6  ;  and  conversely,  each  normal  subgroup  of  T  contained 
in  G1  is  a  characteristic  subgroup  of  G. 

Ex.  1.  Every  characteristic  subgroup  of  a  group  G  is  normal  in 
G,  but  not  every  normal  subgroup  is  necessarily  characteristic. 

Ex.  2.  A  simple  group  has  no  characteristic  subgroup. 

Ex.  3.  The  central  and  commutant  of  any  group  are  characteristic. 

Ex.  4.  If  B  is  the  only  subgroup  in  G  of  a  given  order,  B  is 
characteristic. 

Ex.  5.  Every  subgroup  of  a  cyclic  group  is  characteristic. 

Ex.  6.  The  subgroup  generated  by  those  elements  of  a  group 
whose  orders  divide  a  given  number  is  characteristic. 

Ex.  7.  An  Abelian  group  of  order  fPq&r1 ...  (p,  q,  r,  ...  being 
distinct  primes)  has  characteristic  subgroups  of  order  p°,  q&,  r*,  — 

Ex.  8.  The  subgroup  formed  by  the  fc-th  powers  of  the  elements 
of  an  Abelian  group  is  characteristic. 

Ex.  9.  A  characteristic  subgroup  K  of  an  Abelian  group  G 
cannot  contain  an  element  g  of  maximum  order  in  G. 

Ex.  10.  (i)  Every  characteristic  subgroup  of  an  Abelian  group 
is  contained  in  the  subgroup  formed  by  all  the  elements  not  of 
maximum  order,  (ii)  What  is  the  condition  that  an  Abelian 
group  of  order  pa  may  contain  a  characteristic  subgroup  of  index  j?? 

Ex.  11.  If  a  group  is  the  direct  product  of  characteristic 
subgroups,  its  group  of  automorphisms  is  the  direct  product  of 
groups  simply  isomorphic  with  the  groups  of  automorphisms 
of  these  subgroups. 

Ex.  12.  The  order  of  the  hoiomorph  of  a  group  G  is  the 
product  of  the  order  of  G  and  the  order  of  the  group  of  auto- 
morphisms of  G. 

Ex.  13.  The  hoiomorph  of  a  complete  group  of  order  n  is  of 
order  n2. 
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Ex.  14.  The  holomorph  of  the  direct  product  of  two  simply 
isomorphic  complete  groups  of  order  n  is  of  order  2n2. 

Ex.  15.  The  holomorph  of  the  holomorph  of  a  complete  group 
of  order  n  is  of  order  2w4. 

Ex.  16.  Find  the  order  of  the  holomorph  of  a  cyclic  group. 

Ex.  17.  The  general  linear  group  F  of  degree  m  in  the  GF[p] 
formed  by  substitutions  of  the  type 

xi   =  °tl  xl  +  ai2x2  +  •  •  •  +  aim*m  +  fy 

is  simply  isomorphic  with  the  holomorph  of  an  Abelian  group  of 
order  jpm  and  type  (1,  1,  ...,  1). 

§  8.  If  glt  g2,  ...,  gn  are  the  elements  of  a  group  G  of 
order  n,  we  can  readily  construct  permutation-groups  on  the 
symbols  gl  ,  gz  ,  .  .  .  ,  gn  simply  isomorphic  with  the  group  of 
automorphisms  and  the  holomorph  of  O. 

If  a,  b  are  elements  of  F  (§  6)  such  that 

*>-l9i*  =  9i',  *-l9i*  =  9i"',  (<a>)-lgi(ik)  =  gi". 
Again,  if  a;  T  denote  the  permutations 

9l  92   "-9n\          9l    92    ~>9n 


<TT  replaces  g^  by  gl'.  Hence  the  permutations  <r,  r,  .  .  .  corre- 
sponding to  each  distinct  transformation  of  G  by  an  element 
of  r  form  a  group  L  such  that  F  is  multiply  isomorphic  with  L, 
while  to  each  element  of  L  corresponds  one  automorphism 
of  G,  and  conversely.  Therefore  L  =  T  /  H  and  is  simply 
isomorphic  with  the  group  of  automorphisms  of  G. 

Consider    now    the    group    P    (VI  2)    simply   isomorphic 


with  G  formed  by  the  permutations  £•  =  (  &l      9i  "•  9n  \. 
1        *T  \9i9i  9z9i~'9*9i' 

Let  T  =  (  Ul     *»'•*»)  (where  else2,...,ew  are  elements 
e...e/  v 


of  G)  be  a  permutation  on  the  symbols  glt  gz>  ...,^n  per- 
mutable  with  every  element  of  P.  Then  T^  replaces  gx  by 
ex9x9i'>  and  $iT  ^places  gx  by  eugxg{  if  gxg{  =  gu.  Now 
because  TS}  —  SiT,  ex  =  eu.  But  since  g{  may  be  any  element 
whatever  of  G,  gu  may  also  be  any  element  of  G.  Therefore 
ex  =  eu  ('W'  =  Ij  2,  ...,  n)  ;  and  T  is  permutable  with  every 
element  of  P  if  and  only  if  el  =  e2  =  ...  =  en.  Hence  the 
only  permutations  on  gl,  g2)  ...,  gn  permutable  with  every 
element  of  P  are  the  n  permutations  of  the  type 


which  are  readily  shown  (as  in  VI  2)  to  form  a  group  P 
simply  isomorphic  with  G  or  P. 
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The  permutation  v,  = 

and  VfSf  =  Sj.     Therefore  the  group  K={L,P]  contains  P7 
as  a  subgroup.     Now  P  and  Jr  are  normal  subgroups  of  K, 

since  8t<r  =  <rx(  9l,     9\"'   9n  ,} 

\9i9i   9*9i  .~9*9' 

and  £<r 


£i  ftft  —  ft 

as  is  easily  verified.  Again,  Z  and  P  have  only  identity 
in  common  ;  for  no  permutation  of  L  displaces  that  one  of 
the  symbols  glt  g.?,  ...,  gn  which  represents  the  identical 
element  of  G,  while  each  permutation  of  P  (except  identity) 
displaces  every  symbol.  Similarly  L  and  P/  have  only 
identity  in  common.  Hence  if  o-15  o-2,  o-3,  ...  are  the  permu- 
tations of  L,  K=  {L,  P1}  =  {L,P}  =P'(r1  +  P/a2  +  P/(r3+... 
and  K  /  P/=  L.  But  the  elements  of  K  pennutable  with 
every  element  of  P  are  the  elements  of  P/,  and  P/=  P. 
Hence  K  is  the  holomorph  of  P,  and  is  therefore  simply 
isomorphic  with  the  holomorph  of  G. 

Ex.  1.  L  is  intransitive.  K  transitive. 

Ex.  2.  (i)  K  is  not  contained  in  any  permutation-group  on  the 
symbols  gl,  g.2,  ...,  gn  which  contains  P  normally,  (ii)  Every 
permutation  on  these  symbols  pennutable  with  P  is  in  K. 

Ex.  3.  The  group  of  automorphisms  and  the  holomorph  of 
a  non-cyclic  Abelian  group  of  order  4  are  simply  isomorphic  with 
the  symmetric  group  of  degree  3  and  the  symmetric  group  of 
degree  4. 

Ex.  4.  (i)  The  group  of  automorphisms  of  am  =  6'2  =  (ab)2  =  1 
is  c"1  =  d*tm)  =  1,  cd  =  dck  ;  k  being  prime  to  m  and  such  that 
#  ^  1  (mod  m),  t  <  $(m).  (ii)  When  m  —  3,  4,  or  6  the  group 
and  its  group  of  automorphisms  are  simply  isomorphic. 


CHAPTEE  XI 
PRIME-POWER  GROUPS 

§  1.  WE  shall  devote  this  chapter  to  the  properties  of 
a  group  whose  order  is  the  power  of  a  prime.  Such  a  group 
will  be  called  a  prime-power  group. 

Every  prime-poiver  group  contains  normal  elements  other 
than  identity. 

Let  0  be  a  group  of  order  pa,  p  being  prime.  Then  the 
order  of  every  element  and  subgroup  of  G  is  a  power  of  p. 
Let  C  of  order  v  be  the  central  of  G.  Let  the  conjugate  sets 
of  elements  in  G  (other  than  the  v  sets  containing  only  one 
element  apiece)  contain  respectively  el5  e2,  e3,  ...  elements. 
Then  pa  =  v  +  cl  +  €2  +  fs  + ....  Now  by  V 8  G1  contains  a 
subgroup  of  order  pa  •+•  ^,  and  therefore  each  e  is  a  power 
of  p.  Hence  v  is  a  power  of  p  and  is  ^  1 ;  which  proves  the 
theorem. 

COROLLARY.   Every  group  of  order  pz  is  Abelian. 

A  group  G  of  order  p2  can  only  contain  elements  of  orders 
1,  p,  p2.  If  G  contains  an  element  of  order  p'2,  G  is  cyclic 
and  is  therefore  Abelian.  If  G  contains  no  element  of  order  p2, 
let  g  be  an  element  of  order  p  normal  in  G.  Let  h  be  another 
element  of  G  of  order  p,  not  contained  in  {g}.  Then  the 
pz  elements  gxhy  (x,  y=l,  2,  ...,  p)  are  all  in  G,  are  all 
permutable,  and  are  all  distinct. 

For  grhe .  gxhy  —  gxhv .  grh8  since  gh  =  hg ;  and  grhs  =  gxhv 
only  when  hy~8  =  gr~x,  i.e.  when  x  =  r  and  y  =  s  (mod  p). 
Hence  all  the  elements  of  G  are  included  among  the  p2  permu- 
table elements  gxhy)  and  therefore  G  is  Abelian. 

Ex.  1.  The  direct  product  of  prime-power  groups  has  a 
central  qfe  1. 

Ex.  2.  No  prime-power  group  is  simple  unless  its  order  is  prime. 

Ex.  3.  No  prime-power  group  is  complete. 

Ex.  4.  In  §  1  the  order  of  the  commutant  of  G  is  ^  the 
greatest  of  the  quantities  ex,  c2,  e3,  .... 
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Ex.  5.  If  a  group  G  of  order  p3  contains  more  than  one  normal 
subgroup  of  order  p,  G  is  Abelian  and  non-cyclic. 

Ex.  6.  If  a  group  G  has  a  commutant  of  index  p2,  it  contains 
no  other  normal  subgroup  of  this  index. 

Ex.  7.  The  G.  C.  S.  of  all  normal  subgroups  of  index  p  or  p-  in 
any  group  G  contains  the  commutant  of  G. 

Ex.  8.  A  normal  subgroup  of  a  prime-power  group  G  has 
elements  in  common  with  the  central  C  of  G. 

Ex.  9.  The  commutant  of  the  group  of  inner  automorphisms  of 
a  prime-power  group  G  is  of  lower  order  than  the  commutant  of  G. 

Ex.  10.  The  central  C  of  a  group  G  of  order  p°  contains  at  least 
p  commutators  of  G. 

Ex.  11.  If  the  commutant  of  a  prime-power  group  G  is  of  prime 
order,  each  commutator  of  G  is  normal  in  G. 

Ex.  12.  Every  group  G  of  order  p°  contains  (i)  a  normal 
subgroup  of  index  p,  (ii)  subgroups  of  orders  p,  p2,  ... ,  p0"1. 

Ex.  13.  No  prime-power  group  is  perfect. 

Ex.  14.  An  element  of  order  p  in  a  group  G  of  order  p°  is 
conjugate  to  none  of  its  powers  except  the  first. 

Ex.  15.  If  a,  6  are  two  elements  of  a  group  G  of  order  p° 
having  each  p  conjugates  in  G,  their  commutator  c  is  of  order  p 
and  is  permutable  with  a  and  fe. 

Ex.  16.  The  elements  of  those  conjugate  sets  of  a  group  G 
of  order  pa  (p  >  2)  which  contain  1  or  p  elements  of  order  <  p& 
form  with  identity  a  characteristic  subgroup  of  G. 

Ex.  17.  If  the  central  C  of  a  group  G  of  order  pa  is  of  order  p1, 
and  g  corresponds  in  G  to  an  element  of  order  p  in  G/C,  {C,  g} 
is  Abelian  of  order  px+1  and  is  the  central  of  a  subgroup  of  index 
<_p*in  G. 

Ex.  18.  A  group  of  order  pa  whose  central  is  of  order  p* 
contains  a  subgroup  of  index  jjiflC22^"1)  whose  central  is  of  order 
>px+^  if  a>%(2x+p)(/3+l). 

Ex.  19.  A  group  G  of  order  p°  whose  central  is  of  order  px 
contains  an  Abelian  subgroup  of  order  px+e  if  a  >  T€(2x  +  e— 1). 

Ex.  20.  A  group  of  order  p15  whose  central  is  of  order  p2 
contains  an  Abelian  subgroup  of  order  p6,  and  a  group  of  order 
p16  whose  central  is  of  order  jp*  contains  an  Abelian  subgroup  of 
order  p1. 

§  2.  In  any  group  G  of  order  pa  we  can  always  find 
a  series  of  subgroups  of  orders  p,  p2,  pz,  ...  such  that  each 
is  normal  in  G  and  in  all  the  subgroups  of  the  series  which 
fottow  it. 

Let  c  be  any  element  of  order  pe  normal  in  G;  then 
<h  =  cPe~l  is  an  element  of  order  p  normal  in  G,  and  {g^}  is 
a  normal  subgroup  of  G  of  order  p.  Now  G/  {g^  is  of  order 
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pa~l  and  similarly  contains  a  normal  element  y2  of  order  p. 
Let  g2  in  G  correspond  to  y2  in  G /  (grj.  Then  g2P  is  in  {gj ; 
and,  if  g  is  any  element  of  G  and  y  the  corresponding  element 
of  G/  {&},  y'VrVxa  =  *  and  therefore  g~lgz~lggz  is  in  {gr,}. 
It  follows  at  once  that  {gl,  g2]  is  a  normal  subgroup  of  G. 
It  is  of  order  pz  containing  the  p2  elements 

ft  W«  (ft,  ft  =  1,2,  ...,p) 

which  may  be  shown  to  be  distinct  as  in  the  Corollary  of  §  1. 
Let  y3  be  an  element  of  order  p  normal  in  G/  {g^  g2],  and 
let  <73  be  a  corresponding  element  of  G.     Then  as  before  g^P 
and  g~lg3~lgg3  are  m  {glt  gz},  while  (ft,  &,  &}  is  a  normal 
subgroup  of  G  containing  the  p3  elements 

0iW'0sMft>  Pv  ft  =  1,  2,  ...,  p). 

These  elements  are  all  distinct,  since  gixgzy93Z=9ir9z89^  would 
involve  gf-*  lying  in  {glt  g2}. 

We  now  take  an  element  y4  of  order  p  normal  in 
G /  {#!,  gz,  (/3}  and  proceed  as  before.  Finally  we  show  that 
every  element  of  G  is  included  once  and  only  once  among  the 
pa  elements  &&&&...  0e^°  (ft  =  1,  2,  ...,  p  ;  i  =  1,  2,  ...,  a), 
where  for  all  values  of  i  giP  and  g~lgi~lggi  (i.e.  the  com- 
mutator of  g  and  git  g  being  any  element  whatever  of  G)  are' 
contained  in  {gi,  gz,  ...,  gi-i}-  Any  one  of  the  subgroups 
{&}»  {9i>  ^2}»  (fl'i.  ^2.  ^3}^  •••  of  orders  p,p*,p\  ...  is  normal 
in  all  the  subgroups  succeeding  it. 

Ex.  1.  If  G  is  the  direct  product  of  prime-power  groups  and  m 
is  any  factor  of  the  order  of  G,  G  contains  a  normal  subgroup 
whose  order  is  m. 

Ex.  2.  Any  normal  subgroup  T  of  order  p8  in  a  group  G  of 
order  pa  is  contained  in  normal  subgroups  of  orders  ps+l,  ps+2, 
...,1>«-1. 

Ex.  3.  A  group  G  of  order  n  contains  a  normal  subgroup  H  of 
index  p&.  Prove  that  (i)  G  contains  a  normal  subgroup  of  index 
jp7,  y  <  ft-,  (ii)  any  normal  subgroup  K  of  index  pi  contains 
a  normal  subgroup  of  index  p&. 

§  3.  Every  subgroup  H  of  order  p8  in  a  group  G  of 
order  pa  is  contained  normally  in  a  subgroup  of  order 
P8+1.  » 

Using  the  notation  of  §  2,  if  H  does  not  contain  glt 
{H,g1}=H+Hg1  +  Hg1*  +  ...+Hgrl  ™  evidently  the  sub- 
group of  order  ps+l  required.  If  H  contains  {glt  g2,  ...,<fr} 
but  not  gi+lt'{H,  gi+1}  =  H +  Hgi+1  +  Hg* „  +  ...  + tigffi  is 
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the  subgroup  required.     For  grf+1  is  in  H ;  and  so  is  gf+ 
\(h  being  any  element  of  H),  since  h~lg^hgt+l  ^  ID- 


COROLLARY.  Every  subgroup  of  index  p  in  a  group  of 
\order  pa  is  a  normal  subgroup. 

Ex.  1.  Every  subgroup  of  order  p8  in  G  is  contained  in  sr*ne 
subgroup  of  given  order  p&  where  a  >  ft  >  s. 

Ex.  2.  If  jBTj,  K2,  K3,  ...  are  conjugate  subgroups  of  G,  {Klt 

JT-  •>   -4-  ri 

Ex.  3.  If  every  subgroup  of  order  pr  in  G  is  Abelian,  every 
subgroup  of  lower  order  is  Abelian. 

Ex.  4.  If  two  subgroups  H,  K  of  index  p  in  G  are  Abelian  and 
G  is  non- Abelian,  (i)  the  G.  C.  S.  of  H  and  K  is  the  central  C  of  G, 
(ii)  the  commutant  and  group  of  inner  automorphisms  of  G  are 
Abelian  of  the  type  (1,  1,  ...,  1). 

Ex.  5.  Any  group  containing  two  Abelian  subgroups  of  index  p 
is  Abelian  or  metabelian. 

Ex.  6.  If  the  commutant  of  G  (§  3)  is  of  order  p,  the  G.  C.  S.  D 
of  all  subgroups  of  index  p  is  in  the  central  of  G. 

Ex.  7.  If  &  contains  only  one  subgroup  T  of  index  p,  G  is 
cyclic. 

Ex.  8.  If  G  contains  only  one  subgroup  K  of  order  p3,  K  is 
cyclic. 

§  4.  If  pP  is  the  order  of  the  greatest  common  subgroup  D 
of  the  subgroups  of  index  p  in  a  group  G  of  order  pa,  G 
contains  (pa~s  —  1)  -r(p—  1)  such  subgroups  of  index  p. 

Let  Hl,  H2,  H3,  ...  be  the  subgroups  of  index  p.  Since 
they  are  all  normal  in  G  (§  3),  D  is  normal  in  G  (V  11).  Now 
G/ Hlt  G/H2,  G/H3,  ...  are  of  order  p  and  are  therefore 
Abelian.  Hence  Hl,  H2,  H3,  ...  all  contain  the  commutant 
A  of  G  (X  3).  Therefore  D  contains  A,  and  G/D  is  Abelian. 

Let  g  be  any  element  whatever  of  G,  yx  the  corresponding 
element  of  G/Hl,  and  y  the  corresponding  element  of  G/D. 
Since  yf  =  1,  gP  is  in  Hr  Similarly  gP  is  in  H2,  H3,  ..., 
so  that  gP  is  in  D.  Therefore  yP  =  1.  Hence  every  element 
of  G/D  is  of  order  1  or  p,  and  G/D  is  of  the  type 

It  follows  from  IX  8  that  G/D  contains  (pa~s-I)  +  (p-1) 
subgroups  of  index  p,  each  corresponding  to  one  of  the 
subgroups  Hlt  H2,  H3,  ...  in  G.  Hence  G  contains 

(pa-8_i)  .i.  (p—I) 
subgroups  of  index  p. 


HILTOS  T.  Q. 
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Ex.  1.  The  number  of  subgroups  of  index  p  in  a  prime-power 
group  EE  1  (mod  p). 

Ex.  2.  If  A  is  the  commutant  of  a  non-cyclic  group  Cr  of  order 
pa,  6r/A  is  non-cyclic. 

Ex.  3.  Cr  (§  4)  contains  no  element  of  order  >ps+1. 

Ex.  4.  If  E  is  a  normal  subgroup  of  G  such  that  G-/E  is  Abelian 
of  type  (1,  1,  ...,  1),  E  contains  D. 

Ex.  5.  If  P  is  the  normal  subgroup  generated  by  the  ^?-th 
powers  of  the  elements  of  G,  prove  that  (i)  6r/{A,  P}  is  Abelian 
of  type  (1,1,  ...,  1),  (ii)  {A,P}=D. 

Ex.  6.  Cr  contains  0,  1,  or  p  + 1  Abelian  subgroups  of  index  p, 
unless  Gr  is  Abelian. 

Ex.  7.  It  is  possible  to  choose  the  elements  glf  g2,  ...,  ga  of 
§  2  so  that  ga  may  be  any  given  element  in  G  but  not  in  D, 

Ex.  8.  Any  group  G  contains  (i)  (pt— 1)  -i-(p  —  1)  normal 
subgroups  of  index  p,  (ii)  (pt  —  l)(pt~1  —  l)^-  (p2  —  1)  (p—  1) 
normal  subgroups  Kly  K2,  K^,  •••  of  index  ^?2  such  that  G/Klt 
G/E2,  G/K3,  ...  are  non-cyclic,  (iii)  p£  non-normal  subgroups  of 
index  p  or  p2 ;  t  being  zero  or  a  positive  integer. 

§  5.  The  number  of  subgroups  of  order  p&  in  a  group  G 
of  order  pa  =  1  (mod  p). 

The  number  of  subgroups  conjugate  to  any  subgroup  H  not 
normal  in  G  (including  H )  =  0  (mod  p) ;  for  the  index  of  the 
normaliser  of  H  in  G  is  a  multiple  of  p.  Hence  the  number 
of  subgroups  of  order  pP  not  normal  in  G  =  0  (mod  p),  and 
we  must  prove  that  the  number  of  those  normal  in  G  =  1 
(mod  p). 

By  §  2  G  contains  at  least  one  normal  subgroup  of  order 
p&.  Suppose  that  the  normal  subgroups  of  order  p&  are 
J515  .B2,  ...,  JB8 ;  and  that  the  subgroups  of  order  pa~l  are 
Alt  A2i  ... ,  Ar.  By  §  4  r  =  1  (mod  p),  and  we  wish  to  prove 
8  =  1  (mod  p). 

Let  a,}  be  the  number  of  subgroups  B  contained  in  Ait  and 
let  b-  be  the  number  of  subgroups  A  which  contain  1? ..  Then 
&!  +  62  + . . .  +  bg = at  +  a2  + . . .  +  ar ;  for  each  side  of  this  equation 
represents  the  number  of  subgroups  A  when  each  is  counted 
once  for  every  subgroup  B  which  it  contains. 

Now  bj  EE  1  (mod  p).  For  the  groups  A  containing  B:  are 
the  subgroups  of  G  corresponding  to  the  subgroups  of  index  p 
in  G / Bj.  Hence  a:  +  a2+  ...+ar  =8  (mod  p). 

We  know  that  the  number  of  normal  subgroups  of  order  p& 
in  a  group  of  order  pP+l  ==  1  (mod  p).  We  shall  assume  the 
same  true  for  groups  of  orders  p&+2,  p&+*,  ...,pa~l,  and  then 
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by  induction  prove  it  true  for  the  group  G  of  order  pa.  By 
the  assumption  the  number  of  normal  subgroups  of  order  p& 
contained  in  Af  =  1  (mod  p).  These  subgroups  include  a,- 
of  the  groups  B  together  with  other  subgroups  Clt  (72,  ...,Ct 
not  normal  in  G.  Since  A,-  is  normal  in  G,  Af  contains  every 
subgroup  conjugate  to  Clt  C.2,  ...  in  G.  Hence  t  =  0  (mod  p) 
as  before  ;  and  therefore  a,-  ==  1  (mod  p).  It  follows  that 
8  =  a1  +  a2  +  ...+ar  =  r  (mod  p).  But  r  =  l  (mod  p),  and 
hence  s  =  1  (mod  p).  Therefore  the  proof  by  induction 
holds  good. 

Ex.  1.  The  total  number  of  subgroups  of  G  (including  1  and  G) 
=  l  +  a  (modp). 

Ex.  2.  A  subgroup  H  of  order  p&+l  normal  in  G  contains 
a  subgroup  of  order  p&  normal  in  G. 

Ex.  3.  The  number  of  Abelian  subgroups  of  order  p&+1  in  G 
which  contain  a  given  Abelian  subgroup  K  of  order  jP  is  zero  or 
EE 1  (mod  p\ 

Ex.  4.  The  number  of  subgroups  of  index  jp*  in  any  group 
G  =  1  or  =0  (mod  p)  according  as  G  does  or  does  not  contain 
a  normal  subgroup  of  this  index. 

§  6.  If  a  group  G  of  order  pa  contains  only  one  subgroup  H 
of  order  pstG  is  cyclic  unless  p  =  2,  s  =  1,  a  >  2. 

(1)  First  suppose  s  =  a  —  I.     If  g  is  any  element  of  G  not 
in  H,  g  is  of  order  pa.     For  otherwise  {g}  being  contained 
in  some  subgroup  of  order  pa~l  would  be  contained  in  H. 
Hence  if  s  =  a  —  1,  G  =  [g]  and  is  cyclic. 

(2)  If  all  the  subgroups  A,  B,  C, ...  of  index  p  in  a  group  L 
of  order  p*  are  cyclic,  L  contains  a  single  subgroup  of  index  p2. 

For  let  X  be  the  greatest  common  subgroup  of  A,  B,  C,  ..., 
and  let  a  be  an  element  of  order  p*~l  in  L.  Then  aP  is  in  X 
(§  4),  and  hence  X  =  {aP}  is  a  cyclic  subgroup  of  index  p2 
in  L.  If  Y  is  any  subgroup  of  index  p2,  T  is  contained  in 
one  of  the  subgroups  A,  B,  C,  ...  (§  3)  and  therefore  coincides 
with  X  ;  since  a  cyclic  group  of  order  p*~l  contains  only  one 
subgroup  of  order  p^~2  (see  also  XI  34). 

(3)  Suppose  that  G  contains  a  single  subgroup  of  order  p* 
but  more  than  one  subgroup  of  order  p*+1. 

G  contains  a  non-cyclic  subgroup  K  of  order  p*+z  by  (2). 
Let  a  be  any  element  of  K  not  in  H.  Then  as  in  (1)  a  must 
be  of  order  p*+1,  for  otherwise  {a}  would  be  in  H.  Moreover, 
the  group  {aP}  =  H  since  it  is  of  order  p*.  Similarly,  if  b  is 
any  element  of  K  not  in  {a},  6  is  of  order  ps+l  and  {bP}=H. 
Suppose  aP  =  buP,  where  u  is  prime  to  p,  since  a  and  6  are  of 

L  2 
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the  same  order.  Now  c  =  a~lb~lab  is  in  {a}  and  {6}  by  §  4 
and  is  therefore  in  H.  Hence  c  is  permutable  with  a  and  b. 
Therefore  by  14  cP  -  a~Pb~laPb  =  1  (since  aP  =  buP)  and 
(b~ua)P  —  b-uPaPcluP(l~P)  =  cW1"^. 

If  c  =  1  (K  is  Abelian),  or  if  c  ^  1  but  p  is  odd,  (&-Ma)P=l. 
Now  b~ua  is  not  in  JET,  since  a  is  not  in  {b}.  Hence  K  con- 
tains a  subgroup  {6rwa}  of  order  p  not  contained  in  #.  This 
is  impossible,  since  every  subgroup  of  order  <  p8  is  con- 
tained in  H. 

Similarly  if  c  ^  1,  p  =  2,  (&-«a)4  =  6-4Ma4c~6w  =  1.  Hence 
Jt  contains  a  subgroup  of  order  4  not  contained  in  .H,  which  is 
impossible  if  s  >  1. 


§  7.  2%ere  is  one  and  only  one  abstract  non-  Abelian  group 
of  order  pa  containing  an  element  of  order  pa~l,  if  p  >  2 
and  a  >  2. 

Let  a  be  an  element  of  order  pa~l  in  a  group  G  of  order  pa. 
Now  by  §  6  G  contains  an  element  g  of  order  £>  not  contained 
in  {a}.  Since  {a}  is  normal  in  the  non-  Abelian  group 
G  ~  {a,  g}  by  §  3,  g~lag  =  ak,  where  k  is  an  integer  such 
that  pa~l  >k>l',  and  then  g'PagP  =  akP  (I  3).  But  g'PagP  =  a, 
and  hence  kP  =  1  (mod  p0'1). 

Now  from  kP  '=•  1  (mod  jt>)  and  kP  =  7c  (mod  j9)  [Format's 
theorem]  we  deduce  «•=•!  (mod  p).  Let  &=  1+v^,  where 
t  is  an  integer  such  that  a  —  1  >  £  >  0  and  v  is  a  positive 
integer  prime  to  p.  Then 


+  a  multiple  of  p]  =  0  (mod  pa~l). 
This  is  only  possible  if  t  =  a  —  2  ;  since  |v2(j9—  1)  is  integral. 
Now  g~xa^  =  ak*  ;   and  A;x  =  (1  +  vj9a-2)a;  =  1  +  vxpa~2  +  a 
multiple  of  £>ct~~1,  since   a  >  2.     Hence,  choosing  x  so  that 
vx  =  1  (mod  £>),  we  have  g~xagx  =  a1+^a~2.     Putting  gx  = 
we  obtain  the  unique  group  G  =  {a,  b},  where 
ap^  =  0p=lt  ab  =  bai+P«-\ 

Since  b~laPb  =  aP+Pa~l  =  »!»,  6  is  permutable  with  aP. 
Therefore  a  and  b  are  permutable  with  c  =  a~*b~lab  —  aPa~ 
and  c^  =  a-^6-1o2>6  =  1.  Hence  by  14  QNaf  =  fc^a'c*^*"1)  =  o', 
if  t  is  a  multiple  of  p.  Therefore  by  a  is  of  order  pa~l.  Hence 
G  contains  p  cyclic  subgroups  {by  a}  (y  =  0,  1,  2,  ...,  p  —  1) 
and  one  Abelian  non-cyclic  subgroup  {aP,  b}  of  index  p. 
Since  the  greatest  common  subgroup  of  the  subgroups  of 
index  p  in  G  is  {aP}  by  §  6  (2),  (?  contains  no  subgroup  of 
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index  p  other  than  these  (§  4).  Now  every  subgroup  of  G 
of  order  pa~2  is  contained  in  some  subgroup  of  order  p0'1, 
while  every  subgroup  of  {by  a}  is  contained  in  {a?}  and 
therefore  in  {aP,  &}.  But  {aP,  b}  is  of  order  pa~l  and  con- 
tains an  element  aP  of  order  pa~2.  Hence  G  contains  p  cyclic 
subgroups  {bVaP}  and  one  non-cyclic  Abelian  subgroup 
(o^,  6}  of  index  p2.  Repetition  of  this  process  shows  at 
once  that  G  contains  exactly  p  cyclic  subgroups  {byaP*'1} 
and  one  Abelian  subgroup  (a***,  6}  (non-cyclic  if  A^fca  —  1)  of 
index  ^. 


Ex.  1.  The  central  of  G  is  {a**},  and  the  commutant  is 

Ex.  2.  Find  the  conjugate  sets  of  elements  in  G. 

Ex.  3.  Every  subgroup  of  G  is  Abelian. 

Ex.  4.  G  is  metabelian  and  conformal  with  an  Abelian  group 
of  order  p°  and  type  (a  —  1,  1). 

Ex.  5.  Every  non-cyclic  subgroup  of  G  is  characteristic. 

Ex.  6.  G  contains  only  p  non-normal  subgroups. 

Ex.  7.  Every  factor-group  of  G  is  Abelian. 

Ex.  8.  Any  two  subgroups  of  G  are  permutable. 

Ex.  9.  Find  the  order  of  the  group  of  automorphisms  of  G. 

Ex.  10.  Every  non-cyclic  group  of  order  pa  contains  at  least 
one  normal  non-cyclic  subgroup  of  order  ps(s  >  1). 

Ex.  11.  Find  every  type  of  group  of  order  p3(p  >  2). 

§  8.  There  are  four  and  only  four  abstract  non-Abelian 
groups  of  order  2a  containing  an  element  of  order  2a~l, 
if  a  >  3. 

(1)  Let  a  be  an  element  of  order  20"1  in  a  non-Abelian 
group  G  of  order  2a.  First  suppose  that  G  contains  an 
element  6  of  order  2  not  contained  in  {a}. 

Since  {a}  is  normal  in  G,  b~lab  =  ak  (2a~1  >&>!);  and 
then  b~2ab2  =  ak~,  so  that  k2  =  1  (mod  2"-1).  Now  k  is  odd  ; 
suppose  k  =  1  +  1-2',  where  t  is  an  integer  such  that  a  —  1  >  t  >  0 
and  v  is  an  odd  positive  integer.  Then 

&2-l  =  (l  +  v2')2-l  =2'+1(v  +  v22'-1)  =  0  (mod  20-1). 
This  is  only  possible  if 

(i)  t  =  a-2,  (ii)  t  =  1  and  v(l  +  v)  =  0  (mod  2°-3). 
In  case  (i)  we  have  k=l  +v2a~2;  hence  v=l  and  &=1  +2a~2, 
since  2a~1  >  k.  In  case  (ii)  we  may  put  v  =  —  1  +£2a~3  and 
get  k=  -1+Z20-2.  Since  20'1  >  k,  we  have  1=1  or  2 
and  fc  =  2a-2-l  or  2a~1-l.  We  obtain  thus  three  types 
of  non-Abelian  group  :  — 
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(I)  a20'1  =  62  =  1,  bob  =  a1+2a'2 ; 
(II)  a20"1  =  b2  =  1,  a20"2  =  (abY ; 
(III)  a2"'1  =  62  =  (a&)2  =  1. 
Type  (III)  is  a  '  dihedral '  group. 

(2)  Now  suppose  6r  does  not  contain  an  element  of  order  2 
not  contained  in  {a}.  Let  b  be  any  other  element  of  G; 
so  that  G  =  {a}  +  {a}b  and  b~lab  =  afc,  62  =  ar.  Then 
r  ^E  0  (mod  2a~1),  since  62  =£  1 :  we  may  suppose  20"1  >  r  >  0. 
Since  ar  =  62  =  ft-1 6*6  =  6-Jar6  =  ar*,  r  (&-l)=0  (mod  20-1). 
Now  as  in  (1)  there  are  three  cases  to  consider,  since 

a  =  b~zab2  =  cfi  . 

(i)  k  =  1  +  2«-2.  Then  r  =  0  (mod  2) ;  let  r  =  2h.  Choose 
a;  so  that  h  +  x  (1  +  2°-3)  =  0  (mod  2«-2).  Then 

(bax)2  =  62 .  b~laxb .  ax  =  ar+x(k+V  =  1 ; 

which  is  impossible  since  bax  is  not  in  {a}. 

(ii)  A;  =  -1  +  2«-2.  Then  r  =  0  (mod  2«-2),  and  therefore 
r  =  2«-2  since  2a~l  >  r.  Hence  (ba)2  =  ar+k+l=l;  which  is 
impossible. 

(iii)  k-  -1  +  20-1.  Then  as  in  (ii)  r  =  2a-2.  We  have 
then  the  type — 

(IV)  a20'1  =  1,  a20"2  =  (a&)2  =  62. 

Ex.  If  a  =  3,  there  are  only  two  distinct  non-Abelian  groups  of 
order  2«,  i.  e.  a4  =  62  =  (a&)2  =  1  and  a*  =  1,  a2  =  (a&)2  =  ft2. 

§  9.  A  group  G  of  order  2a  containing  only  one  subgroup 
of  order  2  is  cyclic  or  dicyclic. 

A  dicyclic  group  is  defined  by  the  relations  a?m  =  1, 
am  =  (ab)2  =  62.  Every  element  of  this  group  not  in  {a} 
is  evidently  of  the  form  bax,  while  {a}  is  a  normal  subgroup. 
Since  (bax)2  =  62.  b~laxb.ax  =  ft2,  am  is  the  square  of  every 
element  not  in  {a}. 

(1)  The  theorem  is  obvious  if  a  =  2 ;  suppose  a  =  3.     If  G 
is  non-cyclic,  G  contains  two  elements  a  and  b  of  order  4 
such  that  {a?}  =  {b2}  and  therefore  a2  =  b2.     Since  {«}  is 
normal  in  G,  6~1a6  =  a  or  a3.     Now  Zr1^  ^  a,  i.e.  (r  is  not 
Abelian  and  non-cyclic ;  for  then  ab~l  would  be  an  element 
of  order  2  not  contained  in  {a}.     Hence  (ab)2  =  b2,  and  G 
is  dicyclic. 

(2)  Now  assume   in   the  general   case  that  every  group 
of  order  2^  (/3  <  a)  containing  only  one  subgroup  of  order  2  is 
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cyclic  or  dicyclic.  We  shall  show  that  on  this  assumption  G 
is  cyclic  or  dicyclic.  By  §  8  (2)  it  is  sufficient  to  prove  that 
G  contains  an  element  of  order  2a~l.  Then  induction  may  be 
applied  to  prove  the  theorem  true  universally. 

Now  if  G  is  non-cyclic,  some  subgroup  of  order  2^  in  G  is 
non-cyclic  (/3  >  2),  for  otherwise  by  §  6  (2)  G  would  contain  only 
one  subgroup  of  order  2^~1.  Hence  G  contains  a  dicyclic 
subgroup  of  order  2^  and  is  non-Abelian. 

(i)  First  take  a  =  4.  The  subgroups  of  order  4  in  G  are  all 
cyclic ;  for  otherwise  G  would  contain  more  than  one  sub- 
group of  order  2.  Let  a  be  an  element  generating  a  normal 
subgroup  {a}  of  order  4,  and  let  b  be  any  element  of  order  4 
in  G  but  not  in  {a}.  Then  H  =  {a,  b}  is  the  dicyclic  group 
a*  =  !,«*  =  (ab)*  =  b2  of  index  2  in  G. 

(ii)  Now  take  a  >  4.  Let  a  subgroup  H  of  index  2  in  G  be 
dicyclic,  so  that  H={a,b]  where  a-a~*  =  1,  a2""3  =  (ab)2  =  62. 
Since  {a}  is  the  only  cyclic  subgroup  of  order  2a~2  in  H  and 
H  is  normal  in  G,  {a}  is  normal  in  G. 

In  cases  (i)  and  (ii)  let  g  be  an  element  of  G  not  in  H, 
so  that  G  =  H+Hg  and  g2  is  in  H.  Let  g~lag  =  ak.  Now 
g2  is  not  of  the  form  bax.  For  otherwise 

a*2  =  g~*ag*  =  a~xb~labax  =  or1, 

and  therefore  fc2  + 1  =0  (mod  2a~2).  But  this  is  impossible 
when  a  >  3 ;  for  as  in  §  8  (1)  k2  - 1  =  0  (mod  2a~2).  Hence  g2 
is  in  {a},  and  as  in  §  8  (2)  k  =  ±  1  or  ±  1  +  2°-3  (mod  2°-*;. 

If  k  =  +  l  +  2a~3  we  show  as  in  §  8  (2)  that  (a,  g}  contains 
an  element  of  order  2  not  in  {a},  which  is  impossible. 

Similarly  if 

k  =  -1  +2a~3,  (bg)-la(bg)  =  g~la~lg  =  a1-2""3  =  a1+2°'3 ; 

and  (a,  bg}  contains  an  element  of  order  2  not  in  {a}. 

If  k  =  1,  (a,  g}  is  of  order  20"1  and  is  Abelian.  This  is 
impossible  unless  {a,  g}  is  cyclic,  when  G  contains  an  element 
of  order  20"1. 

If  k  =  —  1,  (bg)~la(bg)  —  a;  and  therefore  (a,  bg}  is  cyclic 
of  order  2"-1. 


CHAPTER  XII 
SYLOW'S  THEOREM 

§  1.  SYLOW'S  theorem  is  of  fundamental  importance  in  the 
theory  of  finite  groups.  It  may  be  enunciated  as  follows  : — 

If  pa  is  the  highest  power  of  a  prime  p  which  divides  the 
order  n  of  a  group  G,  G  contains  kp  +  1  subgroups  of  order  pa 
(k  being  integral),  and  these  form  a  conjugate  set  of  subgroups. 
If  pam  is  the  order  of  the  normaliser  in  G  of  any  one  of  the 
subgroups  of  order  pa,  n  =  pam  (kp  + 1). 

(1)  G  contains  at  least  one  subgroup  of  order  pa. 

When  n'=  2,  3,  4,  ...  it  may  be  easily  verified  that  a  group 
of  order  n'  contains  a  subgroup  of  order  pa'  if  this  is  the 
highest  power  of  p  which  divides  n'.  We  assume  the  state- 
ment true  for  all  values  of  n'  <  nt  and  use  induction  to  prove 
it  true  for  the  group  G. 

Let  v  be  the  order  of  the  central  C  of  G,  and  let  the  elements 
of  G  not  contained  in  C  be  divided  up  into  conjugate  sets 
containing  respectively  clt  e2,  e3,  ...  elements. 

(1)  Suppose  one  of  the  quantities  fj,  e2,  e3,  ...  (ft  say)  not 
divisible  by  p.     By  V  8  G  contains  a  subgroup  F  of  order 
7i  -•-  e^.     Now  n  -f-  e^  is  <  n,  and  is  divisible  by  pa  but  not 
by  pa+1.     Hence  by  our  assumption  T  contains  a  subgroup  of 
order  pa,  and  therefore  so  does  G. 

(ii)  Suppose  each  of  the  quantities  flt  t2,  e3,  ...  is  divisible 
by  p;  then  v  is  divisible  by  p  since  n  =  v  +  fi  +  (z  +  c3  +  .... 
Hence  C  contains  an  element  c  of  order  p  (V  19),  and  G/  {c} 
being  of  order  n  -r-  p  contains  by  our  assumption  a  subgroup 
of  order  pa~l.  Corresponding  to  this  subgroup  of  G/  {c}  we 
have  a  subgroup  of  order  pa  in  G. 

(2)  The  subgroups  of  order  pa  are  (kp  +  l)  in  number,  and 
are  all  conjugate. 

This  is  obvious  if  G  contains  a  single  subgroup  H  of  order 
pa ;  then  k  =  0,  and  H  is  &  normal  subgroup  of  G.  Now 
suppose  that  G  contains  at  least  two  subgroups  H,  Hl  of  order 
pa.  Let  D  of  order  p&  be  the  greatest  common  subgroup  of  H 
and  El ,  and  let  H  =  Dh^  +  Dh2  +  Dh3  +  ...(h1=  1).  Form  the 
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pa~f*  groups  #!  =  V1^!^.  #2  =  V^A*  Hz  =  Jiz~lH^... 
all  conjugate  to  Hl.  Then:  — 

(i)  Hlt  H.2,  H3,  ...  are  all  distinct. 

Let  I\  be  the  normaliser  of  H^  in  G.  The  order  of  ht  hj~l 
is  a  power  of  p,  since  H  is  of  order  pa.  If  A^.-~^wereL 
germutable  with  M^  it  would  be  contained  in  Tlt  ancTuiie 
corresponding  element  of  Tl/  H-^  would  be  a  power  of  p. 
This  is  impossible;  for  the  order  of  Tl/  Hl  is  not  divisible 
bv  p.  Hence  ht  Vljyi  £  HJit  hf-\  i.e.  V^A  £  V1^  A 
orHi^Hj. 

(ii)  Every  element  of  the  partition  Dht  transforms  Hl  into  H^. 

For  if  d  is  any  element  of  D, 


Hence  on  transforming  Hl  by  all  the  elements  of  H  we  get 
p(:~&  and  only  pa~&  distinct  subgroups  conjugate  to  Hl 
\  including  HJ. 

Let  Kl  be  a  subgroup  of  G  conjugate  to  H^  not  included 
among  these  pa~&  subgroups  (if  such  exists)  ;  and  let  E,  the 
greatest  common  subgroup  of  H  and  K1  be  of  order  p"*.  Then 
by  sph'  tting  H  up  into  the  partitions  Ek^  +  Ek.2  +  Ek3  +  ... 
and  proceeding  as  before  we  get  pa~i  more  subgroups  of  G 
conjugate  to  Hl.  These  are  distinct  from  H,,  H2,  H3,  ...  ; 
for  since  K^^tf^H^j^),  k^K^  h^H^. 

This  process  may  be  continued  till  all  the  subgroups  con- 
jugate to  Hl  are  exhausted. 

We  have  shown  that  Hl  is  not  normal  in  G.  If  we  had 
taken  H  as  one  of  the  subgroups  conjugate  to  H^,  we  should 
have  deduced  the  fact  that  G  contains  pa~&  +  pa~t  +  ...  sub- 
groups conjugate  to  H^  including  Hl  but  not  H;  i.e.  that  the 
total  number  of  subgroups  conjugate  to  Bl  and  including 
H  and  H^  is  l+pa~P+pa~"(+  ....  If,  however,  it  had  been 
possible  to  take  H  as  a  subgroup  of  order  pa  not  conjugate 
to  .ffj,  we  should  have  deduced  that  the  total  number  of 
subgroups  conjugate  to  and  including  Hl  is  pa~&+pa~'*+.... 
These  two  statements  are  inconsistent,  and  we  conclude  that 
H  cannot  be  a  subgroup  not  conjugate  to  H^.  Hence  all  the 
subgroups  of  order  pa  are  conjugate,  and  they  are 

l+pa-(*+pa-t+...  =kp  +  l 
m  number. 

(3)  n=pam(kp  +  l). 

For  the  index  of  T:  in  G  =  the  number  of  subgroups  con- 
jugate to  .0!  =  kp  +  1. 

The  kp+l  subgroups  of  order  pa  are  known  as  Sylow 
subgroups  of  G. 
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COROLLAEY  I.  If  pr  is  a  poiver  of  a  prime  p  'which  divides 
the  order  of  a  group  G,  G  contains  a  subgroup  of  order  pr. 

For  each  Sylow  subgroup  of  order  pa  in  G  contains  a  sub- 
group of  order  pr. 

COROLLAEY  II.  Every  subgroup  of  order  pr  in  G  is  con- 
tained in  a  subgroup  of  order  pa. 

Take  H,  H^  as  subgroups  of  orders  pr,  p°  respectively  ;  and 
as  in  the  proof  of  §  1  obtain  all  subgroups  conjugate  to  Hlt 
pr~P  +pr~'r  +  .  .  .  in  number.  Since  the  number  of  subgroups 
conjugate  to  H^  is  kp+1,  one  of  the  quantities  /3,  y,  ...  =  r. 
Hence  the  greatest  common  subgroup  of  H  and  some  subgroup 
of  order  pa  is  of  order  pr;  i.e.  H  is  contained  in  some 
subgroup  of  order  pa. 

COROLLARY  III.  A  group  G  containing  Jcp  +  1  Sylow  sub- 
groups of  order  pa  is  isomorphic  with  a  transitive  permu- 
tation-group of  degree  kp  +  l. 

This  is  a  particular  case  of  the  corollary  of  VI  3,  since  the 
Sylow  subgroups  form  a  conjugate  set. 

COROLLARY  IV.  If  every  Sylow  subgroup  of  a  group  G  is 
normal  in  G,  G  is  the  direct  product  of  these  Sylow  subgroups. 

Let  Glt  6r2,  G3,  ...  be  the  Sylow  subgroups  of  orders 
Pi*1)  Pz°2  '  Ps^)  •••  respectively.  Let  g{,  g*  be  elements  of 
G{,  GJ.  Then  c  =  g^1  gf1  gt  gj  is  in  Oi  since  ^  is 


in  Gj,  and  is  in  GJ  since  g^g^gt  is  in  GJ.  Hence  the  order 
of  c  divides  the  orders  of  6rt-  and  GJ  ,  and  therefore  c  =  1  ; 
i.  e.  g^gi  =  g^g^.  Moreover,  G^  and  GJ  have  only  identity  in 
common  since  their  orders  are  relatively  prime.  Hence 
{  GI  ,  GJ  }  is  the  direct  product  of  G$  and  GJ  and  is  of  order 
pfipj  j.  Similarly  we  show  that  every  element  of  {Gfi,  GJ} 
is  permutable  with  every  element  of  Gh,  and  that  Gk  and 
{Gj,  GJ}  have  only  identity  in  common.  Hence  {Git  GJ,  Gk} 
is  the  direct  product  of  Gk  and  {Git  GJ}  and  is  of  order 
Pia*  Pja*  Pk°k'  Continuing  this  process  we  show  that  G  is  the 
direct  product  'of  Gx  and  {Glt  G2,  ...,  G^.j,  Gy,+l,  ...}  for  all 
values  of  x,  and  hence  G  is  the  direct  product  of  Glt  (72,  6^3,  ...  . 
In  particular  we  notice  that  every  Abelian  group  is  the 
direct  product  of  its  Sylow  subgroups. 

Ex.  1.  Two  Sylow  subgroups  are  conjugate  in  any  subgroup  K 
of  G  containing  both. 
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Ex.  2.  A  normal  subgroup  of  order  p&  in  G  is  contained  in 
every  Sylow  subgroup  of  order  pa. 

Ex.  3.  The  subgroup  of  G  generated  by  the  elements  of  the 
Sylow  subgroups  of  order  pa  is  characteristic. 

Ex.  4.  (i)  The  normalisers  Tlt  T2,  T3,  ...  of  Hlf  H2,  H3,  ...  in 
§  1  are  all  distinct ;  (ii)  they  form  a  conjugate  set ;  (iii)  each  is 
its  own  normaliser  in  G ;  (iv)  every  subgroup  of  I\  whose  order 
is  a  power  of  p  is  in  H^. 

Ex.  5.  Each  subgroup  of  order  p*  in  G  is  contained  in  lp+  1 
Sylow  subgroups  of  order  pa. 

Ex.  6.  If  k?pa~P  is  the  number  of  subgroups  conjugate  to  H 
and  having  with  H  a  G.  C.  S.  of  order  p&,  the  total  number  of 
subgroups  of  order  p°  is  klpa~l  +  k2pa~2  +  ...  +  1. 

Ex.  7.  If  a  group  is  the  direct  product  of  its  Sylow  subgroups, 
so  is  every  subgroup. 

Ex.  8.  The  number  of  subgroups  of  order  p'qVr3  ...  (p,  q,  r,  ... 
being  distinct  primes)  in  a  group  which  is  the  direct  product  of 
its  Sylow  subgroups  =  the  product  of  the  number  of  subgroups  of 
orders  px,  qy,  r*,  .... 

Ex.  9.  Find  the  number  of  subgroups  (i)  of  order  84  in  an 
Abelian  group  of  the  type  (42,  6,  2),  (ii)  of  order  p2qr  in  an 
Abelian  group  of  the  type  (pPq^t2,  p2qr,  p~q,  pq,  p,  p). 

Ex.  10.  If  the  commutator  of  any  two  elements  of  a  group  G  is 
permutable  with  both  elements,  G  is  the  direct  product  of  its 
Sylow  subgroups. 

Ex.  11.  G  is  a  group  of  order  pfp^Pz*  •••  and  G-lt  G2,  G3,  ... 
are  Sylow  subgroups  of  orders  p^,  pz&,  p^1,  ...  respectively.  If 
the  commutant  A  of  G  is  of  order  p^,  show  that  (i)  G.2,  G3,  ... 
are  Abelian  ;  (ii)  {A,  G .-}  is  the  direct  product  of  A  and  Gft- 
provided  i  >  1  and  p^  ^  1  (mod  p{),  e  <  A. 

Ex.  12.  (i)  If  a  group  G  contains  cyclic  Sylow  subgroups  of 
even  order,  G  contains  a  normal  subgroup  of  index  2.  (ii)  If  the 
order  of  a  group  is  divisible  by  2  but  not  by  4,  the  elements  of 
odd  order  form  a  subgroup  of  index  2. 

Ex.  13.  A  group  of  order  paqP  (p  and  q  prime)  is  decomposable. 

Ex.  14.  Use  the  method  of  §  1  to  prove  that  every  subgroup 
of  index  p  in  a  group  G  of  order  pa  is  normal. 

Ex.  15.  (i)  If  p°s  is  the  degree  of  a  transitive  permutation- 
group  G  of  order  past  (s  and  i  being  prime  to  .p),  a  Sylow 
subgroup  H  of  order  pa  has  s  transitive  sets  each  containing  p" 
symbols,  (ii)  If  s  =  1,  G  is  decomposable  and  H  transitive. 

Ex.  16.  Those  elements  of  a  group  G  of  order  n  whose  orders 
divide  a  factor  e  of  «  generate  a  group  L  whose  order  A  is  a 
multiple  of  e. 

Ex.  17.  If  two  conjugate  subgroups  E  and  F  of  G  are  both 
normal  in  a  Sylow  subgroup  H,  they  are  conjugate  in  the 
normaliser  T  of  H. 
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Ex.  18.  If  pae  is  the  order  of  a  group  G,  where  e  E£  0  and  ^  1 
(mod  p\  G-  contains  a  normal  subgroup  of  order  pa. 

Ex.  19.  Show  that  the  only  possible  types  of  abstract  group  of 
order  pq,  p  and  q  being  primes  such  that  p  >  q,  are  (1)  a  cyclic 
group  ;  (2)  the  group  ap  =  W  =  1,  db  =  ba*  ;  where  K  is  a  positive 
integer  <  p  such  that  K*  ==  1  (mod  p),  but  Ke  E£  1  (mod  p)  if  e<q.* 

Ex.  20.  Find  all  possible  groups  of  orders  2p,  35,  39,  55,  57, 
133,  185,  889. 

Ex.  21.  Show  that  a  group  of  order  825  contains  normal 
subgroups  of  orders  25  and  11,  but  not  necessarily  one  of  order  3. 

Ex.  22.  Show  that  there  is  no  simple  group  of  order  200,  204, 
260,  330,  364,  2223,  2540,  3042,  9075. 

Ex.  23.  Show  that  a  group  of  order  1001,  3325,  6125  is  the 
direct  product  of  its  Sylow  subgroups ;  and  find  every  group  of 
this  order. 

Ex.  24.  Show  that  there  is  no  simple  group  of  order  520,  30, 
380,  495,  546. 

Ex.  25.  Show  that  there  is  no  simple  group  of  order  616, 
56,  351. 

Ex.  26.  There  is  no  simple  group  of  order  450,  12,  80,  150, 
300,  12375. 

Ex.  27.  There  is  no  simple  group  of  order  90  or  306. 

Ex.  28.  Find  every  abstract  group  of  order  <  16. 

Ex.  29.  Find  the  Sylow  subgroups  of  (i)  a3  =  b2  =  (a&)2  =  1, 
(ii)  a49  =  67  =  c3  =  1,  ab  —  ba8,  be  =  cfc2,  ac  =  ca. 

Ex.  30.  Find  the  Sylow  subgroups  of  the  alternating  group  of 
degree  4. 

Ex.  31.  There  is  a  homogeneous  linear  group  of  order  p^m(m~l^r 
and  degree  m  with  coefficients  in  the  G-F[pr].  No  one  of  its 
substitutions  except  identity  can  be  transformed  into  a  multi- 
plication. 

Ex.  32.  The  normaliser  of  a  Sylow  subgroup  of  order  3  in  the 
point-group  ft  is  d3. 

§  2.  If  the  order  n  of  a  group  G  is  divisible  by  pr,  G  con- 
tains lp  +  l  subgroups  of  order  pr  (I  integral). 

Let  pa  be  the  highest  power  of  p  which  divides  n ;  then  G 
contains  a  subgroup  H  of  order  pa  by  §  1.  The  theorem  is 
true  if  r  =  a,  suppose  then  r  <  a.  Now  H  contains  xp  +  l 
subgroups  of  order  pr,  x  being  integral  (XI  5) ;  it  is  then  only 

*  K  is  called  a  'primitive  root  of  the  congruence  x^  =  1  (mod  p)'.  It  is 
readily  shown  that  such  a  root  exists  only  if  q  is  a  factor  of  p  —  I,  and  that 
the  roots  of  the  congruence  are  *,  «2,  it3,  ...,  *«.  If  we  replace  K  by  another 
primitive  root  «'  in  the  relations  a*  =  6«  =  1,  ab  =  ba*,  we  only  obtain 
group  (2)  in  another  form;  for  since  ab*  =  6' a"'  the  new  relations  are 
obtained  from  the  old  by  writing  b  for  6*. 
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necessary  to  prove  that  G  contains  yp  subgroups  of  order  pr 
besides  these. 

Let  Hl  be  a  subgroup  of  order  pr  not  contained  in  H  (if 
such  exists).  If  a,  b  are  two  elements  of  H  pennutable  with 
HI}  ab  is  also  pennutable  with  H^.  Hence  those  elements 
of  H  which  are  permutable  with  Hl  form  a  subgroup  F  of  H. 

Let  p&  be  the  order  of  F,  and  let  p*  be  the  order  of  the 
greatest  common  subgroup  of  .Fand  H1.  Since  every  element 
of  F  is  permutable  with  Hlt  F  and  H^  are  evidently  per- 
mutable  groups.  Hence  {F,  H^}  is  of  order  pr+&-*  (V  13). 
But  {F,  -ET,}  is  a  subgroup  of  G,  and  therefore  r  +  3— *  <  «. 
Since  K  <  r,  ft  <  a. 

Now  let  H  =  FJ^  +  Fh2  +  Fk3  +  . . . ,  and  let  hf1  Hfa  =  Hi . 
Then  just  as  in  §  1  we  see  that  on  transforming  Hl  by  the 
elements  of  H  we  get  pa~&  and  only  pa~&  distinct  subgroups 
of  order  pr  not  contained  in  H.  Taking  now  any  other  sub- 
group KT  of  order  pr  not  contained  in  H,  we  derive  pa~'1  (y  <  a) 
more  subgroups  of  order  pr  not  contained  in  H.  Repeating 
the  process  we  obtain  pa~0  +pa~"f  + . . .  =  yp  subgroups  of  G 
not  contained  in  H. 

Ex.  The  subgroups  of  order  pr  do  not  necessarily  form  a 
conjugate  set. 


CHAPTER  XIII 
SERIES  OF  GROUPS 

§  1.  WE  shall  discuss  in  this  chapter  the  properties  of 
various  series  of  groups  which  may  be  derived  from  a  given 
group  G',  namely,  the  composition-series,  chief-series,  series 
of  derived  groups,  and  series  of  adjoined  groups. 

THE  COMPOSITION-SERIES 

§  2.  If  Gl  is  a  normal  subgroup  of  G  not  contained  in  any 
other  normal  subgroup  (other  than  G  itself),  Gl  is  called 
a  maximum  normal  subgroup  of  G.  This  does  not  imply 
that  there  is  no  subgroup  normal  in  G  of  greater  order  than 
Gl ;  only  that  if  such  a  subgroup  exists,  it  does  not  contain  Gl . 
Let  G2  be  a  maximum  normal  subgroup  of  Gl,  G3  of  G2, 
Cr4  of  6r3,  &c.  Then  the  series  G,  Glt  G2,  Gz,  ...  is  called 
a  composition-series  of  G.  It  should  be  noticed  (i)  that  G 
may  have  more  than  one  distinct  composition-series,  (ii)  that 
every  composition-series  terminates  with  the  identical  group, 
(iii)  that  Giy  though  normal  in  G!i_1,  is  not  necessarily  normal 
in  Gi_2. 

It  will  be  proved  in  §  3  that,  whatever  composition-series 
of  G  is  taken,  the  groups  G/G1}  Gl/  G2>  G2/  G9, ...  are  always 
the  same  (considered  as  abstract  groups)  except  as  regards 
the  sequence  in  which  they  occur.  They  are  known  as 
composition-factor -groups  of  G,  and  their  orders  are  called 
composition-factors  of  G.  These  groups  are  all  simple ;  for 
to  a  normal  subgroup  of  G^/  Gi+l  would  correspond  a  normal 
subgroup  of  GI  containing  Gi+l ;  and  this  does  not  exist. 
Conversely,  if  6^  is  a  normal  subgroup  of  G,  G2  of  (rx.  (r5  of 
G2)  ...,  and  G/G»  GJQV  G2/G?,  ...  are  all  simple; 
G,  GI}  G2,  6r3,  ...  is  a  composition-series  of  G. 

Ex.  1.  For  example,  G,  0,H,  {&},  1  is  a  composition-series  for 
the  group  G  of  V4X.  0  is  normal  in  G,  H  in  0  (but  not  in  G), 
{6}  in  H.  The  groups  G/0,  0/H,  H/{b},  {6}  are  simple,  being 
all  of  order  2. 

Ex.  2.  Gi}  Gi+i,  Gi+2,  ...  is  a  composition-series  of  6r,-. 
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§  3.  The  composition-factor-groups  of  any  two  composition- 
series  of  a  group  G  are  identical  except  as  regards  the  sequence 
in  which  they  occur. 

(1)  Let  G,  Gl:  ...,  Git  G<+1,  ...  and  G,  GI}  ...,  <?,-,  J<+1,  ... 

be  two  composition-  series  of  G.  Let  D  be  the  greatest  common 
subgroup  of  Gi+l  and  Fi+l;  then  D  and  {Gi+l,  Fi+1]  are 
normal  in  Gt-  (V  11).  Since  {G»+i,  ^+1}  is  normal  in  Gi  and 
contains  Gi+l,  G{  =  {G,-+1,  Fi+l}. 

Let  Gi+l  =  Dgl  +  Dg2  +  Dg3+....  Since  Fi+l  is  normal  in 
{Gi+l,  Fi+l},  all  the  elements  of  Gi=.  [Gi+1,  Fi+l]  are  in- 
cluded among  the  elements  Fi+J  Gj+1,  i.e.  among 


+  ....  Moreover,  Fi+^gt  and  Fi+lgs  have  no  element  in 
common  (t  ^  s)  ;  for  otherwise  gt  g~l  would  be  contained  in 
both  Gi+l  and  Fi+l,  and  therefore  in  D.  Hence  Gt-  =  Fi+lgl 

g2  +  Fi+lg3+...  (see  V  13). 
It  follows  at   once   that   G{/Fi+l  —  Gi+1/D.     Similarly 


(2)  D  is  a  maximum  normal  subgroup  of  Gi+l  and  ^-+1. 
For  since  Fi+l  is   a  maximum   normal   subgroup  of   Git 

Gt/Fi+l  is  simple.  Hence  Gi+l/D  is  simple;  and  therefore 
D  is  a  maximum  normal  subgroup  of  Giifl,  and  similarly 
of  Fi+l. 

(3)  By  (1)  and  (2)  the  two  composition-series  G,Gl,...,Gr, 
Gr+1,  Gr+2,  ...  and  G,  Glt  ...,  Gr,  Fr+l,Fr+<,,  ...  have  the  same 
composition-factor-groups  if  Gr+l  and  Fr+l  have  only  identity 
in   common  so  that  Gr+2  =  Fr+2==l.     We  shall  show  that 
they  have  the  same  factor-groups  when  r  =  i,  on  the  assump- 
tion  that   they   have   the  same   factor-groups    when    r  <  i. 
Then  the  required  theorem  follows  at  once  by  induction. 

Let  two  composition-series  of  G  be 

(i)  G,  Gv  ...,  Git  Gi+l,  Gi+2,  Gi+3t  ... 
and  (ii)  G,  Glt  ....  G,,  ^+1,  Fi+2,  Fi+s,  .... 

Let  D  be  the  greatest  common  subgroup  of  Gi+l  and  ^+1  ; 
then 

(iii)  G,Gl,...,Gi,Gi+l,D,Dl,D2,... 
and  (iv)   G,  Glt  ...,  Git  Fi+l,  D,  D,,D2,  ... 

are  also  composition-series  of  G  by  (2),  if  D,  Dlt  D2t  ...  is  part 
of  a  composition-series  of  G. 

Now  by  our  assumption  the  two  composition-series  (i)  and 
(iii)  have  the  same  factor-groups,  and  the  two  series  (ii)  and  (iv) 
have  the  same  factor-groups.  But  since  Gt/Fi+l  =  Gi+l/D 
and  G4/  Gi+1  =  Fi+l/D  the  two  series  (iii)  and  (iv)  have  the 
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same  factor-groups  (two  factor-groups  being  interchanged). 
Hence  the  two  series  (i)  and  (ii)  have  the  same  factor-groups ; 
and  the  proof  by  induction  can  be  completed. 

COEOLLAEY  I.  The  composition-factors  of  any  two  composi-  \ 
tion-series  are  identical  except  as  regards  their  sequence. 

COROLLARY  II.  The  order  of  a  group  is  equal  to  the  product  ; 
of  its  composition-factors. 

Ex.  1.  A  composition  series  of  Gr  can  always  be  found  containing 
a  given  subgroup  H,  if  H  is  normal ;  but  not  in  general  if  H  is 
not  normal. 

Ex.  2.  (i)  A  prime-power  cyclic  group  has  only  one  distinct 
composition-series,  (ii)  Conversely  a  prime-power  group  G  with 
only  one  distinct  composition-series  is  cyclic. 

Ex.  3.  The  only  composition-series  of  a  simple  group  Gr  is  Gr,  1. 

Ex.  4.  A  non-cyclic  group  Gr  of  order  pq  (where  p,  q  are  primes 
such  that  p  >  q)  has  only  one  composition-series. 

Ex.  5.  The  symmetric  group  has  only  one  composition-series 
unless  it  is  of  degree  four. 

Ex.  6.  Use  §  3  to  prove  that  the  symmetric  group  Gr  of  degree 
m  (m  =?=  4)  contains  only  one  normal  subgroup,  assuming  that  the 
alternating  group  H  of  degree  m  is  simple. 

Ex.  7.  Every  composition-factor  of  an  Abelian  group  Gr  is 
prime,  and  a  composition-series  of  Gr  can  always  be  formed  in 
which  the  composition-factors  occur  in  any  given  sequence. 

Ex.  8.  A  cyclic  group  has  only  one  composition-series  in  which 
the  composition-factors  occur  in  an  assigned  sequence. 

Ex.  9.  (i)  A  cyclic  group  Gr  of  order  paq&r* ...  (p,  q,  r,  ...  being 
distinct  primes)  has  e  =  (a  +  /?  +  y  +  •••) !  -f-a  !x/?!xy  !x  ... 
distinct  composition-series,  (ii)  An  Abelian  group  K  of  order 
paq&rY ...  with  only  e  distinct  composition-series  is  necessarily 
cyclic. 

Ex.  10.  Show  that  a  non-cyclic  group  Gr  of  order  pa(p  >  2) 
containing  an  element  of  order  pa~l  has  (a  — 1)^  +  1  distinct 
composition  -series. 

Ex.  11.  Show  that  an  Abelian  group  Gr  of  order  pa  and  type 
(1,1,...,!)  has  (p^-l)(p°-1-l)(pa-2-l)...(p-l)^-(p-l)a 
composition-series. 

Ex.  12.  Any  group  in  a  composition-series  of  a  group  Gr  whose 
order  is  prime  to  its  index  in  G  is  normal  in  GT. 

Ex.  13.  If  a  group  G  has  a  composition-series  in  which  each  of 
the  last  a  composition-factors  is  p,  while  every  other  composition- 
factor  is  prime  to  p,  G  contains  a  normal  subgroup  of  order  pa. 

Ex.  14.  (i)  If  every  subgroup  of  G  is  contained  in  some 
composition-series  of  G,  G  is  the  direct  product  of  prime-power 
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groups,  (ii)  Conversely,  if  G  is  the  direct  product  of  its  Sylow 
I  subgroups,  every  subgroup  of  G  is  contained  in  some  composition- 
series  of  G. 

Ex.  15.  Find  the  number  of  composition-series  of  each  group  of 
order  8. 

Ex.  16.  Find  all  composition-series  of  the  groups  d3,  Q,  H. 

§  4.  Given  any  normal  subgroup  H  of  a  group  G,  a  com- 
position-series of  G  which  includes  H  can  always  be  found. 
The  composition-factor-groups  of  G  are  the  composition-factor- 
groups  of  G/H  together  with  those  of  H. 

Let  G/H  =  F,  and  let  F,  Fj,  F2,  F3,  ...  be  a  composition- 
series  of  T.  Let  Glt  G2,  G3,  ...  be  the  subgroups  of  G  corre- 
sponding to  the  subgroups  F15  F2,  r3,  ...  of  F.  Then 

G/G1  =  r/rlf  G1/Gt  =  vr,,  G,/GS  =  r2/r3,  ...(V  is). 

But  F/Fj,  Fj/Fg,  F2/F3,  ...  are  simple,  and  hence  G/Glf 
GI/GZ,  GZ/GZ,  ...  are  simple.  Therefore  G,  Glt  G2,  G2,  ... 
is  a  composition-series  of  G  including  H,  and  its  composition- 
factor-groups  are  those  of  F  together  with  those  of  H. 

Ex.  1.  If  G,  H,  K,  L,  ...  is  a  series  of  groups  each  normal  in 
its  predecessor,  a  composition-series  of  G  can  be  found  containing 
H,  K,  L,  ....  The  composition-factor-groups  of  G  are  those  of 
G/H,H/K,K/L,  .... 

Ex.  2.  G,  GI,  G2,  G3,  •••  is  a  composition-series  of  G,  and  H  is 
a  subgroup  contained  in  ^r_t  but  not  in  Gr.  If  H^  is  the  G.  C.  8. 
of  Gr  and  H,  prove  that  [Gr,  H}/Gr  =  H/H^ 

Ex.  3.  If  H  is  any  subgroup  of  a  group  G,  every  composition- 
factor-group  of  H  is  simply  isomorphic  with  a  subgroup  of  some 
composition-factor-group  of  G. 

Ex.  4.  Find  the  composition-factor-groups  of  the  group  G 
of  VII 10. 

§  5.  A  group  all  of  whose  composition-factors  are  primes  is 
called  a  soluble  group.  Evidently  all  its  composition-factor- 
groups  are  cyclic.  Since  every  group  of  order  pa  contains 
a  normal  subgroup  of  index  p,  every  prime-power  group  is 
soluble.  Every  Abelian  group  is  also  soluble  ;  for  if  p  is  any 
prime  dividing  the  order  of  an  Abelian  group  G,  G  contains 
a  normal  subgroup  of  index  p  (V  20). 

Ex.  1.  No  soluble  non-cyclic  group  is  simple. 
Ex.  2.  No  perfect  group  is  soluble. 
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Ex.  3.  Every  subgroup  of  a  soluble  group  is  soluble. 

Ex.  4.  Every  group  of  order  pq  is  soluble  (p  and  q  being  prime). 

Ex.  5.  The  direct  product  of  soluble  groups  is  soluble. 

Ex.  6.  The  direct  product  of  any  number  of  groups,  one  of 
which  is  insoluble,  is  insoluble. 

Ex.  7.  No  perfect  group  is  the  direct  product  of  groups  one 
of  which  is  soluble. 

Ex.  8.  Every  factor-group  of  a  soluble  group  is  soluble. 

Ex.  9.  The  group  ax  =  1,  W  =  ar,  ab  =  bak  is  soluble. 

Ex.  10.  The  groups  of  V  1410,  n  are  soluble. 

Ex.  11.  Every  finite  point-group  except  E  and  H  is  soluble. 

§  6.  If  G  is  a  minimum  normal  subgroup  of  a  group  F, 
the  composition-factor-groups  of  Q  are  all  simply  isomorphic. 

By  a  '  minimum  '  normal  subgroup  of  F  we  mean  one  con- 
taining no  normal  subgroup  of  F  except  itself  and  identity. 

Let  Hl  be  a  maximum  normal  subgroup  of  G;  and  let 
Hlt  Hz,  Hs,  ...  be  the  subgroups  conjugate  to  H^  in  F.  If  y 
is  any  element  of  F,  evidently  y~1fi1y  is  normal  in  y~l  Gy  =  G; 
while  G  /y'^H^y  =  y~^Gy/y~lH^y  =  G/  H1,  and  is  simple. 
Hence  Hl,  H2,  H3,  ...  are  all  maximum  normal  subgroups  of  G, 
and  £/#i  =  G/H2  =  G/H3  =  .... 

Denote  by  Hrst  .  the  greatest  common  subgroup  of 
Hr,  Hg,  Ht,  ....  Then  as  in  §  3  we  have  Hl/  H12  =  G/H2, 
and  therefore  H,/Hl2=G/Hr  Similarly  Hl/Hlr  =  G/Hl. 

Now  the  greatest  common  subgroup  of  Hl,  H2>  H3,  ...  ==1, 
for  it  is  normal  in  G  (V  11).  Hence  Hlz  cannot  contain  all  of 
H13)  Hu,  H15,  ...  unless  Hn  =  1.  Suppose  H12  does  not 
contain  Hlr.  Then  as  in  §  3  G,  Hlt  H12,  Hlzr,  ...  and 
G,  JET,,  Hlr,  Hi2r,  ...  are  composition-series  of  G,  and 


As  before  Hl2r  does  not  contain  all  of  H12S,  H1U,  HIK,  ... 
unless  Hl2r  =  1.  If  H)2r  does  not  contain  Hl2s,  we  may 
repeat  the  above  reasoning  and  prove  that  G,  h,  H12,  Hnr, 
HlZrs  ,  ...  is  a  composition-series  of  G  and  that  Hl2r/Hl2rg  =  G/HV 
By  repetition  of  this  process  we  may  establish  the  theorem. 

Each  group  of  the  composition-series  is  normal  in  G,  for  it 
is  the  greatest  common  subgroup  of  normal  subgroups. 

COROLLARY  I.    G  is  the  direct  product  of  groups 
isomorphic  with  its  composition-factor-groups. 

Let  B  =  Gt  be  the  group  of  a  composition-series  G,  GlyG2, 
of  G  preceding  1.     Then  B  is  simple,  is  normal  in  G,  and 
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[is  simply  isomorphic  with  any  one  of  the  composition-factor- 
groups  of  G.  Let  B,  Bv  B2,  ...  be  conjugate  groups  in  F. 
Then  {  B,  Blt  B<>,  ...}  being  a  group  normal  in  F  and  con- 
tained in  G  must  coincide  with  G. 

Since  B  and  Bl  are  normal  in  G,  their  greatest  common 
subgroup  is  normal  in  G  and  therefore  in  B.  But  B  is  simple, 
and  hence  B  and  Bl  have  only  identity  in  common.  Moreover, 
every  element  of  B  is  pennutable  with  every  element  of  Bl. 
For  let  b  be  any  element  of  B,  and  6X  any  element  of  Bl. 
Then  6~161~1661  is  in  B  since  bl~lbbl  is  in  B,  and  is  in  Bl  since 
l-'fcT'fc  is  in  B!.  Hence  6-161~1661  =  1.  Therefore  {B,  BJ 
I  is  the  direct  product  of  B  and  Bl  . 

Now  let  59  be  one  of  the  groups  conjugate  to  B  which  is 
not  contained  in  {B,  B^}.  Then  just  as  before,  since  Bz  and 
{B,  jBj}  are  both  normal  in  G,  we  may  show  that  B2  and 
{B,  B^f  have  only  identity  in  common  and  that  every  element 
of  B2  is  pennutable  with  every  element  of  {B,  B^}.  Similarly 
B  and  [Blt  B.2}  have  only  identity  in  common,  and  every 
element  of  B  is  permutable  with  every  element  of  {-B15  B.2}  ; 
and  so  for  Bl  and  {B,  B.2}.  Hence  {B,  Bl,B2}  is  the  direct 
product  of  B,  JBj,  and  B2.  Now  let  B3  be  a  group  conjugate  to 
B  not  contained  in  {  B,BltBt}.  Then  as  before  {B,Bl}B2,  B?i  } 
is  the  direct  product  of  the  simply  isomorphic  groups  B,  Bl  , 
B2,  B3;  and,  proceeding  in  this  way,  we  show  that  G  is  the 
direct  product  of  t  +  1  simply  isomorphic  groups 


COROLLARY  II.  Let  G,H  be  normal  subgroups  of  a  group  F, 
such  that  G  contains  H,  but  contains  no  normal  subgroup 
of  F  containing  H.  Then  the  composition-factor-groups  of 
G/  H  are  all  simply  isomorphic,  and  G/H  is  the  direct 
product  of  groups  simply  isomorphic  -with  these  composition- 
factor-groups. 

For  G/H  is  evidently  a  minimum  normal  subgroup   of 

r  /  H. 

Ex.  1.  If  G  (§  6)  is  a  prime-power  group,  it  is  Abelian. 

Ex.  2.  If  G  is  of  order  pr  (p  prime  to  r),  G  is  simple. 

Ex.  3.  Assuming  that  the  symmetric  group  of  degree  m  (m  ^=  4) 
contains  no  normal  subgroup  except  the  alternating  group  of 
degree  m,  deduce  from  §  6  that  this  alternating  group  is  simple. 

Ex.  4.  If  P  is  a  primitive  permutation-group  of  degree  pk  and 
order  pr  (p  prime  to  r),  the  group  H  generated  by  the  elements 
of  order  p  in  P  is  a  minimum  normal  subgroup  of  P  and  is  simple. 

M  2 
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THE  CHIEF-SERIES 

§  7.  Let  HI  be  a  maximum  normal  subgroup  of  a  group  G, 
and  let  Hlt  Hz,  Hs,  ...  be  a  series  of  normal  subgroups  of  0 
such  that  Iff  contains  H^+l  but  contains  no  normal  subgroup 
of  0  containing  Hi+1.  Then  G,  HI}  H2,  H%,  ...  is  called  a 
chief-series  or  chief-composition-series  of  G.  The  group  G  may 
have  several  distinct  chief-series ;  each  such  series  ends  with 
the  identical  group. 

As  in  §  4  we  may  prove  that  a  chief-series  of  G  can  always 
be  found  containing  any  given  normal  subgroup  of  G. 

The  groups  G/H1}  Hl/  H2,  H2/H3,  ...  are  called  chief - 
factor-groups  of  G.  The  first  G/ Hl  is  simple,  each  of  the 
others  is  simple  or  is  the  direct  product  of  simply  isomorphic 
simple  groups.  This  follows  at  once  from  §  6,  Corollary  II. 
If  Jjj/2,/3,  ...,It  are  the  subgroups  of  Ht  corresponding 
to  the  members  of  a  composition-series  of  Hi  /  Hi+l ;  G,  Hl , . . . , 
Hit  /j,  J2,  /3,  ...,  It,  Hifl,  ...  is  a  composition-series  of  G. 
The  chief-factor-group  Hi/Hi+l  is  the  direct  product  of  t  +  l 
groups  simply  isomorphic  with  any  one  of  the  composition- 
factor-groups  Hi/fy  Ii/I*,  I*/Iv  ~",It/Hi+\- 

The  orders  of  the  chief-factor-groups  are  called  chief-factors 
of  G, 

Ex.  1.  For  example;  G,  N,  £,  {a2},  1  and  G,  0,  L,  {c},  1  are 
chief-series  of  tfee  group  G  of  Vij,  each  group  of  either  series 
being  normal  in  G. 

Ex.  2.  H^  Hi+l,  Hi+2,  ....  is  not  necessarily  a  chief-series  of  H^ 

§  8.  The  chief-factor-groups  of  any  two  chief -series  of  a 
group  G  are  identical  except  as  regards  the  sequence  in  which 
they  occur. 

(1)  Let  Q,Hl,...,Hi,Hi+lt...  and  G,  Hlt ...,  Hit  Ki+l, ... 
be  two  chief-series  of  G.     Let  D  be  the  greatest  common 
subgroup  of  Hi+l  and  Ki+l;  thenDand  {Hi+l,Ki+l}  are  normal 
in  &  (V  11).     Since  {Hi+l,  Ki+1]  is  a  normal  subgroup  of 
G  containing  Bt+l,  Ht  =  {Hi+l,  Ki+l}.     Then  as  in  §  3  (1) 
we  prove  Ht/Ki+l  =  Hi+l/D  and  Ht/Hi+l  =  K^/ D. 

(2)  Hi+1  contains  no  normal  subgroup  of  G  containing  D. 
For   if  J  were  such  a  subgroup,   {J,  Ki+l}   would  be  a 

normal  subgroup  of  G  contained  in  and  not  identical  with 
{Hi+l,  Ki+1}  =Ht.  Similarly  Ki+1  contains  no  normal  sub- 
group of  G  containing  D. 
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(3)  The  proof  of  the  theorem  is  now  completed  exactly  as 
in  §  3  (3). 

Ex.  1.  A  composition-series  can  always  be  found  containing 
(the  terms  of  any  chief-series. 

Ex.  2.  It  is  not  always  possible  to  obtain  a  chief-series  by 
suppressing  terms  of  a  given  composition-series. 

Ex.  3.  Any  element  permutable  with  a  given  group  transforms 
I  every  chief -series  into  a  chief-series  and  every  composition-series 
into  a  composition-series. 

Ex.  4.  Every  composition-series  of  an  Abelian-group  is  also  a 
chief-series. 

Ex.  5.  If  a  group  has  only  one  composition-series  it  has  only 
one  chief-series. 

Ex.  6.  Every  chief-series  of  a  prime-power  group  is  a  composition- 
series,  but  not  conversely.  The  same  holds  for  the  direct  product 
of  prime-power  groups. 

Ex.  7.  Every  chief-series  of  a  group  G  of  order  pa  ends  with 
the  groups  K,  1,  where  K  is  some  subgroup  of  order  p  in  the 
central  of  G. 

Ex.  8.  If  H  is  a  normal  subgroup  of  G,  the  chief-factor-groups 
of  G  are  the  chief-factor-groups  of  G/H  together  with  direct 
products  of  groups  simply  isomorphic  with  the  chief-factor-groups 
ofH. 

Ex.  9.  (i)  If  every  chief-factor-group  of  a  group  G  is  cyclic,  the 
same  is  true  of  G/H,  H  being  any  normal  subgroup  of  G.  (ii)  Every 
element  of  the  group  preceding  1  in  any  chief-series  of  G  is 
permutable  with  each  commutator  of  G. 

Ex.  10.  A  non-Abelian  group  of  order  pa  (p  >  2,  a  >  2)  con- 
taining an  element  of  order  jj0"1  has  (a—  2)p+l  chief-series. 

Ex.  11.  Find  the  number  of  chief-series  of  each  group  in 
XIII 315, 16. 

THE  CHAKACTEBISTIC-SERIES 

§  9.  Let  G  be  any  group,  and  let  Jlt  J.2,  J3,  ...  be 
characteristic  subgroups  of  G,  such  that  «/,-  contains  «/,-+1,  but 
contains  no  characteristic  subgroup  of  G  containing  Jf+l. 
Then  G,  Jlt  J2,  J3,  ...  is  called  a  characteristic-series  of  G. 

Let  F  be  the  holomorph  of  G  or  any  finite  group  containing 
G  of  the  type  described  in  X6.  Then  (•?,  Tj,  J"2,  J"s,  ...  is 
part  of  a  chief-series  of  F,  so  that  properties  of  a  characteristic- 
series  can  be  deduced  from  those  of  a  chief-series. 

Ex.  1.  A  group  with  no  characteristic  subgroup  is  the  direct 
product  of  simply  isomorphic  simple  groups. 

Ex.  2.  Show  that  Ji/Jijfl  is  the  direct  product  of  simply 
isomorphic  simple  groups. 
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Ex.  3.  A  characteristic-series  can  always  be  formed  containing 
any  given  characteristic  subgroup. 

Ex.  4.  A  chief-series  can  always  be  formed  containing  every 
member  of  a  given  characteristic-series. 

Ex.  5.  Every  characteristic-series  of  a  complete  group  is  also 
a  chief-series. 

Ex.  6.  Every  composition-series  of  a  cyclic  group  is  also  a  chief- 
series  and  a  characteristic-series. 

Ex.  7.  If  a  group  has  only  one  chief-series,  it  is  also  a  character- 
istic series. 

THE  SERIES  OF  DERIVED  GROUPS 

§  10.  If  A!  is  the  first  derived  group  (commutant)  of  any 
group  G,  A2  the  first  derived  group  of  A15  A3  the  first  derived 
group  of  A2,  &c.,  A2,  A3,  ...  are  called  respectively  the  '  second, 
third,  . . .  derived  groups '  of  G. 

All  the  derived  groups  are  characteristic  subgroups  of  G. 

The  proof  of  X2  shows  at  once  that  h~l^h  is  the  coin- 
mutant  of  h~lGh,  whatever  element  h  may  be.  Hence  any 
element  permutable  with  G  is  permutable  with  Aj.  Similarly 
any  element  permutable  with  At  is  permutable  with  A2,  and 
so  on.  Hence  any  element  permutable  with  G  is  permutable 
with  Als  A2,  A3,  ... ;  i.e.  Als  A2,  A3,  ...  are  characteristic  sub- 
groups of  G. 

§  11.  Each  of  the  groups  G,  Ax,  A2,  A3,  ...  is  contained  in 
the  one  preceding  it.  Hence  there  are  two  possibilities  only ; 
(i)  for  some  value  of  i  A^  is  perfect,  and  (ii)  for  some  value 
of  i  A^  =  1.  We  shall  prove  that  in  case  (ii)  G  is  soluble. 

If  the  series  of  derived  groups  of  a  group  G  ends  with  the 
identical  group,  G  is  soluble. 

For  since  all  the  derived  groups  are  normal  in  G,  a  com- 
position-series of  G  may  be  formed  containing  all  the  groups 
A,,  A2,  A3,  ...  ;  while  the  composition-factors  of  G  are  the 
composition-factors  of  G/\,  At/A2,  A2/A3,  ...  (an  obvious 
extension  of  §  4).  But  these  latter  groups  are  Abelian  (IX  3), 
and  are  therefore  soluble  (§  5).  Hence  G  is  soluble. 

Ex.  1.  If  a  group  G  is  soluble,  its  series  of  derived  groups  ends 
with  identity. 

Ex.  2.  Every  soluble  group  contains  a  characteristic  Abelian 
subgroup. 

Ex.  3.  If  Aj  is  perfect,  &/A,  is  soluble. 
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THE  SERIES  OF  ADJOINED  GROUPS 

§  12.  If  AI  is  the  first  adjoined  group  (group  of  inner 
automorphisms)  of  a  group  G,  A.2  the  first  adjoined  group 
of  Alt  A3  the  first  adjoined  group  of  Az,  &c.  ;  Az,  A3,  ...  are 
called  respectively  the  'second,  third,  ...  adjoined  groups'  (or 
'  cogredients  ')  of  G.  If  any  one  of  these  Ai_l  is  Abelian  (of 
order  >  1),  A^  =  1  and  G  is  said  to  be  of  class  or  speciality  i. 
In  this  case  none  of  the  groups  G,  Alf  A2t  ...,  A^2  can  be 
Abelian. 

Since  A^^  is  the  first  adjoined  group  of  the  non-  Abelian 
group  Ai_2,  A^  is  non-cyclic  (X  4)  ;  hence  :  — 

No  adjoined  group  of  a  non-Abelian  group  is  cyclic. 
If  the  centrals  of  G,  Alt  A2,  ...,  At_t  are  of  the  types 

(A,/i,i>,  ...),  (Aj./Zj,  »!,...),  (A2,  fZj,  rai...),  •••>  (*t-l  >/*»-!»  f.-U-  -Of 

G  is  said  to  be  of  the  type 


There  are  in  general  several  distinct  groups  of  a  given  type. 

Let   Cj  be  the  central  of  £  ;    and  let  C2  be  the  normal 
subgroup  of  G  corresponding  to  the  central  B  of  J.,,  so  that 


Let  (73  be  the  normal  subgroup  of  G  corresponding  to  the 
central  of  A2.  Then  as  before  G/C3  =  A3.  Let  U±  be  the 
normal  subgroup  of  G  corresponding  to  the  central  of  A3, 
then  G/CI  =  A^  and  so  on.  The  central  C^  is  sometimes 
called  the  'first  central  '  of  G,  while  (72,  (73,  ...  are  called  the 
'  second,  third,  .  .  .  centrals  '  of  G. 

Ex.  1.  The  direct  product  of  prime-power  groups  is  of  finite 
class. 

Ex.  2.  A  metabelian  group  is  of  class  2,  and  conversely. 
Ex.  3.  The  commutant  of  a  group  of  class  2  or  3  is  Abelian. 
Ex.  4.   Every  non-Abelian  group  of  order  p3  is  of  the  type 


Ex.  5.  If  G  is  of  class  t,  (i)  Mi-i  =^  °  unless  i  =  1,  (ii)  C,  =  G, 
(iii)  the  class  of  Ax  is  i—x. 

Ex.  6.  If  G  is  of  class  i,  (i)  C,  _!  contains  \  ,  (ii)  C,  -3  contains  A2  . 
Ex.  7.  If  G  is  of  order  jf1  and  Ax  of  order  p8,  the  class  of 


Ex.  8.  Every  element  of  Cx  is  of  the  form  CjCg  ...  ex  where  ct  is 
in  Ct  but  not  in  Q_j.  The  commutator  of  ct  and  any  element  of 
G  is  in  Cf_!. 
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§  13.  If  the  first  adjoined  group  A  of  a  group  G  is  the 
direct  product  of  its  Sylow  subgroups,  0  is  also  the  direct 
product  of  its  Sylow  subgroups. 

Let  G  be  of  order  paq&ry ...;  p,q,ry...  being  distinct 
primes.  Let  P,  Q,  R,  ...  be  Sylow  subgroups  of  orders 
p^qP,^,  .... 

The  order  of  A  is  a  factor  of  the  order  of  G.  Let  A  be 
of  order  pai  q&i  r*i . . . .  Then  A  must  be  the  direct  product 
of  prime-power  groups  Pj,  Qx,  JR,, ...  of  orders  pai,  q0i,ryi,.... 

Let  a,  b  be  elements  of  P  and  Q  respectively ;  and  let  alt  6t 
in  A  correspond  to  a,  b  in  G.  Then  the  order  of  al  is  a  power 
of  p  and  the  order  of  \  is  a  power  of  q.  But  A  is  the  direct 
product  of  PJ,  Qj,  -Rj,  ...,  and  therefore  b^a^b^  =  al.  From 
this  we  deduce  b~lab  —  ca,  where  c  is  some  element  in  the 
central  of  G.  Hence  if  mi  is  the  order  of  a, 

1  =  b-lamb  =  (ca)m  =  cmam  —  cm  (since  ca  —  ac). 

It  follows  that  the  order  of  c  is  a  factor  of  m  and  is  therefore 
a  power  of  p.  Similarly  from  a~lb~la  —  cb~l  we  see  that  the 
order  of  c  is  a  power  of  q ;  and  hence  c  =  1. 

Therefore  every  element  of  P  is  permutable  with  every 
element  of  Q,  and  similarly  with  every  element  of  R,  &c. 
Hence  every  element  of  P  is  permutable  with  every  element 
of  {Q,  R,  ...},  and  these  two  groups  have  only  identity  in 
common.  The  same  is  true  of  Q  and  {P,  R,  ...},  &c.  Hence 
G  is  the  direct  product  of  P,  Q,  R,  .... 

COEOLLAKY.  If  one  of  the  adjoined  groups  of  a  group  G  is 
identity,  G  is  the  direct  product  of  its  Sylow  subgroups. 

If  AI  =  1,  AI_I  is  Abelian,  and  is  therefore  the  direct 
product  of  its  Sylow  subgroups  (XII  1,  Corollary  IV).  Now 
AI_I  is  the  first  adjoined  group  of  A^,  and  therefore  A^_2  is 
also  the  direct  product  of  its  Sylow  subgroups.  The  same 
reasoning  maybe  extended  to  show  that  A{_3,  At-_4,  ...,  Alt  G 
are  all  direct  products  of  their  Sylow  subgroups. 

Ex.  1.  A  group  of  finite  class  is  soluble. 

Ex.  2.  If  each  chief-factor-group  of  a  group  G  is  cyclic,  the 
commutant  A  of  G  is  the  direct  product  of  its  Sylow  subgroups. 


CHAPTER  XIV 

SOME   WELL-KNOWN  GROUPS 

§  1.  SUPPOSE  that  {a}  is  a  normal  cyclic  subgroup  of  the 
group  G  =  {a,  b}  generated  by  the  elements  a  and  6.  Let 
A,  /i  be  the  orders  of  a,  b  ;  and  let  a,  ft  be  their  orders  relative 
to  {6},  {a}  respectively.  Suppose 

aa  =  bs,  10  =  ar,  b-lab  =  a*. 

It  follows  at  once  from  the  relation  b~lab  =  a*  that  every 
element  of  G  is  included  once  and  only  once  among 

x=l,  2,  ...,A;  7/  =  l,  2,  ...,/3), 


and  hence  that  G  is  of  order  A/3. 

Since  ar  is  in  {b},  r-~-a  and  similarly  8  -7-  /3  are  integral 
(V  1).  Hence  6^x^a  =  arX^a  =  1,  and  therefore  A  -•-  a  is  a 
multiple  of  p  •+•  ft.  Similarly  n  -f-  ft  is  a  multiple  of  A  -r  a, 
so  that  \  +  a  =  fj.  -r-  ft. 

Now  the  order  of  b&  =  p  -f-  /3  =  A  -r  a,  while  the  order  of  ar 
is  evidently  A  H-  (the  H.  C.  F.  of  A  and  r).  Hence  a  is  the 
H.  C.  F.  of  A  and  r,  and  similarly  ft  is  the  H.  C.  F.  of  fi  and  s. 

Since  a~lb~lab=ak~l,  we  have  by  1  4 

1  =  a~ab-laab  =  a0**-1). 

Hence  a  (k—  1)  =  0  (mod  A)  or  r(k—  1)  =0  (mod  A),  since  a  is 
the  H.  C.  F.  of  A  and  r. 

Since  b~lab  =  ak,  b~yaby  =  ak*  (13);  hence  by  is  permu- 
table  with  a  if  and  only  if  kv  =  1  (mod  A).  If  6*  is  the  lowest 
power  of  b  permutable  with  a,  e  is  the  smallest  positive 
integer  such  that  kf  =  1  (mod  A),  i.  e.  k  is  a  '  primitive  root  of 
the  congruence  xf  =  1  (mod  A)  '.  Since  b&  is  permutable  with  a, 
it  follows  as  in  V  1  that  f  is  a  factor  of  ft  and  k&  =  1  (mod  A). 

We  shall  show  in  §  5  that  every  group  whose  Sylow  sub- 
groups are  cyclic  is  of  the  same  type  as  G:  the  converse  is 
not  true. 

Ex.  1.  Every  element  of  G  is  included  among  axbv(x  =  1,  2, 
...,  A;  y=  1,  2,  ...,  ft\  oramonga*&y(z=l,  2,  ...,  a  ;  y  =  1,  2, 
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Ex.  2.  If  d  is  the  H.  C.  F.  of  A  and  fc-1,  (i)  the  central  of  G  is 
{aK*d}  ;  (ii)  the  commutant  of  G  is  {ad }  ;  (iii)  G  is  metabelian  if 
A  is  a  factor  of  d2. 

Ex.  3.  Find  a  group  of  the  type  of  §  1  with  non-cyclic  Sylow 
subgroups. 

Ex.  4.  {a1}  and  {a,  b1}  are  normal  subgroups  of  G ;  {a!,  b}  is 
normal  only  if  it  contains  the  commutant  of  G, 

Ex.  5.  Every  subgroup  of  G  is  of  the  type  {a1,  Pa35}  where  y 
is  a  factor  of  /?,  I  is  a  factor  of  A  and  r  +  x(k&— 1)  -r-(A#  —  1),  and 
I  >  x  >  0.  No  two  such  subgroups  are  identical. 

Ex.  6.  Every  subgroup  and  factor-group  of  G  is  of  the  same 
type. 

Ex.  7.  (i)  G  is  soluble,     (ii)  The  chief-factors  of  G  are  prime. 

Ex.  8.  If  every  Sylow  subgroup  of  G  is  cyclic,  A;  is  a  primitive 
root  of  x&  =  1  (mod  A),  provided  a  and  6  are  chosen  so  that  G  is 
not  generated  by  two  elements  a,  b  where  (a)  is  normal  in  G 
and  of  order  greater  than  A. 

§  2.  The  following  four  important  groups  are  included 
among  the  groups  of  §  1 : — 

(I)  a4™  =  62  =  1,  bab  =  al+2m ; 
(II)  a4m  =  62  =  1,  a2m  =  (a&)2; 

(III)  am   =  bz  =  (ab)z  =  1 ; 

(IV)  a2m  =  1,  am  =  (a&)2  =  b2. 

Group  III  is  the  dihedral  group  of  order  2  ra,  and  group  IV 
is  the  dicyclic  group  of  order  4m.  The  case  in  which  m 
is  a  power  of  2  has  been  discussed  in  XI  8. 

Ex.  1.  Find  the  centrals  and  commutants  of  the  four  types. 

Ex.  2.  (i)  Every  element  of  any  one  of  the  four  groups  is  of  the 
form  ax  or  bax.  (ii)  Find  the  order  of  each  element,  (iii)  Find 
the  conjugate  sets  of  elements. 

Ex.  3.  (i)  {ax}  is  a  normal  subgroup  of  each  type,  (ii)  Every 
non-cyclic  subgroup  is  of  the  form  (a*,  bax}. 

Ex.  4.  Every  subgroup  of  group  I  is  Abelian  or  of  the  type  I. 

Ex.  5.  In  group  II  the  subgroups  {a1,  bax]  are  of  the  type  II, 
III,  IV  according  as  I  is  odd,  I  and  x  even,  I  even  and  x  odd. 

Ex.  6.  In  groups  III  and  IV  the  subgroups  {a1,  bax}  are  respec- 
tively dihedral  and  dicyclic,  and  they  form  one  or  two  conjugate 
sets  for  a  given  value  of  I  as  I  is  an  odd  or  even  factor  of  m. 

Ex.  7.  Find  the  orders  of  the  groups  of  automorphisms  of  the 

four  types. 

"V    x    e    f 

Ex.  8.  (i)  If  m  =  2  3  5  7*  ...,  the  number  of  composition- 
series  of  III  is  27M7<  !-r-5!  «!  £!•••>  where  Uy  is  the  coefficient 
of  ^  in  the  expansion  of  (l—a:)~1(l  —  ^)~<~1  and  t  =  d 
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(ii)  The  number  of  chief-series  is 


(iii)  Find  similar  theorems  for  group  IV. 

Ex.  9.  (i)  The  dihedral  and  dicyclic  groups  are  the  only  groups 
generated  by  a  and  6,  where  ar  =  (ab)2  =  b2.  (ii)  A  group  of 
order  2p°  with  cyclic  Sylow  subgroups  is  either  cyclic  or  dihedral 
(P  >  2). 

§  3.  Another  important  special  case  of  the  group  in  §  1  is  the 
metacyclic  group  G  =  {a,  b}  where  aP  =  bP~l  =  1,  ab  =  bak  ; 
k  being  a  primitive  root  of  the  congruence  xP~l  =  1  (mod  p). 
As  in  §  1  G  is  of  order  p  (p—1). 

Every  automorphism  of  {a}  is  completely  given  when  we 
know  the  power  of  a  corresponding  to  a  in  the  automorphism. 
Now  k,  Jfc2,  .  .  .  ,  kP~l  leave  different'  remainders  when  divided 
by  p  ;  for  k6  =  kf  (mod  p)  (p>e>f>0)  would  involve 
ke~f=  1  (mod  p),  contrary  to  the  hypothesis  that  k  is  a  primi- 
tive root  of  xP~l  =  1  (mod  p).  Hence  these  remainders  are 
the  numbers  1,  2,  ...,  p—  1  in  some  order  or  other.  But 
b~Vabv  =  afc"  (13),  so  that  every  automorphism  of  {a}  is 
established  by  transforming  {a}  by  a  power  of  6,  and  no  two 
powers  of  6  establish  the  same  automorphism.  Hence  {&} 
=  the  group  of  automorphisms  of  {a}.  Also  since  the  only 
elements  of  G  permutable  with  a  are  the  elements  of  {a}, 
G  is  the  holomorph  of  {a}. 

Ex.  1.  The  commutant  of  G  is  {a}  and  the  central  is  1. 

Ex.  2.   There  is  only  one  abstract  metacyclic  group  of  order 


Ex.  3.  The  order  of  bvax  is  (p-1)  -f-  (the  H.C.F.  of  y  and  p-1), 
unless  y  =  0  (mod  p). 

Ex.  4.  The  subgroups  of  G  are  cyclic  subgroups  {ft^a*}  not 
normal  in  G,  a  normal  cyclic  subgroup  {rf},  and  normal  subgroups 
{a,  by],  where  y  is  any  factor  of  p  —  1  and  x  =  1,  2,  ...,  or  p. 

Ex.  5.  A  metacyclic  group  contains  a  dihedral  subgroup. 

Ex.  6.  Every  Sylow  subgroup  of  a  metacyclic  group  is  cyclic. 

Ex.  7.  Every  composition-series  of  G  is  a  chief-series. 

Ex.  8.  If_p-l  =  2?3s5e7C...,  G  has 


composition-series. 

Ex.  9.  Every  metacyclic  group  is  complete. 

Ex.  10.  G  is  simply  isomorphic  with  the  group  of  auto- 
morphisms of  a  dihedral  group  of  order  2p. 

Ex.  11.  G  is  simply  isomorphic  with  the  doubly-transitive 
permutation-group  of  degree  p  generated  by  S=(12...p}  and 
T=  (k\k2  ...  fcp-i),  where  ks  is  that  one  of  the  symbols  1,  2,  ..., 
p—  I  which  satisfies  Jcs  =  k8  (mod  p). 
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Ex.  12.  G  is  simply  isomorphic  with  the  substitution-group  ii 
the  GF  [p]  generated  by  xf  —  x  +  1,  x'  =  kx  ;  i.  e.  with  the  group 
in  the  GF[p]  composed  of  every  substitution  of  the  form 

x'  = 


§  4.  If  the  Sylow  subgroups  of  a  group  G  are  cyclic  groups 
of  orders  p«i,  p2az,  ...,  p£*  (p1<p2<...<  pm\  G  contains 

a  normal   subgroup  of   order  pr*  p^*1  Pra+2*  •••  Pm™   con~ 
taining  every  element  of  G  whose  order  divides 

V*.8  f)  °r+1  V  Dr+2  ...  f>  Ont  (s  <  aA 

rr   f^r+l    •fr+2  rm     v    "       rl 

(1)  Let  n=p-f\p^*  ...  p°m  be  the  order  of  G.    The  number 
of  elements  in  G  whose  orders  divide  n  is  n,  and  by  the 
corollary  of  V  21  the  number  of  elements  in  G  whose  orders 
divide  n  -J-  p1  is  A  71-7-  pl  (A.  integral).     Let  g  of  order  p^ik  be 
one  of  the   (p^—  A)  p^r1  p2a*  ...p°m  elements  of  G  whose 
orders   divide  n  but  not  n  -f-  p^     Such  an  element  exists  ; 
for  G  contains  by  hypothesis  an  element  of  order  p-fi  .     Then 
the  order  of  ge  (pfik  >  e  >  0)  divides  n  but  not  n  +  pl  if  and 
only  if  e  is  one  of  the  ^"i"1  (pl—  1)^  integers  less  than  pfik 
and  prime  to  pr 

Let  h  of  order  pfd  be  one  of  the  (pt—  X)  Piarl  p2a*  "-P^m 
elements  of  G  whose  orders  divide  n  but  not  n  -f-  Pi  which 
is  not  a  power  of  g  (if  such  an  element  exists).  Then  as 
before  Pi0^1  (PI—  1)1  of  the  powers  of  h  divide  n  but  not 
n-r-pl.  Now  take  one  of  the  (?>!—  X)  Piai~l  pfo  •••P^'* 
elements  whose  orders  divide  n  but  not  n  -7-  pl  which  is  not 
a  power  of  g  or  h  and  reason  as  before.  Continuing  the 
process  till  all  the  (PI—  A)  Pj°i~l  p%a»  ...  p"m  elements  are 
exhausted,  we  see  that  (p^  —  A)  Pj°rl  p2a»  ...  pUm  is  a  multiple 
of  Piai~l(pi—  1)  and  is  not  zero.  Since  pl—  1  is  prime  to 
p2a»  ...p£m,  we  must  have  A  =  1. 

(2)  By"  (1)    and  the    Corollary   of  V21    the    number    of 
elements  in  G  whose  orders  divide  n-~-pl  but  not  n  •+•  pf  is 
(Pi—  P)  Pi°l~z  Pza'  •••  P°m   (^  integral).     Then  exactly  as  in 
(1)  we  may  show  that  (pl—  i*)  pfr2  p2az  ...  pa>»  is  a  multiple 
of  Piai~2(pi  —  1)  and  is  not  zero;  from  which  it  follows  that 
M=l. 

(3)  This  reasoning  may  be  repeated  to  show  that  G  con- 
tains exactly  »  *  p  °r+i  ...  »  a«  elements  whose  orders  divide 

j  j'r    fr+l  *m 

Pr*  Pr°+?  "•  P£m'>  and  finally  that  G  contains  exactly  p£m 
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elements  whose  orders  divide  p  a».  Hence  G  contains  only 
one  Sylow  subgroup  Pm  of  order  p£m ;  for  if  G  contained 
two,  G  would  contain  more  than  p£m  elements  whose  orders 
are  powers  of  pm.  Since  Pm  is  the  only  subgroup  of  order 
pa~  in  G,  Pm  is  normal  in  G. 

(4)  If  T  is  any  factor-group  of  G,  the  Sylow  subgroups  of  F 
are  cyclic.  For  that  Sylow  subgroup  of  F  whose  order  is 
a  power  of  px  is  generated  by  an  element  of  F  corresponding 
to  an  element  of  order  pxaz  in  G. 

Hence  G/Pm  contains  a  normal  subgroup  of  order  p°^. 
The  corresponding  subgroup  Pm_i  of  G  is  of  order  p°^1  p£* 
and  is  normal  in  G.  Again,  G  contains  a  normal  subgroup  PTO_8 
of  order  p a»»-»  »  a«-i  p0-*  corresponding  to  the  normal  sub- 

•*  m  — 2    r  m— l    •»  m  » 

group  of  order  p^^  in  G  /  -Pm-i-  Continuing  this  process 
we  see  that  G  contains  a  normal  subgroup  Pr+i  of  order 
p°*fl  p%£*  ...  p£m.  The  group  G /  Pr+l  contains  a  normal 
cyclic  subgroup  of  order  pr°rt  and  hence  G  /  Pr+l  contains 
a  normal  cyclic  subgroup  of  order  pr8.  The  corresponding 
subgroup  P  of  G  is  of  order  pr*  p%£1  •••P,°"  *&&  consists 
of  those  pr* p^+l  ...  p£m  elements  of  G  whose  orders  divide 


Ex.  1.  If  G  is  Abelian,  it  is  cyclic. 

Ex.  2.  The  subgroup  P  is  characteristic. 

Ex.  3.  If  glf  gz,  ...,  gm  are  elements  of  orders  p^,  ptat,  ...f 
jpa-  in  G,  P=  [gru,  gr+l,  ...,  gm},  where  u  =p*~. 

Ex.  4.  Any  subgroup  H  of  G  has  all  its  Sylow  subgroups  cyclic. 

Ex.  5.  The  result  of  §  4  holds  good  even  if  the  Sylow  subgroup 
of  order  p  n"  is  non-cyclic,  provided  r  =£  m. 

Ex.  6.  Prove  that  G  is  soluble.  This  is  true  even  if  the  Sylow 
subgroup  of  order  p  °m  is  non-cyclic. 

Ex.  7.  The  chief-factors  of  G  are  prime. 

Ex.  8.  Assuming  only  that  G  contains  a  normal  subgroup 
of  order  p  a«,  deduce  from  V 14  that  G  contains  exactly 
p_.arpar+i ...  paw  elements  whose  orders  divide  p.-'Vp^+i  ...pa«. 

*r     •*>•*•!         -*m  .  r     fr+l         -*m 

Ex.  9.  If  a  group  G  (with  non-cyclic  Sylow  subgroups) 
contains  exactly  frsp^1  ...p^"  elements  whose  orders  divide 
p  spOr+j  .  «a»«  (}  contains  exactly  p0**1  ...p°m  elements  whose 

fr  -^r+l          *•§  '   *ir+l          *• 

orders  divide  p%fl  •••  p£m  ',  where  Piaip^-.p^m  is  the  order 
of  G  and  s  <  O. 
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§  5.  A  group  G  with  cyclic  Sylow  subgroups  is  generated 
by  two  elements  a,  b  such  that    {a}   is  normal  in  0  and\ 
contains  every  normal  cyclic  subgroup  of  G,  while  the  lowest 
power  of  b  permutable  with  a  is  in  {a}. 

(1)  We  assume  that  the  result  is  true  for  any  group  whose 
order  is  the  product  of  powers  of  m  —  1  distinct  primes.     We 
shall  then  prove  that  the  result  is  true  for  a  group  G  whose 
order  is  the  product  of  powers  of  m  distinct  primes.     Then 
the  theorem  can  be  proved  by  induction ;  for  it  is  evidently 
true  when  m  =  1  (b  being  identity).     Let  G  be  the  group 
of  §  4.     It  contains  a  subgroup  H  of  index  p-^i  with  cyclic 
Sylow  subgroups  formed  of  those  elements  of  G  whose  orders 
divide  n-r-p^i.     Since  H  is  the  only  subgroup  of  its  kind 
in  G,  every  element  permutable  with  G  is  evidently  permu- 
table with  H;  i.e.  H  is  a  characteristic  subgroup  of  G.     By 
our  assumption  H •=  {a,  b},  where  ax  =  1,  b&  =  ar,  ab  =  bak  ; 
while  {a}  is  normal  in  H  and  contains  every  normal  cyclic 
subgroup  of  H,  and  b&  is  the  lowest  power  of  b  permutable 
with  a.     Since  every  element  permutable  with   {a}  is  per- 
mutable with  each  subgroup  of  {a},  {a}  contains  no  cyclic 
subgroup  not  normal  in  H;  and  since  {a}  is  the  only  subgroup 
of  its  kind  in  H,  every  element  permutable  with  H  is  permu- 
table with  {a}  ;  i.e.  {a}  is  a  characteristic  subgroup  of  H. 

(2)  Let  a  cyclic   Sylow  subgroup  of  order  p^i  in    G  be 
generated  by  an  element  g;  and  let  gp  be  the  lowest  power 
of  g  such  that  {#p}is  normal  in  G.     As  in  V  1  p  is  a  factor 
of  p^i.     Since  H  and  {gp}  are  normal  in   G,  g~pb~lgpb  is 
both  in  H  and  in  {/}.     Hence  g-pb~*gpb=l ;  for  H  and  {/} 
have  only  identity  in  common,  since  their  orders  are  prime 
to  one  another.      Therefore  gp  is   permutable   with   6,  and 
similarly  with  a. 

Since  the  orders  of  a  and  gp  are  prime  to  one  another,  the 
order  of  agp  =  the  order  of  the  Abelian  group  (a,  gp}  ;  and 
hence  {a,  gp}  =  {agp}  is  cyclic. 

(3)  Since  {a}  and  {gp}  are  normal  in  G,  {agp}  and  every 
subgroup  of  {agp}  is  normal  in  G.     Conversely,  every  normal 
cyclic  subgroup  of  G  is  contained  in  {agp}.     For  suppose  h 
generates  such  a  subgroup  of  order  pfm,  where  m  is  prime 
to  pr     Then    {hPf}  ;  being  a  normal  cyclic  subgroup  of 
order  m,  is  in  {a}  ;  while  {hm},  being  a  normal  cyclic  sub- 
group of  order  pf,  is  in  {gp}.     Hence   {h}  =  {h?*,  hm}  is 
in  {a/}. 
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(4)  Now  gp  is  the  lowest  power  of  g  permutable  with  a. 
For  if  g*  is  permutable  with  a,  b~lg°b  is  permutable  with 
b~lab  —  ak  and  therefore  with  ake.     Hence  b~lgffb  is  pennu- 
table  with  a  ;  for  we  can  choose  e  such  that  ke  =  1  (mod  X), 
since  k  is  prime  to  X.     Now  since  g°  is  permutable  with  H, 
every  element  of  {g*,  H}  is  of  the  form  gzffbya*t  which  is  not 
permutable  with  a  unless  y  =  0.     Hence  b~lg°b  is   of  the 
form  gzffax.     But  since  the  order  of  ga  is  prime  to  the  order 
of  a,  we  must  have  x  =  0.  so  that  b  is  permutable  with  {g°} 
and  {g°}  is  normal  in  G. 

(5)  Again,  g  is  permutable  with  {a}  ;  suppose  g~lag  =  a!. 
Then  since  gp  is  the  lowest  power  of  g  permutable  with  a,  I  is 
a  primitive  root  of  of  =  1  (mod  X).     Now 

(bg)~la(bg)  =  g~lakg  =  aw  ; 
hence  by  1  3 


If  (&#)'  is  permutable  with  a,  Ml1  =  1  (mod  X)  ;  and  then 
1  =  (#1*)?  =  kjp  and  1  =  (Ml*]*  =  l<*  (mod  X).  Since  /3  and  p 
are  prime  to  one  another,  we  deduce  that  t  is  a  multiple  both 
of  ft  and  p  if  (bg)1  is  permutable  with  a.  Hence  the  lowest 
power  of  bg  permutable  with  agp  is  a  multiple  of  ftp  ;  for  b 
and  g  are  permutable  with  gp. 

(6)  Write  now  a  for  agp,  b  for  bg.  Then  {a}  is  normal  in 
{a,  b},  and  the  order  of  {a,  b}  =  {a}  +  (a}b+  (a}b2+  ...  is 
>  7i.  For  the  order  of  a  is  n  -f-  ftp  ;  while  the  order  of  b 
relative  to  {a}  is  >  pft,  since  the  lowest  power  of  b  permu- 
table with  a  is  a  multiple  of  pft.  But  (a,  b}  is  a  subgroup 
of  G.  Hence  bp£  is  in  {a},  and  G  EE  (a,  b}  where  {a}  is 
normal  in  G  and  contains  every  normal  cyclic  subgroup  of  G, 
while  the  lowest  power  of  b  permutable  with  a  is  in  {a}. 

Ex.  1.  A  group  F  whose  order  contains  no  square  factor  is  of 
the  type  ax  =  W  =  1,  db  =  &afc,  where  k  is  a  primitive  root  of 
a?  =E  1  (mod  X)  and  X  is  prime  to  /z. 

Ex.  2.  (i)  Find  the  conditions  that  If  of  should  correspond  to 
a,  Wax  to  &  in  an  automorphism  of  H.  (ii)  Find  the  order  of  the 
group  of  automorphisms  of  F  in  Ex.  1. 


HAMILTONIAN  GBOUPS 

§  6.  A  non-Abelian  group  all  of  whose  subgroups  are 
normal  is  called  a  Hamiltonian  group.  The  simplest  type 
of  Hamiltonian  group  is  the  quaternion  group  a4  =  1, 
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a2  =  (abf  =  b2  which  is  identical  with  the  dicyclic  group 
of  order  8.  It  contains  one  subgroup  {a2}  of  order  2,  and 
three  subgroups  {a},  {b},  {ab}  of  order  4. 

Ex.  1.  Verify  directly  that  every  subgroup  of  the  quaternion 
group  is  permutable  with  a  and  6. 

Ex.  2.  Every  subgroup  of  a  Hamiltonian  group  is  Hamiltonian 
or  Abelian. 

Ex.  3.  Every  element  of  order  2  in  a  Hamiltonian  group  is 
normal. 

Ex.  4.  A  Hamiltonian  group  is  the  direct  product  of  its  Sylow 
subgroups. 

Ex.  5.  Every  factor-group  of  a  Hamiltonian  group  is  Hamiltonian 
or  Abelian. 

Ex.  6.  If  a2  =  (a&)2  =  &2,  (a,  1}  is  Abelian  of  order  4  or 
quaternion. 

Ex.  7.  If  bob  =  a  and  ab  =  6a3,  (a,  &}  is  Abelian  of  order  4 
or  quaternion. 

Ex.  8.  The  quaternion  group  is  the  holomorph  of  a  cyclic  group 
of  order  4. 

Ex.  9.  (i)  The  group  of  inner  automorphisms  of  a  quaternion 
group  is  non-cyclic  of  order  4.  (ii)  The  group  of  automorphisms 
is  simply  isomorphic  with  the  symmetric  group  of  degree  4. 

Ex.  10.  The  quaternion  group  is  not  the  group  of  inner  auto- 
morphisms of  any  other  group. 


§  7.  The  direct  product  G  of  an  Abelian  group  A  of  odd 
order  x,  an  Abelian  group  B  of  order  2m  and  type  (1,1,...,  1), 
and  the  quaternion  group  C  is  Hamiltonian. 

Let  H  be  any  subgroup  of  G,  let  h  =  abc  be  any  element 
of  H,  and  let  g  =  a/3y  be  any  element  of  G ;  where  a  and  a 
are  in  A,  b  and  ft  in  B,  and  c  and  y  in  C.  Then 

g~lhg  =  y~l(3~la~labca(3y  =  y~labcy  —  y~lcyab. 

Now  since  c*  =  1  and  {c}  is  normal  in  C,  y~lcy  =  c  or  c3. 
Hence  g~lhg  =  h  or  c2A.     But  H  contains 

Wx  =  (abc)2x  =  a^b2*^  =  c2x  =  c2  (since  c*  =  1  and  x  is  odd). 

Hence  H  contains  g~lhg  and  is  normal  in  G. 
The  converse  of  this  theorem  is  proved  in  §  9. 

Ex.  1.  Every  element  of  {B,  C}  is  of  order  1,  2,  or  4. 

Ex.  2.  The  central  of  G  is  the  direct  product  of  A  and  H, 
where  H  =  {B,  e]  is  Abelian  of  order  2m+1  and  type  (1,  1,  ...,  l\ 
e  being  the  element  of  order  2  in  G. 
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§  8.  There  is  no  Hamiltonian  group  of  order  pa  if  p  >  2. 
If  p  =  2,  there  is  one  and  only  one  abstract  Hamiltonian 
group  of  order  pa  (a  >  2) ;  it  is  the  direct  product  of  the 
quaternion  group  and  an  Abelian  group  of  the  type 
j(l,  1,  ...,  1). 

(1)  Let  G  be  a  Hamiltonian  group  of  order  pa.     Let  g  of 
order  p*-  be  an  element  of  G  which  is  not  normal  in  G  but 

ilia  such  that  every  element  of  lower  order  in  G  is  normal. 
Let  h  of  order  pt*  (M  >  A)  be  any  element  of  G  not  permutable 
with  g. 

Let  c  =  g~lh~lgh.  Since  G  is  Hamiltonian  h~lgh  is  in  {g}, 
and  therefore  c  is  a  power  of  g.  Similarly,  c  is  a  power  of  h. 
Hence  c  lies  in  the  greatest  common  subgroup  D  of  {g}  and 

\{h}.     Since  c  ^  1,  D  contains   the   subgroups    {gP*~1}  and 
|  {hP*~1}  of  order^?  in  {g}  and  {h}.     Therefore  gP*~l  =  huP*~l 
where  u  is  prime  to  p.     Since  h  is  not  permutable  with  g, 
D  3=  {gr}  and  hence  X  >  1. 

Now  by  14  g~Ph~lgPh  =  cP.  But  gP  is  normal  in  G  by 
hypothesis,  and  hence  cP  -  1.  Again,  (tog)*  =  A^c*^' 
Putting  y--uj^~K,  t  =  p*~l,  we  have  (teg)*  =  c*^'"1^ 
Hence  if  p  is  odd,  or  if  p  =  2  and  y  is  even  or  X  >  2,  (teg)*  =  1. 
Now  since  hVg  is  not  permutable  with  A,  we  cannot  have 
(hVgY  =  1 ;  otherwise  hVg  would  be  of  lower  order  than  g 
contrary  to  hypothesis.  Hence  p  =  2,  y  is  odd  and  therefore 
X  =  p,  and  X  =  2.  Therefore  X  =  p  =  2  and  gf4  =  A4  =  1 ,  g2  -  h*. 
The  group  {g,  h}  is  evidently  a  quaternion  group. 

(2)  We  have  shown  that  any  two  non-permutable  elements 
of  a  Hamiltonian  group  G  of  order  2a  generate  a  quaternion 
subgroup.     Now  every  element  of  order  2  in  G  is  normal ; 
for  if  g  is  such  an  element,  {g}  is  normal.     These  elements 
of  order  2  form  an  Abelian  subgroup  H  of  the  type  (1, 1, ... ,  1). 
Let   a4  =  1,  a2  —  (ab)2  =  b2  be  any  quaternion   subgroup   C. 
If  d  is   any  element  not  permutable  with  a,  {a,  d}    is  a 
quaternion  group  and  d*  =  a2. 

Let  y  be  any  element  of  G  permutable  with  a  and  6.  Then 
yb  is  not  permutable  with  a,  and  hence  a2  =  (y6)2=y262=y2a2. 
Therefore  y2  =  1  and  y  is  in  H. 

If  y  is  an  element  of  G  not  permutable  with  a  and  b,  three 
cases  can  arise  since  y  is  permutable  with  {a}  and  {6}, 
namely  (i)  y~aay  =  a,  y-16y  =  b3,  (ii)  y~Jay  =  a3,  y~lby  =  6, 
(iii)  y-1ay  =  a3,  y-16y  =  b3.  It  is  at  once  proved  that  a  and  6 
are  both  permutable  with  (i)  ay,  (ii)  by,  (iii)  aby.  Hence  as 
before  H  contains  (i)  ay,  (ii)  by,  (iii)  aby.  In  each  case  y  is  in 
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CH.  Hence  G  =  {C,H},  and  H  is  the  central  of  G.  The 
greatest  common  subgroup  of  G  and  H  is  {a2}.  Let  B  be 
a  subgroup  of  index  2  in  H  not  containing  {a2}.  Then 
G  =  {.B,  G\  and  is  the  direct  product  of  B  and  (7,  i.e.  of  an 
Abelian  group  of  order  2°~3  and  type  (1,  1,  ...,  1)  and  the 
quaternion  group. 

Ex.  1.  The  commutant  of  G  is  {a2}. 

Ex.  2.    G  contains  2a~2-l  subgroups  of  order  2,  3 .  2«-3  • 
order  4,  2«-1-l  of  index  2,  i(2«-1-l)(2a-2-l)  of  index  4,  and 
2^0-6  quaternion  subgroups. 

Ex.  3.  If  every  subgroup  of  order  >p  in  a  non-Abelian  and 
non-Hamiltonian  group  K  of  order  pa  is  normal  (p  >  2),  JL"  contains 
only  one  normal  subgroup  of  order  p. 

§  9.  Every  Hamiltonian  group  is  the  direct  product  of  an 
Abelian  group  of  odd  order,  an  Abelian  group  of  order  2m  and 
type  (1,  1,  ...,  1),  and  the  quaternion  group. 

By  Corollary  IV  of  XII 1  a  Hamiltonian  group  G  is  the 
direct  product  of  its  Sylow  subgroups.  Now  each  of  these 
subgroups  is  evidently  Hamiltonian  or  Abelian.  Hence  by 
§  8  the  Sylow  subgroups  of  odd  order  are  Abelian,  and  there- 
fore their  direct  product  is  an  Abelian  group  A  of  odd  order. 
Again  by  §  8  the  Sylow  subgroup  of  even  order  is  the  direct 
product  of  an  Abelian  group  B  of  order  2TO  and  type  (1,1,...,!) 
and  the  quaternion  group  G.  Hence  G  is  the  direct  product 
of  A,  B,  and  (7;  which  proves  the  theorem. 

Ex.  1.  The  commutant  of  G  is  of  order  2. 
Ex.  2.  The  central  of  G  is  of  index  4. 
Ex.  3.  G  is  metabelian. 


CHAPTER  XV 

CHARACTERISTICS 

§  1.  IF  a  group  0  is  simply  or  multiply  isomorphic  with 
irreducible  homogeneous  linear  substitution-groups  S,  &,  S", 
... (VII 4),  then  S, S', S",...  are  called  representations  of  G. 

Let  g  be  any  element  of  G,  and  let  s,  s'  be  the  corresponding 
substitutions  of  S,  S'  respectively.  Then  if  a  fixed  substitution 
t  can  be  found  such  that  t~lst  =  s'  whatever  element  of  G 
g  may  be,  S  and  &  are  called  equivalent  representations  of  G ; 
if  not,  S  and  S'  are  called  distinct  representations. 

Every  substitution  conjugate  to  s  in  8  has  the  same 
characteristic  equation  (III  6).  Hence  the  substitutions  of  S 
corresponding  to  each  element  conjugate  to  g  in  G  have  the 
same  characteristic  equation ;  for  to  an  element  of  G  conjugate 
to  g  evidently  corresponds  an  element  of  S  conjugate  to  8. 
The  sum  of  the  roots  of  the  characteristic  equation  of  8  is 
called  the  characteristic  in  the  representation  S  of  the  set 
of  elements  conjugate  to  g. 

Suppose  S  is  of  degree  m.  Let  s  be  transformed  into  the 
multiplication  (o>iXl,  <*>2X2>  •••»  ^m^m)  (HI  8);  then  s"1  is 
transformed  into  ((al~lxlt  <*2~lx2,  ...,  <am~lxm).  If  8  is  of 
order  q-  Wj,  o>2>  ...,  o>TO  are  q-th  roots  of  unity  and  are  the 
roots  of  the  characteristic  equation  of  s.  Hence  the  character- 
istics M!  +  w2  4- . . .  +  tam  and  <a1~l 4-  o>2~1  +  . . .  +  um~l  of  the  sets 
of  elements  conjugate  to  g  and  g~l  are  conjugate  imaginaries ; 
for  o)|  is  conjugate  to  to,-"1.  If  the  conjugate  set  containing  g 
is  self-inverse  (V  6),  its  characteristic  is  real. 

If  g  =  1,  s  is  (ajj,  o;2,  ...,  xm).  Hence  the  characteristic  of  1 
is  the  degree  m  of  S. 

If  we  replace  each  coefficient  of  every  substitution  of  S 
by  the  conjugate  imaginary,  the  substitutions  so  obtained 
obviously  form  a  group  S  simply  isomorphic  with  S  which 
is  also  a  representation  of  G:  S  and  S  are  called  inverse 
representations.  If  S  and  S  are  equivalent  representations, 
S  is  called  a  self-inverse  representation. 

N  2 
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Ex.  1.  The  following  table  shows  the  3  distinct  representations '. 
and  the  corresponding  characteristics  for  the  group 
a3  =  62  =  (a&)2  =  1. 


Elements 
of  group 

Substitutions  of  the  representation 

Characteristic  in 

8 

ff 

gr 

8 

<sr 

S" 

1 

X 

X 

(*,y) 

1 

i 

2 

a 

X 

X 

/I         A/3       -v/3        1   \ 

1 

i 

-1 

V      2*       2    *     2   -      2V 

a2 

X 

X 

/     1        -/3          -v/3        1    \ 
V     2*"    ~2~y'  "  2   '  ~2y) 

6 

X 

—  ^£ 

(*»  -») 

1 

-i 

0 

ba 

X 

—  X 

/I   -VI       A/3        1    \ 
(-2X+~2-y'   ~2~X+2y) 

&a2 

X 

^™  3/ 

/I         ^3          VB        1    \ 

(     2X       2   y'        2   "+2y) 

Ex.  2.  One  and  the  same  group  of  linear  substitutions  may 
give  rise  to  two  or  more  representations  of  Cr. 

Ex.  3.  The  characteristic  of  a  set  of  elements  of  order  2  is 
integral. 

Ex.  4.  Every  representation  of  G  is  simply  isomorphic  with 
a  factor-group  of  6r. 

Ex.  5.  Every  representation  of  a  factor-group  of  G  is  a  repre- 
sentation of  Cr. 

Ex.  6.  The  substitution-group  of  degree  and  order  1  is  a 
representation  of  every  group. 

Ex.  7.  Every  representation  of  an  Abelian  group  is  of  degree  1. 

Ex.  8.  A  group  is  not  necessarily  simply  isomorphic  with  any 
one  of  its  representations. 


§  2.  Suppose  0  is  a  group  whose  elements  form  r  conjugate 
sets  of  which  the  first  is  the  set  containing  only  identity. 
Denote  the  elements  of  the  &-th  conjugate  set  by  Ck  (Cl  =  1), 
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Let  $15  &J,  S3,  ...  be  the  distinct  representations  of  G ;  where 
Sl  is  the  homogeneous  linear  group  of  degree  and  order  1, 
which  is  evidently  a  representation  of  every  group. 

We  denote  by  x&*  the  characteristic  of  Ck  in  the  represen- 
tation S^.  Then  Xi*  is  the  degree  of  Sit  and  x^1  =  1. 

We  denote  by  xjj  the  characteristic  in  S^  of  the  set  inverse 
to  Ck.  Then  x^*,  x&'*  are  conjugate  imaginaries,  and  are  real 
and  equal  if  C^  is  a  self-inverse  set. 

We  denote  by  xi*  the  characteristic  of  Gk  in  the  repre- 
sentation inverse  to  £,-.  Then  x&*  and  xt*'  are  conjugate 
imaginaries,  and  are  real  and  equal  if  $,-  is  a  self-inverse 
representation. 

The  r  characteristics  Xi*>  &*>  •  •  • »  Xr*  are  called  the  set  of 
characteristics  of  G  in  the  representation  Sf. 

Ex.  1.  x/  =  X//  and  x/  =  x**'. 

Ex.  2.  The  modulus  of  x*'  <  Xi*- 

Ex.  3.  If  xi  =  Xa*  =  Xz>*  =  •••»  &i  is  simply  isomorphic  with 
G/H,  where  H  =  C1  +  Ca  +  C^+  .... 

Ex.  4.  Let  xi>  X2»  Xs>  •••  be  a  set  of  characteristics  for  the 
conjugate  sets  Elt  E2,  E3,  ...  of  a  factor-group  F  of  G ;  and  let 
Ck,  Ck',  Ck",  ...  be  the  conjugate  sets  of  G  corresponding  to  the 
elements  Ek  of  P.  Then  there  is  a  set  of  characteristics  of  G  in 
which  Xk  i3  the  characteristic  of  each  of 

£%»  Cjfc ,  C^  »  •••  (^  =  1,  2,  3,  ...). 

Ex.  5.  Every  characteristic  of  a  symmetric  group  is  real. 

§  3.  Suppose  G  is  an  Abelian  group  of  order  n.  Then 
r  =  n,  and  each  conjugate  set  contains  one  element  only. 
Any  representation  St  of  G  (being  irreducible)  is  of  degree  1 
by  VII 8  ;  hence  Xi*  =  !• 

Let  [</!,  <J(2,  ...,  gi]  be  a  base  of  G,  and  let  ae  be  the  order 
of  ge.  Let  x' '=  a>ex  be  the  substitution  of  $$  corresponding 
to  ge ;  so  that  o>ea«  =  1  and  <oc  is  the  characteristic  of  ge  in  the 
representation  St .  Then  the  substitution  of  S^  corresponding 
to  g-fig^* ...  g^t  is  x'=  wj^ico^a ...  (ofix,  and  to^\(a^  ...  ta^t  is 
the  characteristic  of  g-fig^s  ---g^t  in  the  representation  /S4. 

Now  we  may  be  any  one  of  the  ae  ae-th  roots  of  unity ; 
hence  there  are  a2  a2  . . .  at  —  n  distinct  representations  of  G. 
If  6e  is  any  primitive  c^-th  root  of  unity  (so  that  0ea«  =  1, 
6ev  =£  1  if  y  <  aj,  the  characteristics  of  gfig^* ...  gft  in  the 
7i  representations  are 

e^e^...et^t  (ke  =  i,  2, ...,  a.;  e  =  i,  2, ...,  t). 

The  representations  of  (r  may  be  considered  as  elements  if 
we  define  the  product  StSj  as  follows.  Let  the  characteristics 
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of  gigz...gt  in  the  representations  Sit  Sj  be  respectively 
OJiOj*  ...  Ojt,  d^iO^Jz  ...  etJt;  then  the  product  StSj  is  defined 
as  the  representation  in  which  the  characteristic  of  g^2  ...gt 
is  dji+ii  62h+J2  ...  6th+Jt.  It  is  at  once  seen  that  the  represen- 
tations considered  as  elements  form  a  group  2  simply  iso- 
morphic  with  G,  the  element  gh  gis  ...  gh  in  G  corresponding 
to  the  element  $-  in  2. 


Ex.  1.  If  every  characteristic  of  an  element  g  in  an  Abelian 
group  is  real,  g2  =  1. 

Ex.  2.  The  number  of  representations  of  any  group  G  of  the 
first  degree  =  the  index  of  its  commutant  A. 

Ex.  3.  The  substitution-group  x'  =  x,  —x  stands  for  2a  —  1 
distinct  representations  of  an  Abelian  group  of  order  2a  and  type 
(1,  1,  ...,  1). 

Ex.  4.  The  multiplication  table  of  an  Abelian  group  of  order 
n  considered  as  a  determinant  of  n2  elements  is  the  product  of 
n  linear  factors. 

Ex.  5.  (i)  The  multiplication  table  of  any  group  considered  as 
a  determinant  has  q  linear  factors,  where  q  is  the  index  of  the 
commutant.  (ii)  Find  these  linear  factors  in  V  Ij. 

Ex.  6.  The  sum  of  the  characteristics  in  any  given  representation 
of  all  the  elements  of  an  Abelian  group  is  0,  unless  each  character- 
istic is  1. 

Ex.  7.  The  sum  of  the  characteristics  of  a  given  element  of 
an  Abelian  group  in  every  representation  is  0,  unless  the  element 
is  identity. 

§  4.  Let  H  be  any  subgroup  of  the  Abelian  group 


and  let  S  be  one  of  the  u  distinct  representations  of  G/H. 
Since  G  is  multiply  isomorphic  with  G/H&nd  G/HvrithS, 
S  is  a  representation  of  G.  The  characteristic  of  every 
element  of  H  in  the  representation  8  of  G  is  1.  Conversely, 
if  the  characteristic  of  every  element  of  H  in  the  represen- 
tation S  of  G  is  1,  S  is  a  representation  of  G/H.  For 
evidently  in  this  case  the  characteristic  of  every  element 
in  Hyi  .  Hy:  is  the  same. 

Now  let  0^1  62kz  ...  6tkt  be  the  characteristic  of  gl  g2  ...  gt  in 
the  representation  S.  Then  the  u  elements  of  the  type 
gfi  9**  •  •  •  gtkt  form  a  subgroup  K  simply  isomorphic  with 
G/H.  For  they  evidently  form  a  subgroup  simply  isomorphic 
with  the  group  L  whose  elements  are  the  u  representations 
of  G/H,  g^g^t...g^t  corresponding  to  S:  and  L—G/H(§3). 
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The  subgroup  H  bears  the  same  relation  to  K  that  K  does  to 
\H.  For  gfi  g^  .  .  .  gtk  is  in  H  if  and  only  if  6^\l\  02k-A  .  .  .  Qftt  =  1 
[for  each  of  the  u  sets  of  values  of  klt  k2,  ...,  kt.  Again, 
\8Ji0Jt...  6  ft  is  the  characteristic  of  <7i#2...<7f  *&  a  represen- 
tation of  G/K  if  and  only  if  6ffa.ej#*  ...  Ojfa  =  1  for  each  of 
the  u  sets  of  values  of  kl,k2,  ...,  kt  ;  which  is  the  same  con- 
dition as  before.  For  this  reason  H  and  K  are  called  re- 
ciprocal subgroups  of  G. 

Ex.  1.  The  subgroup  of  G  reciprocal  to  H  depends  on  the  base 
[d\i  d%>  •••>  9t\  an^  on  ^ne  quantities  6lf  d2,  ...,  0t. 

Ex.  2.  K  is  a  subgroup  of  the  group  reciprocal  to  any  subgroup 
ofH. 

Ex.  3.  An  Abelian  group  contains  as  many  subgroups  of  index 
q  as  it  does  subgroups  of  order  q. 

Ex.  4.  An  Abelian  group  contains  as  many  subgroups  with 
given  invariants  as  it  has  factor-groups  with  those  invariants. 

Ex.  5.    An  Abelian  group  of  order  pa  with  t  invariants  has 


factor-groups  of  the  type  (1,  1,  1,  ...  to  q  terms). 

Ex.  6.  An  Abelian  group  of  order  pa  of  the  type  (2,  2,  2,  .... 
1,  1,  1,  ...)  —  y  2  'a  and  £  1  's  —  contains 

-i-l)      p»-l  x 

*•  l 


subgroups  of  index  p2. 

Ex.  7.  (i)  Any  group  contains 


normal  subgroups  of  index  p2  where  y  and  z  are  zero  or  positive 
integers,     (ii)  Find  y  and  s  in  the  group  of  XI  7. 

§  5.  The  discussion  of  the  properties  of  characteristics  of 
non-Abelian  groups  is  too  difficult  to  be  included  in  an 
elementary  treatise.  We  shall  confine  ourselves  to  a  statement 
of  the  fundamental  relations  between  the  characteristics  and 
to  one  application. 

Using  the  notation  of  §  2  it  may  be  proved  that  there  are 
r  distinct  representations  of  G.*  Let  hh  be  the  number  of 
elements  Ck-,  so  that  n  =  A1  +  A2+  ...  +hr.  Now  if  any 
element  g  is  contained  among  the  hkhj  elements  C^C^  we 
prove  immediately  that  CkCj  =  CjCj.  includes  every  element 

*  For  a  proof  of  these  important  theorems  see  two  papers  by  Prof.  W. 
Burnside;  Ada  Mathematical,  xxviii  (1904;,  p.  369  and  Proc.  London  Math.  Soc.. 
21(1903;,  p.  117. 
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conjugate  to  g.  Suppose  that  the  hkhi  elements  C^Cj  include 
the  elements  Ol  c^  times,  the  elements  C2  cW2  times,  ...,  the 
elements  Cr  cklr  times  ;  i.  e.  CUC1  =  ckh  (7,  +  c^2  (72  +  .  .  .  +  cklr  Cr  , 
where  c^1}  c^2,  ...,  c^r  are  zero  or  positive  integers.  Then 


=  ™  or  0 


or    j^i'  ............  (ii)* 

In  (ii)  keep  i  fixed  and  let  j  take  the  r  values  1,  2,  ...,  r. 
Solving  the  r  equations  so  obtained  we  get 
where  Xjf  is  the  co-factor  of  xj/  in 


XT'    -----  "  • 


Xi1     X2* 

•v  2        *.   2 

Xi       Xa 


Xr 


v  r      v  r 
Xl          X2 


y  r 
Ar 


Now 


/'Xjr'=  x  or  o 

according  as  £'  =  k  or  T^  A;,  i.  e.  as  Z  =  k'  or  Z  ^fc  A;'.     Hence 

•••+X/Xzr  =  j-orQa&l=k'  orl=£k' (iii) 


In  (i)  keep  k  fixed  and  let  I  take  the  r  values  1,  2,  ...,  r. 
Eliminating  ^xA  ^2X2*' ••• »  ^rXr*  between  the  r  equations 
so  obtained  we  get 


fkll      K       Cfcl2              •      *      *      cklr 

=  0, 

hj.  ViS 

jre  K  —  -^F-.. 

ckrl             Ckr2              •     •      •      ckrr~~K 

wh< 

Xi1 


(iv) 


Ex.  1.  The  alternating  group  on  the  symbols  1,  2,  3,  4  contains 
4  conjugate  sets 


*  See  footnote  on  p.  183. 
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The  table  gives  the  value  of  cfcfe.  Putting  k  =  3  in  (iv)  we  have 
K4  =  64  K.  Hence  K  =  4,  4w,  4o>2,  or  0,  where  2u>  =  —  1  +  \/— 3. 
Putting  these  values  of  K  in  the  3  equations  (i)  where  &  =  3  and 
{  =  2,  3,  4  we  get  for  the  ratios  /ijXi*  •  ^2X2* :  ^3X3* :  ^4X4*  *he  f°ur 
values  1  :  3  : 4  :  4,  1 :  3  :  4co  :  4w2,  1:3:  4co2: 4co,  and  1 :  -1 :0  :0. 
Substituting  in  the  result  of  Ex.  4  (noting  that  GI  and  C2  are  self- 


lies 
<U 

Value  ofe. 

/ 

2 

3 

4 

'/. 

/ 

O 

O 

O 

*2. 

o 

/ 

O 

O 

Value 
of  i 

Value  ofk 

'3. 

o 

O 

/ 

O 

/ 

£ 

3 

4 

4. 

0 

O 

0 

/ 

/ 

/ 

/ 

/ 

/ 

£. 

3 

2 

O 

0 

2. 

/ 

/ 

CO 

CO2 

.3. 

O 

O 

3 

O 

3 

/ 

/ 

0>* 

CO 

,<4. 

O 

o 

O 

3 

-4 

3 

-/ 

O 

o 

3. 

0 

o 

O 

<4 

Value  of  Xfc 

^ 

-4 

-4 

O 

O 

4. 

O 

O 

<4 

0 

alue  of  C 


inverse,  while  C3  is  inverse  to  C4)  we  obtain  the  values  1,  1,  1,  3 
for  Xi*  respectively.     Hence  we  get  the  above  table  for  x*1. 

The  corresponding  representations  are  those  generated  by  yf  —  x, 
xf  =  ux,  yf  =  o>2:r,  (y,  s,  x)  and  (x,  -y,  -*).  Of  these  Sl  and 
S±  are  self-inverse  representations,  while  S2  is  inverse  to  S3. 
There  are  3  representations  of  degree  1,  since  the  commutant 
Cx  +  C2  is  of  index  3  (cf.  XV  32). 
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Ex.  2.     (i)   fy  =  V;       (")    ^i-Ckii^i  +  c 
v111)  ckie  =  cike  ;    (1V)  ckie  =  cfc'jV  J    (v)  <>ue  =  1  or  0,  as  e  =     or 
e  =£  Z  ;   (vi)  efcn  =  hk  or  0,  as  Z  =  fc'  or  Z  ^b  ^  ;   (vii)  c^  =  0  if 
Ce  is  not  in  the  commutant  ;  (viii)  cWefce  =  c^'fy- 

Ex.  3.  Prove  hlXl{  +  ^2X2*  +  -  +  fy-X/  =  0  (*  =£  1). 

Ex.  4.  Prove  ^Xi**/'*  Wx/+  -  +^XriXr't'  =  w. 

Ex.  5.  Verify  (i)  when  the  elements  Ck  and  Ot  are  in  the 
normal  subgroup  of  Gr  corresponding  to  identity  in  S,-. 

Ex.  6.  Verify  (i)  and  (ii)  for  an  Abelian  group. 

Ex.  7.  Find  the  characteristics  and  corresponding  representations 
for  the  group  (i)  aP  =  fc2  =  (abY  =  1  ;  (ii)  o*  =  &2  =  (a&)2  =  1  : 
(iii)  a6  =  62  =  (a&)2  =  1. 

Ex.  8.  Find  the  characteristics  for  the  groups 
(i)  a6  =  1,  a3  =  (a&)2  =  62  ;  (ii)  a4  =  1,  a2  =  (a&)2  =  62. 

Ex.  9.  Find  the  characteristics  for  the  group  a7  =  63  =  1, 
db  =  6a2. 

Ex.  10.  Find  the  characteristics  for  the  symmetric  group  of 
degree  4. 

Ex.  11.  Find  the  characteristics  for  (i)  the  alternating  group, 
(ii)  the  symmetric  group  of  degree  5. 

§  6.  No  simple  group  contains  a  conjugate  set  of  ps 
elements. 

Suppose  that  in  the  group  G  of  §  5  the  conjugate  set  Ck 
contains  p8  elements,  i.  e.  hk  =  p*.  Put  I  =  1  in  §  5  (iii)  then 


i 


If  x/  =  1  (i  T£  1),  the  representation  8t  is  of  degree  1  and  is 
therefore  Abelian.  Hence  G,  being  isomorphic  with  St  is  not 
simple. 

Next  suppose  x/  =£  1  unless  i  —  1.  Since  x^Xfc1  =  1>  ifc 
follows  from  (i)  that  not  all  of  Xi2X&2>  Xi3Xfc3>  •••>  XirXfcr  can  ^ 
divisible  by  p.  Suppose  Xi*Xfc*  n0^  divisible  by  p. 

Let  a-  of  order  q  be  an  element  of  $t-  corresponding  to  an 
element  of  C^.  Then  a-  can  be  transformed  into  a  multiplica- 
tion of  the  form  (oAa-j,  <t>atocz,  a>03  £C3T  ...)  where  a>  is  a  primitive 
<?-th  root  of  unity,  and  x&*  =  o)ai  +  a)Q2  +  ooS  +  .  .  .  .  Denote  by 
(a1(=  Xfc*)»  ^z)  '••»  ^o-u  u>q(—  Xi*)  *ne  quantities  obtained  by 
putting  to1,  to2,  ...,  otf"1,  cotf  for  <o  in  x&*.  Let 

(»  —  «j)(«—  "2)  •••  (a-wg)  =  a;2  +  <i«2~1  +  ...-f  <g. 
Then  ^,  ^2,  ...  ,  ^  are  integers  ;  for  they  are  integral  symmetric 
functions  of  the  roots  of  otf  =  1. 

Now  by  §  5  (iv)  A^Xfc*  ~^~  Xi*  ^s  a  r00^  °f  an  equation  of  the 
form  xr+p1xr~1  +  ...+pr  =  0,  where  ^>i,p3,  ...,^r  are  integers. 
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Then  the  H.  C.  F.  of  of  +  p^'1  +  .  .  .  +pr  and 


is  of  the  form  xf+q1xf~l  +  ...+qj,  where  qlt  qv  •  •.,?/  are 

rational  ;  /  is  ^  0  since  the  H.  C.  F.  is  divisible  by  a;  -- 

Xi 
Let 


•where  r  =  e+f.  Then  q*  is  integral  For  let  A  and  M  be 
the  L.  C.  M.'s  of  the  denominators  of  the  rational  fractions 
9i>  92>  •••>?/  and  of  rlf  r2,  ...,  re  respectively.  Then 


and  therefore  by  Gauss'  theorem  *  A.  =  /z  =  1. 
Now  the  integer  <jy  is  the  product  of/  quantities 


Xi*        Xa*        Xi' 

Since  h1i=p*  and  Xi*  is  prime  to  p,  the  product  -^j"  -<•    4  — 

Xi     Xi    Xi 

must  be  integral.  But  since  a>1,  coa,  a>j,,  ...  are  each  the  sum 
of  Xi*  quantities  with  unit  modulus,  the  moduli  of  o>15  o>a,  «6,  ... 

are  each  <  xi*«t     Hence  the  modulus  of  —.  =  —  ^  is  integral, 

CO  CO  60  y.  ^1  ^1 

since  the  modulus  of  —  .  •--.•—.-...  is  integral.    This  is  only 

Xi*    Xi*    Xi* 
possible  if  at  =  a2  =  a3  =  ...,  and  then  the  substitution  <r  is 

a  similarity.  Hence  $,•  contains  a  normal  element  a  and  is 
not  simple.  Therefore  G  being  isomorphic  with  St  is  not 
simple. 

Ex.    Prove  that  a  group  G  of  order  jf*q&  (p  and  q  prime)  is 
(i)  composite,  (ii)  soluble. 


*  'If  the  coefficients  of  a0zm-fa1i"*~1  +  ...-fam  are  integers  with  no  common 
factor,  and  the  same  is  true  of  b0x*  +  blx*~~l  +  ...+b»,  the  coefficients  of  their 
product  c0xm+n  +  c1xm+*~l  +  ...  +cm+>  have  no  common  factor.'  In  fact,  since 
c,  =  a06/  +  a16<_1+...-f  a/_iZ»j+at60,  a  given  prime  dividing  a0,  Oj,  ...,  ag_l  and 
&0.  fcj,  ...,  &*_i  but  not  ag  or  bj  divides  c0,  e1,  ...,  c(;+j_1  but  not  ctf+j. 

f  For  the  sum  of  the  moduli  of  two  or  more  quantities  >  the  modulus  of 
their  sum.  This  is  at  once  evident  from  the  graphical  representation  of  com- 
plex quantities. 


HINTS    FOR    THE    SOLUTION    OF    THE 
EXAMPLES 

CHAPTER  I 
§  1.  Ex.  2.  (i)  a.  oa  =  ea  =  ae,   .'.  aa  =  e.     (ii)  gaa  —  /taa, 

Ex.  3.  ab  ...  Id,  I~l1c~l ...  b~la~l  =  ab  ...  k.  k~l  ...  6~1a~1  =  ... 
=  ab .  b~la~l  =  a .  a"1  =  1. 

Ex.  4,  5.  Prove  as  in  ordinary  algebra. 

Ex.  6.  a-b  =  aba  =  baa  =  ba-  ;  and  this  can  be  at  once 
extended. 

Ex.  7.  Prove  as  in  Ex.  6. 

Ex.  8,  9.  Prove  when  n  =  1,  and  then  use  induction. 

Ex.  10,  11.  The  identical  element  is  zero  when  the  law  of 
combination  is  that  of  addition,  unity  when  the  law  is  that 
of  multiplication. 

§2.  Ex.4.  (ii)Ifz  =  *n+J(n>Z>0),  l  =  ax~lm=al.  .'.1  =  0. 

Ex.  7.  Use  I  I7(i). 

Ex.  8.  (i)  If  x  —  kn  +  l  («>Z>0),  a1"**1  is  permutable  with  6. 
.  •.  I  =  0.  (ii)  Prove  as  in  (i).  (iii)  Find  integers  x  and  y  such 
that  xr  ==  1  (mod  n)  and  ys  EE 1  (mod  m).  Then  since  ar  and  ba 
are  pennutable,  so  are  a**"  =  a  and  b^s  =  b. 

Ex.  9.  ab .  ba  =  ab*a  =  o2  =  1. 

Ex.  10.  ba  =  ba  .  abab  =  ba-bab  —  bzab  =  ab. 

Ex.  11.  (i)  Find  integers  x  and  y  such  that  xr+yq  =  1  and  put 
a  =  xr,  /3  =  yq.  (ii)  a«  =  (6c)«  =  b^cq  =  <fl. 

Ex.  12.    Use   I  I8(i)  and  (iy> 

Ex.  13.  Use  I  19,  putting  t  =  1. 

§  3.  Ex.  1.  If  on  =  1,  (b-*ab)n  =  b-*anb  =  b~lb  =  1,  and  con- 
versely. 

Ex.  3.  ab  —  6-J(&a)6.     Now  use  Ex.  1. 

Ex.  4.  c-1(a6)c  =  c~lac .  c~lbc. 

Ex.  5.  If  a~lca  =  b~lcb.  fea""1 .  c  =  c.  bar1  and  ab~1 .  c  =  c .  a6~J. 

Ex.  6.  (i)  Use  induction  ; 
(ii)  (b*ar)-1  (bvax)  (6»ar)  =  bv. in a~*by .  b~saxbs . ar.    Now  use  §  3. 

Ex.  7.  Put  y  =  m  in  b^ab*  =  a**. 

Ex.  8.  1  or  81. 
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Ex.  9.  JcP~l  =  1  (modp)  for  all  values  of  k  prime  to  p. 
Ex.  10.  b~lab  =  a'1  and  a~lba  —  b~l, 

/.  b2  =  b.  aba  =  bab  .  a  =  a2. 

Hence      62  =  a2  =  or1  a2  a  =  cr^a  =  b'2  and  /.  &4  =  1. 
Ex.  11.  If  a~1ca  =  ca  and  b~lcb  =  c      ab-1cab  =  b~ 


§  4.  Ex.  2.  a-^-'oft  .  b~la~lba  -  1. 

Ex.  3.  ^~1(a~1&~1a6)^  is  the  commutator  of  g~lag  and  o"1 

Ex.4.  If  b  =  a-*b-lab,  6  =  1. 

Ex.  5.  Use  I  35. 

Ex.  6.  a~lb-lab  =  (fta)'1.  (a&).     Now  use  I33. 

Ex.  7.  a-1&-1a6  =  (6a)-1(«6a"1&~1)&a. 

Ex.  8.  a~1&-1a&  =  a&a&. 

Ex.  9.  If  aga~l  =  gy  and  bgb~l  =  g*,  g  =  a~lgya  =  b~lg*b. 
Hence      c~x#c  =:  b~l  a~*ba  .  g  .  a~1&~1a6  =  6~1a~16  .  gy  .  b~lab 

=  b-1a-l.gy&.ab  =  b~lg*b 

Ex.  10.  Put  a  =  the  order  of  a  in  era&-1aa&  =  ca. 

Ex.  11.    (i)  and   (ii).     Use   induction  or  Ex.  2.    (iii)   Making 
repeated  use  of  aab&  =  bPaaca@  we  have 

b~ya~x.b~sa~r  .axby.  arbs  —  b~ya~xb~saxbyc~yrbs  «=  cts~yr. 

Ex.  12.  Use  induction  and  g^g^  =  gjg"c". 

Ex.  13.  (i)  ax(*'-1>"r<*lr-1>.  (ii)ox(**+*-*I')-r(fclf+t-*i). 


CHAPTER  II 

§  1.  Ex.  2.  6. 

Ex.  4.  Call  the  rows  of  the  board  1,  2,  ... ,  w  and  call  the  files 
a,  /3,  -..,  /A.  Place  a  queen  on  the  square  common  to  each  row 
and  file  with  the  same  name. 

§  2.  Ex.  7.  Of  (a  6)  and  (6  c). 

§  3.  Ex.  1.  (1  3  6  4  9)  (2  8  5)  (7  10),  (1  11 10  9  6  2  7  3  5)  (4  12  8) 
(1314),  and  (ae)(bgcf). 

Ex.  5.  (i)  (a  6  ...  l)(m  n  ...  x\  (ii)  (a  b  c  ...  x  y  z  ...). 

Ex.  6.  Use  Ex.  5. 

Ex.8.  (i)(*>«  |f*.~  4  £*{...),  (ii)(fc;£rj  £...)(»  A;  a;  «/*...). 

Ex.  9.  St  replaces  ax  by  ax+t. 

Ex.  10.  (o  b  c  ...  Z)  (a  ft  y  ...  X)  (J.  B  C  ...  X)  ...  containing  k 
cycles  =  (a  a  A  ...  6  J3  J5...  cy  C l\L  ...)*. 

Ex.  11.  (12437856  10  12  11  9)3. 

§  4.  Ex.  2.  6,  20,  2.  Resolve  into  cycles. 

Ex.  3.  By  II  37  the  statement  is  true  for  circular  permutations. 
Suppose  S  =  ABC ...,  where  A,  B,  C,  ...  are  circular  permuta- 
tions, no  two  of  which  have  a  symbol  in  common ;  and  let 


,a  6  c...kl  m  ......  x 

"l-  c  / 
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A  =  A^,  S  -  B1B2,  G—  CjCa,  ...,  where  Alt  A2,  Blt  B2,  C7X, 
C2,  ...  are  of  order  2.     Then  S=A1A^B1B2C^  ...  =  (A^C^ 
..~)(A2B2C2  ...),  which  is  of  order  2. 
Ex.  4.  m!-±-rst  ...  is  integral  if  r+s+t+  ...  =  m. 

§  5.  Ex.  1.  (563  4)  (9  8  1)  (2  7),  (4  1  3)  (7  8)  (6  2). 
Ex.  3.  If  A  =  (a  b  c  ...)  (k  I  m  ...)  ...  and 

*  =  (a  0y...)(«  AM  ...)••• 
are  the  two  similar  permutations,  B  =  T~1AT  where 

6  c...kl  m 
-a  /3  y  ...  »c  A 

Ex.  4.  C  is  the  commutator  of  A  and  T. 

Ex.  5.  Let  A  =  (a  b  c  ...  1)  (m  n  o  ...)  ...  and  B  =  (a  ft  y  ...)  ... 
be  the  permutations.  Then  A^B^AB  =  A~l  .  B~1AB  = 
(c  b  a  I  ...)  (onm  ...)  ...  .  (£6  c  ...  1)  (mno  ...)  ...  =  (a/3&). 

Ex.  6.  If  the  2  symbols  are  not  consecutive  in  a  cycle  of  either 
permutation,  the  commutator  is  of  order  3  as  in  Ex.  5.  Similarly, 
if  they  are  consecutive  in  (i)  both,  (ii)  one  and  not  the  other,  the 
commutator  is  of  order  (i)  2,  (ii)  5. 

Ex.  7.  By  §  5  if  T~1ST  =  S,  T  is  a  power  of  S. 

Ex.  8.  If  A  =  (a  b  c  d  e),  B  =  (1  2  3  4  5),  the  permutations 
required  are  the  25  permutations  of  the  form  ArB3  together  with 
the  25  transforming  A  into  B  and  B  into  A,  i.e.  20  of  the  form 
(a  2  d  5  &  3  e  1  c  4)  and  5  of  the  form  (a  3)  (6  4)  (c  5)  (d  1)  (e  2). 

§  6.  Ex.  2.  (1  3)  (1  6)  (1  4)  (1  9)  (2  8)  (2  5)  (7  10)  and 

(ac)(ae)(af)(bh)(bi)(bd). 

Ex.  3.  (rs)  =  (1  r)  (1  s)  (1  r). 

Ex.  4.  Assume  the  result  true  for  the  product  of  any  number 
of  transpositions  <  k.  Let  Tlt  T2,  ...,  Tk  be  transpositions 
whose  product  is  a  permutation  C  of  degree  m  with  s  cycles. 
Then  T,  T2  _  Tk^  =  CTk  has  by  II  34,  5  s±l  cycles;  so  that 
k  —  l>m—  s+1  and  .'.  k>m—  s.  Now  use  induction. 

Ex.  5.  Use  §  6  and  Ex.  4. 

Ex.  6.  Use  Ex.  4,  5. 

§  7.  Ex.  2.  Use  §  6. 
Ex.  3.  Use  Ex.  2. 

Ex.  5.  By  II  63  any  permutation  can  be  expressed  as  the 
product  of  transpositions  all  having  a  symbol  in  common,  and 
the  product  of  any  two  of  these  is  circular  of  order  3. 

Ex.  6.  By  Ex.  5  every  even  permutation  is  the  product  of 
permutations  of  the  type  (1  rs},  and  (1  r  s)  =  (1  2  s)  (1  2r)(12  s)2. 

Ex.  8.  If  it  contains  a  cycle  of  even  degree,  it  is  permutable 
with  that  cycle  considered  as  a  circular  permutation.  If  it 
contains  two  cycles  of  equal  odd  degree,  use  II  59. 
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CHAPTEK  III 


§2.  Ex.4.   z'  =  (-<fcc  +  &)-7-(c£-a),  (5x  +  8y,  8x+13y),  andj 
(—  4z  +  3#  +  5£,  x—y—z,  5x—3y—6z). 

Ex.  6.  2,  2,  3,  3,  12,  6,  4,  2,  4. 

Ex.  7.  Its  w-th  power  is  a/  =  on#  +  6  (an—  1)  -r  (a—  1).     Hence 
the  required  condition  is  that  a  should  be  a  root  of  unity  and  ^  1. 

Ex.  8.  (anx,  nan~lbx+any,  nan~lcx+anz). 


Ex.  9.  (anx,  -   —  v  cx  +  dPy).     a  and  d  are  roots  of  unity,  and 

Qi  —  u 

if  a  =  d,  c  =  0. 

Ex.  10.  (-#+2#  +  2*,#,  s);  (-3x+7y  +  8e,  -x 


Ex.  12.  (i)  Prove  by  induction,     (ii)  <$>  -f-  TT  is  rational  but  not 
integral. 

1  (  A  A  A    ) 

Ex.13.   rf^-la  --  —5        —  =      ...  —  .>•  to  n  +  1  con- 

c(       a  +  d—a  +  d—       —  cx+d) 

vergents,  where  A  =  ad  —  be. 

xf  —  a         x  —  a 

Ex.  14.  Put  in  the  form  —,  —  r-  =  k  -  ;  • 
x—  o         x—o 

Ex.  15.  Tn  is  derived  from  Sn  by  putting 
d4  =  1,  o4  =  64  =  c4  =  d^  =  c?2  =  d3  =  0.     .'.  T"  =  1  if  Sn  =  1. 
Ex.  16.  (i)  <  =  -^  -r  (^  +  1),  y2'  =  #2  ••-  (2/1  +  1),  ys'  =  ^3,  ...  , 

y'm-z  =  ^-3  and  y\  -  y<»  v*  -  y^  -  »  ^-4  =  ym-^  y'm-* 

_1    ,   y«-8       ffm-4  ^1 

"  -i  +  -i  +  •"+  -T 

(ii)  Obvious  from  (i)  ;  or  notice  that  the  m  I  -f-  4  !  anharmonic 
ratios  of  m  points  in  a  line  are  equivalent  to  m—  3  independent 
anharmonic  ratios,  i.e.  each  such  ratio  can  be  expressed  rationally 
in  terms  of  any  m—  3  independent  ratios. 


§  3.  Ex.  2.  (i)  a/= 

(ii)  and  (iii)  (co^,  o)2z2, ...,  o>ma;m),  (iv)  (a?,  2y, 
(v)  (-32z- 


Ex.  2.  The  determinant  of  AA~l  is  1. 

Ex.  3.  The  determinant  of  B'1AB  is  |  6 1  -1 .  |  a  | .  1 6 1  =  |  a  |. 

Ex.  4.  The  determinant  of  An  is  (|  a  |}n. 

Ex.  5.  Prove  by  induction. 

Ex.  9.  Use  Ex.  5  or  Ex.  8. 

Ex.  10.  (ii)  If  AA'  =  B&  =  1,  C(?  -  ABB' A'  =  1  by  Ex.  8 ; 
or  note  that  since  A  and  B  leave  #12  +  #22  +  ...  +%m2  unaltered 
so  does  AB.  (iii)  Prove  as  in  (ii). 


' 
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Ex.  11.  (i)  If  A  =  JTand  AA'  =  1,  AA'  =  AA'  =  1  ;  (ii)  and 
(iii)  prove  as  in  (i). 

Ex.  15.  (ii)  If  G  —  AA'  we  have  readily  etj  =  c^  and  c  (x,  x) 
^xl'xl/  +  x2'x2'  +  ...  +  xm'xm'. 

Ex.  16.  (i)  By  Ex.  7  the  determinant  of  A  A'  is  {|a)}2; 
|(ii)  the  product  of  |  a  |  and  its  conjugate  is  1  ;  (iii)  |  a  \  is  not 
altered  by  changing  a,-,-  into  a,-,-  ;  see  also  §  5. 

Ex.  17.  If  A  is  orthogonal,  so  is  A'. 

Ex.  21.  (i)  Use  Ex.  10  (i)  ;  (ii)  B'AB  is  symmetric  if  J. 
is  symmetric  by  Ex.  5  ;  and  if  B  is  orthogonal,  B'  =  B~l  ; 
I  (iii)  prove  as  in  (ii). 

Ex.  22.  */  =  alx1  +  atxt  +  ...  +amxm,  x{  = 


Ex.  23.   (i)  Let  xt  =  Pii€l  +  Pitti  +  ...  +  &«£»•     Then  a(*,y) 
I  =  2a0-yt-  ^.  =  2  [2/3^/3^$  =  2  [26wa0-/^]  1^6  =  *  (6  n)  by 


,  ,      ,  ,       , 

Ex.  5.  (ii)  As  in  (i). 

§  5.  Ex.3.  If  a(x,x)  =  alXlX:L+  ...  +arXrX,.-ar+1Xr+1Xr+1 
-  ...  -amXroXm=E,3irir1+  ...  +PSYSYS->3S+1Y8+1Y,±1 

_  a   Y   T 

tjmj-mj-m 

where  all  the  a  's  and  /3's  are  positive,  then 

a1X1X1+  ...  +arXrXr+P»lY»lY^i+  ...  +^Ymfm 

=  ar+lXr+lXr+l+  ...  +amXmXm  +  ?1YlYl+  ...  +P8Y,Yr 
Now  if  m—s+r  >  m—  r+s  we  can  choose  a^,  a:2,  ...,  xm  so  that 

Xr+1  =  ...  =  Xm  =  Y  l  =  ...  =  Ys  :=  0, 

while   not   all   of    Xl7  ...,Xr,  FS+J,  ...,  Ym   are    zero.      This  is 
impossible,  and  therefore  r  <  s.     Similarly  r  >  s  ;  and  .'.  r  =  s. 

Ex.  4.  Every  positive  form  is  >  0,   and  .'.   the   sum  of  any 
number  of  positive  forms  is  >  0. 

§  6.  Ex.  2.  |ai^0. 
Ex.  8.  Use  equations  (iii)  of  §  6. 

Ex.  9.    Transform  A  and  B    so  that   (1,  0,  0,   ...,  0)   is  the 
common  pole.     Then  using  Ex.  6  the  result  is  obvious. 
Ex.  10.   Use  Ex.  9. 

Ex.  11.  0(\)  is  not  altered  by  writing  a,-.-  for  a,-.-. 
Ex.  12.  Put  \Xi  for  */,  X,  for  xi  in  HI  414. 

Ex.  14.   2ZZ  =  i  2(ailZ1  +  ai2X2+  ...  +aimXm)Zi 


t+  ...  +amjZm)Xj  = 
Ex.  15.  If  */  =  ot.1 


ci^xm.     Now  put  AX,-  for 
for  z,  in  these  equations  and  eliminate  Xlt  X2,  ...,  X^. 

H1LTOX   F.   G.  0 
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Ex.  16.  (i)  Use  Ex.  10,  13  and  A'  =  A~\   (ii)_Use  Ex.  10,  14. 
Ex.  17.  SUZiZ<  =  S(ajlZ1+  ...  +_aimXm}(ailXl  +  ..._ 


Ex.  18,  19.  Put  y<  =  Zt-  in  Ex.  12;  noticing  that,  if  B  =  D~\ 
J5  is  real  and  symmetric  or  Hermitian  when  D  is. 

Ex.  20.  Prove  as  in  Ex.  19. 

Ex.  21.  Use  equations  (iii)  of  §  6. 

Ex.  22.  Let  TAT~1  =  L.  TA  changes  xi  into  (atl  Xl  +  aiaX2  +  ... 
+  aimXn^x1  +  ...  =  \Xixl+  ...  ;  and  LT  changes  xt  into  (X^n 
+  lzltiz  +  ...  +  Jml  tim)  *!+....  Hence  A^  =  Z<  Zn  +  Z2i*(-2  +  ... 
+  lmitim,  (i=  1,  2,  ...,  m).  Solving  these  m  equations  for  lnt 

*2i>  ••«>  Zml  we  8et  *n  =  A,  ^21  =  ?si=  •«  =*mi  =  0.  Hence  by 
Ex.  6  (1,  0,  0,  ...  ,  0)  is  a  pole  of  TAT-1. 

Ex.  23.  Use  equations  (iii)  of  §  6. 

Ex.  24.  Use  Ex.  23  and  III  421,  22. 

Ex.  25.  (i)  e£8i;  (+«,  1).  (ii)  ±t;  (1,  0),  (1+i,  2).  (iii)  ±  1; 
(1,  1),  (i,  1).  (iv)  1,  2,  3  ;  (1,  1,  0),  (1,  -1,  1),  (1,  0,  1).  (v)  1,  -!< 
-  1  ;  (3,  -2,  4),  (1,  -  1,  Z)  for  all  values  of  Z.  (vi)  -  1,  -  1,  -  I  ; 
(3,  1,  2). 


§  7.  Ex.  6.  The  w-th  power  of  (aLx,  a2x,  ...  ,  amxm)  is 
a2nx2,  ...  ,  amnxm). 

Ex.  7.  Use  Ex.  6. 

Ex.12.  If  S-1AS=A,  o21  =  a31  =  ...  =awl  =  0.  Hence 
(1,  0,  0,  ...  ,  0)  is  a  pole  of  A. 

§  8.  Ex.  2.  The  substitution  is  obtained  by  transforming 
a  similarity  and  is  therefore  a  similarity. 

Ex.  3.  The  a's  and  e's  are  the  roots  of  the  characteristic 
equation  of  either  substitution. 

Ex.  4.  The  practical  method  of  §  8  can  always  be  carried  out 
this  case. 

Ex.  5.   Transform  one  of  the  substitutions  with  two  distinc 
poles  into  a  multiplication. 

Ex.  6.  Transform  by    (i)  (5x-(8-i)y,  5x 

(ii)  (2x-(l  +  i)y,  y)  ;     (iii)  (x-iy,  x-y)  ; 
(iv)  (x—  0,x—  y—  g,  —x+y  +  2z};  (v)(x+y,2x 

(vi)  (ajn  eg*!  +  (<aa-a>1)aaf  ...  ,  fmxm  +  (<»m-<»l)xm). 

Ex.  7.  (i)  If  L  =  (A-!^,  A2#2,  ...,  Awzm),  where  A,,  A2, 
are  the  roots  of  6  (A)  =  0  corresponding  to  the  m  poles,  we  prove 
at  once  TA  —  LT.  (ii)  In  equations  (iii)  of  §  6  the  determinant 
formed  by  the  Y'a  =  |  6  |  X  the  determinant  formed  by  the  X'a. 

Ex.  8.  (ii)  Use  III  420,  21  ;  (iii)  use  III  614. 

Ex.  9,  10.  Prove  by  induction  exactly  as  in  §  8. 

Ex.  11.  (i)  Prove  by  induction  as  in  §  8,  using  III  624  and 
noting  that  the  product  of  two  orthogonal  substitutions  is  ortho- 
gonal. (ii)  Use  III  423. 
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Ex.  12.  Prove  by  induction  as  in  §  8. 
Ex.  14.  Transform  by  (i)  (Sx  +  2y, 

(ii)  (-4z  +  3y  +  5*,  x-y-e,  5x—y- 


§  9.  Ex.  5.  Use  III  89. 

Ex.  7.  Use  §  6. 

Ex.  8.  (i)  a,  /3  are  roots  of  ex2  +  (d-  a)  x—  b  —  0. 

ax  +  b     aa  +  6  x—  a 

(11)  x  —  a  = 


cx  +  d     c  a  +  d 
)  Use  (ii).    (v)  Transform  S  by  xf  = 


+  d)(ca 


a;— a 


(vi)  Use  (ii). 


(vii)  Transform^ by  x'=  -    -3.    (viii)  and  (ix)  Use  (vii).    (x)  If 


xf—a 


—  x—a 

^reP,  where  r  and  6  are  real,  S  is  the  product  of  -/—  j  =  r    _^ 

and    :       ^  =  e*  ^^  ,   which   are    respectively  hyperbolic   and 

x  —  p  x  —  p 

elliptic,    (xi)  Use  (vii)  or  prove  directly,    (xii)  Use  (xi)  and  Ex.  7. 
(xiii)  Transform  S  into  a  multiplication,    (xiv)  Use  (vii). 

§  1O.  Ex.  1.  MO,  Mp«(p-A),  V_,_j. 

Ex.  2,  3.   Every  other  function  of  the  type  x2+plx+pz  is  re- 
ducible mod  p. 

Ex.4  (i) 


/ 

2 

3 
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Ex.  5.  M2  and  %,  w6  and  M7,  w5  and  U6.     Use  the  table. 

_,      _  ,..,    _, 

Ex.  7  (11).  Express 


sn 


,  . 

(n  odd)  or  —  —  ^  (w  even)  in   de- 


sn 


scending  powers  of  4  cos2  </> ;  then  put  4  cos2  $  =  — j — ~—  and  we 

get  the  required  condition  ;  cf.  Ill  212. 

Ex.  8.   The  number  of  substitutions  on  given  variables  with 
coefficients  in  a  given  Field  is  limited. 

Ex.  9.  3,  4. 

Ex.  10.  2,  2,  5. 

Ex.  11.  2,  2,  2,  4,  3,  1. 

Ex.  12.  2,  2,  2,  5,  6,  11. 

Ex.  13.  2,  5. 

Ex.  14.  3,  4. 

Ex.  15.  If  we  equate  two  of  these  marks  we  get  an  equation  for 
M  of  degree  lower  than  A. 

Ex.  16.  Use  Ex.  15. 

Ex.18,  (i)  Assume  the  resulttrue;  replace  F(u)  by  (u-uk+l).F(u); 
and  use  induction,     (ii)  and  (iii)  Prove  as  in  the  case  of  ordinal 
equations,  using  (i). 


§11.  Ex.  1.  Use  III 27, 8, 

Ex.  2.  32,  108. 

Ex.  3.  Use  III  1016, 17. 
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Ex.  5.  Every  power  of  an  integral  mark  is  integral. 
Ex.  6.  (i)  2,  6,  7,  8  ;  5.     (ii)  3,  5,  6,  7  ;  4. 
Ex.  7.  (i)  It  is  a  power  of  (uxlt  uxzt  ...,  uxm)  where  u  is  any 
iprimitive  root. 

Ex.  8.  If  a  given  mark  us  is  the  square  of  ux,  2x  =  s  (mod  pr  —  1). 
tWe  can  always  find  an  integer  x  satisfying  this  congruence  if 
ip  =  2 ;  but  only  when  s  is  even  if  p  >  2. 
Ex.  9.  Prove  as  in  Ex.  8. 

Ex.  10.  (i)  aa  =  ax2  —  a22u  which  is  the  difference  of  a  square 
and  a  not-square  unless  aa  =  a2  =  0. 

(ii)  If  a  ^  0,  aa  b  =  aa  b^  +  aa  b.2i  ^  0  unless  6:  =  &2  =  0. 
(iii)    (aj  +  a2  i)Pr  =  a^  +  a<friPr  (mod  p)  =  al  +  a*  iuU>T-V+2_ 

=  al  —  o2»  =  a. 
(iv)   Prove  as  in  (iii)  that  a^r  =  a. 


CHAPTEK  IV 

§  2.  Ex.  4.  OC  lies  in  the  plane  AOB  and  sin  BOG  =  tw  sin  AOC. 

Ex.  5.  Let  0  be  at  infinity. 

Ex.  7,  8.  Put  )3  =  -a  in  Ex.  5. 

Ex.  10.  OA,  OS,  OC  are  brought  into  the  positions  Oa,  Ob',  Oc' 
by  a  rotation  through  TT  about  OA  followed  by  a  rotation  about 
OD.  .'.  DjOJ.,  DO  A  are  perpendicular  and  DOD^  bisects  the 
angle  between  DOA  and  DOa.  Now  consider  the  intersection  of 
all  lines  and  planes  of  the  figure  with  a  plane  perpendicular  to  OD. 

§  4.  Ex.  1.  (i)  The  point  about  which  the  inversion  of  the 
equivalent  rotatory-inversion  takes  place,  (ii)  When  the  rotatory- 
inversion  reduces  to  a  reflexion  or  gliding-reflexion. 

Ex.  2.  S  EE  (a) .  (b) .  (c),  where  a  and  6  are  parallel  planes  and 
c  is  a  plane  perpendicular  to  them.  Let  d  be  a  plane  perpen- 
dicular to  a,  6,  c.  Then  S  =  (a) .  (d) .  (d) .  (b) .  (c),  and  (a) .  (d)  =  a 
rotation  through  ir,  (d) .  (b) .  (c)  =  an  inversion. 

§  6.  Ex.  3.  Eotations  about  lines  through  0 ;  rotatory- 
inversions  whose  inversions  take  place  about  0  (including  inver- 
sion about  0  and  reflexion  in  planes  through  0  as  special  cases). 

§  7.  Ex.  1.  The  product  is  equivalent  to  successive  reflexions 
in  4r+3s  planes. 

Ex.4.  5[8-(-l)»]. 
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§  8.  Ex.  1.  A  screw  is  equivalent  to  successive  rotations  through 
TT  about  two  straight  lines.  Take  a  pair  of  such  lines  to  represent 
the  screw  (§  5). 

§9.   Ex.  3.  t  =  S~lTS. 

Ex.  4.  If  the  lines  Ox,  Oy  represent  T  and  t  geometrically,  E  is 
a  rotation  through  the  angle  xOy  about  a  line  perpendicular 
to  Ox  and  Oy. 

Ex.  5.  T  is  a  translation  bringing  I  to  coincide  with  V. 
s  =  T~1ST;  now  use  Ex.  3. 

Ex.  6.  E  =  ST,  where  s  is  a  screw  about  V  similar  to  S  and  T  is 
a  translation  parallel  to  I.  Now  use  Ex.  5. 

Ex.  8.  Find  by  Ex.  6  translations  t,  T  such  that  S  =  Rt,  s  =  rr ; 
then  find  T7  such  that  tr  —  r/.  Then 

Ss  =  Etrr  =  Rr.  -r'-r  —  Er.  T. 

Ex.  10.  Use  Ex.  8. 

Ex.  12.  Use  Ex.  10,  taking  a  vertex  of  the  parallelepipedon 
as  0'. 

Ex.  13.  Use  Ex.  10,  taking  0'  as  the  point  on  a  at  a  distance 
2  x  from  the  point  of  a  nearest  to  &. 

Ex.  14.  Use  Ex.  10  and  11  taking  A  as  the  point  0'.  A  rota- 
tion through  TT  about  a  line  through  D  perpendicular  to  AD 
and  making  an  angle  of  30°  with  CD. 

§  1O.  Ex.  1.  The  lines  through  the  centre  perpendicular  to  the 
faces  are  4-al  rotation-axes ;  the  lines  joining  the  middle  points 
of  opposite  edges  are  2-al  rotation-axes. 

Ex.  2.  (ii)  The  axis  of  a  spheroid. 

§  11.  Ex.  1.  The  circles  in  which  the  inversions  take  place  are 
(i)  two  intersecting  straight  lines,  (ii)  two  parallel  straight  lines, 
(iii)  two  concentric  circles. 

Ex.  2.  Invert  the  circles  into  a  pair  of  straight  lines  or  a  pair 
of  concentric  circles  according  as  they  meet  in  real  or  imaginary 
points,  and  use  the  theorem  '  a  circle  and  a  pair  of  inverse  points 
inverts  into  a  circle  and  a  pair  of  inverse  points '. 

Ex.  3.  Use  stereographic  projection  and  §  2. 

Ex.  4.  Prove  as  in  §  9. 

Ex.  5.  (i)  Inversion  about  (£  d,  0),  (ii)  Inversion  in  x2  +  y2  =  b 
followed  by  reflexion  in  y  =  0.  Keplace  inversion  about  (£  d,  0) 
by  successive  reflexions  in  x  =  \  d,  y  =  0,  and  use  Ex.  2. 

Ex.  6.  See  VIII 11. 

Ex.  7.  If  j  is    x2+yz  +  2gx  +  2fy  +  m  =  0  and  I  is 

x  cos  d +y  sin  0  =  t, 
we  have 

-  =  2tei6  +  <?i9(g-if),  -  =  2teie(g+i/)+me2i6,  -=g+if; 
c  c  c 

whence  the  result  follows. 
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Ex.  8.  (i)  Use  Ex.  7.  (ii)  Prove  for  the  case  in  which 
ad—bc=  1  noting  that  (a  +  d)2  is  real.  Now  multiplying  a,  &, 
c,  d  by  the  same  quantity  is  equivalent  to  magnifying  the  figure 
ABCD  with  respect  to  the  origin  and  turning  the  axes  of 
reference  through  some  angle. 


§  12.  Ex.  1.    We  have   xf  —  (^  x  +  mly  +  %)-:- 
yf  =  (l2x  +  m,2y  +  n2)-:-(Lx  +  My  +  N),  &c. 

Ex.  2.  If  if,  x  are  the  distances  of  corresponding  points  from 
fixed  points  of  the  lines,  we  have  a  relation  of  the  form 
xf  =  (ax  +  6)  4-  (ex  +  d). 

Ex.  5.  The  points  whose  coordinates  are  the  poles  of  the 
substitution  denning  the  relations  between  the  coordinates  of 
corresponding  points  when  referred  to  the  same  (i)  points, 
(ii)  triangle,  (iii)  tetrahedron  of  reference.  Exceptions  :  —  a  rotation, 
reflexion,  translation,  screw. 

Ex.  6.  (i)  0  and  the  circular  points,  (ii)  the  point  at  oo  on  I 
and  the  circular  points  in  a  plane  perpendicular  to  I,  (iii)  0,  the 
point  at  oo  on  I,  and  the  circular  points  in  a  plane  perpendicular 
to  ?. 

Ex.  7.  Use  §  6. 

Ex.  8.  Referring  to  rectangular  Cartesian  axes  with  correspond- 
ing points  as  origins  the  collineation  is  represented  by  a 
homogeneous  substitution  multiplying  x'2  +  y'2  +  z2  by  a  constant, 
since  the  plane  at  infinity  and  the  cone  x~  +  y2  +  z2  =  0  are  fixed. 

§  13.  Ex.  1.  Put  a  +  d  =  0  in  the  solution  of  IV  122. 

Ex.  4.  The  two  fixed  lines  are  I  and  the  line  at  oo  in  a  plane 
perpendicular  to  I 

Ex.  5.  The  fixed  point  or  fixed  plane  are  at  oo  . 

Ex.  6,  7,  8.     Prove  as  in  §  9. 

Ex.  9.  Use  Ex.  8  ;  or  transform  one  collineation  so  that  it  is 
defined  by  x'  =•  —x. 

Ex,  10.  Use  Ex.  6  ;  or  transform  vl  into  the  plane  at  oo  . 

Ex.  12.  The  collineations  can  be  transformed  into  (i)  inversions, 
(ii)  reflexions  in  parallel  planes,  (iii)  rotations  through  TT  about 
parallel  lines. 

Ex.  13.  Transform  the  intersection  of  the  given  plane  and 
conicoid  into  the  circle  at  infinity. 


CHAPTER  V 

§1.  Ex.  4.  g  =  a~lb,  h=ba~l. 
Ex.  8.  See  §  6. 

Ex.  9,  10.     The  elements  of  order   >  2   can  be  divided  into 
pairs  each  consisting  of  2  elements  inverse  to  one  another. 
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Ex.  11.  Let  a2  =  &2  =  (a&)2  =  1.    Then  a~ll~lab  =  dbab  =  1. 

Ex.  12.  See  VI  2. 

Ex.  22.  (viii),  (x),  (xii). 

Ex.  23.  2,  4,  6,  3. 

§  2.  Ex.  4.  iv  a*  (x  =  1,  2,  3,  4,  5  ;  y  -  1,  2,  3). 

Ex.  5.  Use  1  3. 

Ex.  6.  Since  a^A  =  A  and  contains  r  distinct  elements,  .4. 
contains  ot--1,  &c. 

Ex.  7.  (-4J?)2  contains  lfy.at-l;   .'.  .R4  =  AB,  &c. 

Ex.  9.  {G,  g}  ==  Gg+Gg2+  ...  +  Ggr,  where  f  is  the  order  of  <j 
relative  to  G. 

Ex.  10.  See  §  19. 

§  3.  Ex.  4.  Put  AB  =  a,  B  -  &"1  in  an  =  62  =  (o6)2  =  1.  Every 
element  of  the  group  is  of  the  form  ABAS  AS  — 

Ex.  5.  Put  AS  =  a,  S  -  Zr1  in  o3  =  &3  =  (a&)2  =  1. 

Ex.  8.  Let  POX  be  the  angle,  P^OX  and  P2OX  its  supplement 
and  complement.  Then  OPl  and  OP2  are  the  reflexions  of  OP  in 
lines  through  0  making  angles  of  ^TT  and  £77  with  OX. 

Ex.  14.  Any  element  of  either  group  is  of  the  form  6^ax.  Its 
order  is  found  by  1  3. 

Ex.  15.  Prove  as  in  Ex.  14  using  1  412. 

§  4.  Ex.  4.  Use  Ex.  3. 

Ex.  6.  If  (Ji'^H  and  gj~l  H  have  an  element  in  common  flr^,-"1 
is  contained  in  H,  and  .  \  i  =  j'. 

Ex.  7.  Take  L  in  Ex.  1  as  an  instance. 

Ex.  8.  If  H  is  such  a  subgroup  and  g  is  in  G  but  not  in  H, 
G  =  H+Hg  +  Hg*+  ...  +HgP~1. 

Ex.  15,  16,  17.     UseI27. 

Ex.  19.  The  subgroup  composed  of  (i)  the  even  permutations, 
(ii)  the  screws,  (iii)  the  substitutions  with  determinant  1. 

Ex.  22.  N=l  + 


Ex.  23.  #+  IT  (234)  +  #(243)  +  #(1234)  +  tf  (1324)  +  £T(14). 

§  5.  Ex.  6  (ii).  Let  n  —  n'd,  r  =  r'd.  Choose  integers  x,  y  such 
that  Sx-riy  =  1.  Then  {ar}  contains  arx  =  ad+»v  =  ad. 

Ex.  7.  (i)  They  are  oa#a~r  (a  =  1,  2,  ...,pr).  (ii)  {o}  contains 
pr  elements  whose  orders  divide  pr  and  pr~l  whose  orders 
divide  pr~l,  and  .'.  pr—  pr~l  of  order  pr. 

Ex.  8.  (i)  Prove  as  in  Ex.  7.  (ii)  No  two  subgroups  have  an 
element  of  order  m  in  common. 

Ex.  9.  See  §  19. 
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Ex.  10.  If  a,  &,  c,  ...  are  elements  of  prime  orders  p,  g,  r,  ... 
in  an  Abelian  group  of  order  pqr  ...  (Ex.  9),  abc  ...  is  an  element 
of  order  pqr  .... 

Ex.  11.  See  XIV  1. 

Ex.  12.  (ab)xP  =  a**  &"#  =  ax(r+®. 

Ex.  13.  21,  8.    3,  2. 

§  6.  Ex.  3.  See  1  3^ 

Ex.  4.  ba  =  a~1(ab)a. 

Ex.  5.  {<?,  o}  =  Ga  +  Gaz+Ga?  +  ...  +  £ar  where  r  is  the 
order  of  a  relative  to  G. 

Ex.  6.  g~lhg  =  ft  .  h~lg-lhg. 

Ex.  7.  (i)  Use  Ex.  3.     (ii)  If  g-*hg  =  ha,  g-<hg*  =  W*. 

Ex.  8.  Use  Ex.  7,  noticing  that  a*<m)  =  1  (mod  m). 

Ex.  9.  If  A,  A!  are  elements  of  17,  hl~1hhl  —  h  (being  in  H  and 
conjugate  to  h). 

Ex.  12.  Prove  as  in  §  1. 

Ex.  13.  (i)  The  elements  of  G  excluding  1  can  be  divided  into 
sets  of  p  elements  such  as  g,  glt  ...,  g-^.  (iii)  (ga~l)P  —  ggl  ...  g^ 
is  permutable  with  ga~l  and  .'.  witn  a. 

Ex.  14.  Let  a3  =  &3  =  (at2)3  =  (to)3  =  1.  v  a&*a&*a5*  =  1, 
ab2ab  =  ba2b2  =  b2aba,  since  bababa  =  1  or  bdba  =  a262.  Hence 
a.  b~lab  =  b~lab  .a. 

Ex.  15.  (i)  If  a  is  permutable  with  b~lab,  a  is  permutable 
with  the  product  c  =  o"1^"1^  of  a"1  and  b~lab.  (ii)  By  14  if 
of  =  b*  =  1,  ce  =  a~eb-lcfb  =  1  and  (6o)«  =  6«a'c*«(«-1)  =  1. 

Ex.  16.  6r  contains  an  element  of  order  2  by  V  19. 

Ex.  19.  1  +  c,  1  +  d,  1  +  e  and  {6,  c},  {6a2,  c}. 

Ex.  20.  1,  o6  and  a18,  a12,  a  +  a5  and  a23*  a19,  a2  +  o10  and 
a22  +  a14,  a3  +  a15,  a21  +  a9  and  a4  +  a20,  a7  +  a11  and  a17  +  o13,  as  +  a16, 
60**  &a2*4*,  6a1+4z  and  6a3+4x.  {6a},  {6a3},  and  {fro5}. 

§  7.  Ex.  5.  See  §  12. 

Ex.  10.  H  =  g~lHg  contains  g~lKg,  g  being  any  element  of  G. 

Ex.  11.  See  §  11. 

Ex.  12.  If  H  is  of  index  2  in  G,  G  =  H+Hg  =  H+gH  where 
g  is  any  element  of  G  not  in  H  .  .:  Hg  =  gH  or  g~^Hg  =  H. 

Ex.  14.  See  X  2. 

Ex.  16.  See  §  17. 

Ex.  17.  H+Hg  +  Hg2+  ...  is  a  subgroup  of  G,  and  .*.  its  order 
k  divides  the  order  of  G.  Now  k  =  m  x  a  factor  of  the  order  of 
9  (§  1),  &c. 

Ex.  18.  Let  g,  g-^  be  any  elements  of  G,  h  and  ghg~l  =  7»a 
elements  of  H.  If 


Ex.  23.  The  only  permutations  pennutable  with  the  circular 
permutation  are  its  powers. 
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Ex.  25.  The  subgroup  is  obviously  permutable  with  a  and  6, 
and  therefore  with  {a,  &}. 

Ex.  26.  Since 

6-ia2&  =  (a6)2.a4,  Zr1a3&  =  a3,  «-1(a&)2a  =  &-1(a&)2&  =  a2(a&)2a*, 
the  subgroups  are  permutable  with  a  and  6  and  hence  with  {a,  &}. 

Ex.  30.    (&a*)2  =  a(k+^x  which  is  permutable  with  a  and  6 
by  13. 


§  8.  Ex.  5.  Let  G  be  of  order  n.  Then  {G,  a}  =  G+Ga,  and 
the  elements  Ga  are  the  n  elements  conjugate  to  a  in  {G,  a}. 
(i)  The  order  of  each  element  of  Ga  =  the  order  of  a  =  2. 
(ii)  If  g  is  an  element  of  G,  a~lga  =  (a~1^)~1a  =  g~l.  (iii)  </  is 
not  of  order  2m,  for  otherwise  a~1gma  =  g~m  =  gm.  (iv)  If  g 
and  /&  are  elements  of  G,  a  transforms  gh  into  g~lh~1  and  also 
into  (gh)~l.  Hence  gh  =  hg. 

Ex.  7.  Let  <7i,  02  >&»•••  be  the  remaining  elements  and  a  an 
element  of  order  2  in  6r.    Then  ^a  is  of  order  2  ;  .'.  ^a'^a  =  1 
and  a-^o  =  &-1-     Hence  (^-ty)'1  =  9i~l9fl  and  ^^  =  ^ 
in  Ex.  6. 

Ex.8.  l+a  +  &,  (a,  &}  and  {&},  (a2,  &}  and  {&},  {a3,  6}. 


as 


§  9.  Ex.  5.  Use  V  68. 

Ex.  8.  See  XI  1. 

Ex.  9.  Use  Ex.  3. 

Ex.  10.  Let  Hl,  H2,  ...,  Hk  be  a  set  of  conjugate  subgroups 
of  order  m  in  a  group  G  of  order  n-  Then  Hlt  Hz,  ...,  Hk 
contain  at  most  Jc(m—  1)  +  1  distinct  elements  between  them, 
since  each  contains  identity.  Now  k(m—  l)+l<w;  for  m—  1  < 
the  order  n  -f-  k  of  the  normaliser  of  H^  in  G.  Hence  ifj  does 
not  contain  an  element  from  every  conjugate  set  in  G. 

Ex.  11.  If  g  is  an  element  of  order  q  in  G  such  that  g~lhg  =  hk, 
h  =  g-vhgv  —  hk<1  ;  and  .'.  M  =  1  (mod  p).  But  A^"1  =  1  (modp) 
and  .  *.  k  •=•  1. 

Ex.  12.  Let  g  be  any  element  of  G.  Then  we  can  find  an 
element  k  of  K  such  that  g~lHg  =  k~lHk;  i.  e.  H  is  permutable 
with  gk~l.  Hence  g  is  in  kT. 

§1O.  Ex.  2.  When  His  &  subgroup  of  G. 
Ex.  8.  If  k  is  an  element  of  K,  k^Dk  is  the  G.  C.  S.  of 
k~lHk  =  H  and  k^Kk  =  K.     .'.  k~lDk  =  D. 


Ex.  9.  (i)  l  +  (xw)(yz).    (ii)  y!  —  ±x,  ±  -.    (iii)  1  +  6. 


§  12.  Ex.  4.    If  g  is   any  element  of  prime  order  in  G  and 
9,  9i>  9z>  •••  are  the  conjugates  of  g,  G=  {g,  glt  gz,  ...}. 
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§  13.  Ex.  4.  If 


...,  H  =  D 

{  G,  H  }  contains  the  mn  -f-  8  distinct  elements  Gh^  +  Ghz  +  Gh^  +  — 
If  A5  =  mn,  {G,  H}  =  Ghl+GJh  +  Ghs  +  ...  =Hgl  +  Hg.2+Hg3+  ..., 
and.-.  GH  =  HG. 

Ex.  5.  (i)  If  the  indices  are  q,  r  and  the  order  of  G  is  n  ;  the 
order  of  the  G.  C.  S.  of  the  subgroups  <  n  -f-  qr.  But  the  order 
of  {H,  K}  <  n  ;  now  use  Ex.  4.  (ii)  As  in  (i). 

Ex.  6.  By  §  13  the  order  of  the  G.  C.  S.  is  c?+y~lr,  where  q*r  is 
the  order  of  {G,  H}. 

Ex.  7.  Prove  as  in  Ex.  6. 

Ex.  8.  If  d  is  an  element  of  D  and  c  of  C,  dc  —  t^a,  where  cx  is 
in  C  and  a  in  A.  But  a  =  c^~ldc  is  in  B  and  .'.  in  D.  Hence 
DC  =  CD. 

Ex.  9,  10.  G  =  {H,  K}  and  H,  K  are  permutable. 

§  14.  Ex.  4.  (3^°)°  =  1  and  .'.  g"+a  ism  A. 

Ex.  5.  If  h  is  any  element  of  H,  h~lAh  is  of  order  a  in 
h~lGh  =  G.  Hence  h~lAh  =  A. 

Ex.  6.  Use  Ex.  5  repeatedly  to  prove  that  A  is  normal  first  in 
C,  then  in  D,  — 

Ex.  7.  Let  A  be  a  subgroup  of  order  a,  and  B  a  normal  sub- 
group whose  order  ft  divides  a.  Now  proceed  as  in  §  14. 

Ex.  8.  Let  g  be  an  element  of  G  not  in  T.  Then  g~lTg£  T, 
for  otherwise  F  would  contain  two  subgroups  H  and  g~lHg  of 
order  prime  to  index,  H  being  normal. 

Ex.  9.   {a11},  {a2},  {a}. 

Ex.  10.  (a,  6},  {a7,  &}. 

Ex.  11.  {a,  6),  {a}. 

§  15.  Ex.  9.  7  ;  use  Ex.  8. 

Ex.  12.  Take  any  element  gl  of  G,  take  any  element  g2  of  G 
not  in  {g^,  take  any  element  gz  of  G  not  in  {^,  g%},  &c.  Then 
Gr  is  the  direct  product  of  f^},  {<72}»  {^a}>  •••• 

Ex.  13.  Let  a,  &,  c,  ...  be  elements  of  A,  B,  C,  ...  such  that 
abc  ...  is  in  G'.  Then  G'  contains  («6c...y  =  a<,  where  <  is  the 
order  of  be  ....  Hence  G'  contains  a,  since  t  is  prime  to  the  order 
of  a  (V56);  and  similarly  G'  contains  b,  c,  ....  Hence  G'  is 
contained  in  A'B'C'  ...,  and  .'.  since  G'  contains  A'B'G'  ..., 


§  16.  Ex.  6.  If  db  =  c  =  ba,  a^b'1  -  c~l. 

§  17.  Ex.  6.  The  order  of  y  is  the  order  of  g  relative  to  H. 
Ex.  7.   If  a  is  an  element  of  A  such  that  a~lHa  =•  K,  K  is 
normal  in  a~1Ga  =  G  and  G/H  —  a~lGa/a~lHa. 

TI  o        ~TC  1        1  "I  ~"1        ~~1  1 

Ex.  9.  If  yi~1yv~1y,-y,-  =  1,  9i~larl9i9i  is  in  S. 
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Ex.  10.  If  G=Hg1  +  Hgt  +  Hgai+  ...  and  7<  =  fcm,  yt-  ±  y>-  ; 
for  then  (fl^"1)8*  =  1  and  ^ty-1  is  in  JT.  Again,  if  g^  =  % 
where  ft  is  in  #,  y^-  =.hmyk=  yk.  Hence  y2,  y2,  y3,  ...  are  the 
elements  of  G/H. 

Ex.  11.  Let 

G  =  Lgl  +  Lg2+Lg3+  ...  and  £'  =  L'gl'  +  L'g.2'+L'g3'+  .... 
Then  if  0t-  corresponds  to  gt'  so  does  every  element  of  Lgiy  while 
since  g{  corresponds  to  gi  so  does  every  element  of  Ug{.     Hence 
the  above  partitions  have  a  (1,  1)  correspondence. 

Ex.  14.  a2  =  bz  =  (ab)2  =  1. 

Ex.  15.  ar  =  b2  =  (a&)2  =  1. 

Ex.  16.  a2  =  65  =  1,  ab  =  ba  and  a11  =  65  =  1,  a&  =  &a3. 

Ex.  17.  a7  =  &7  =  1,  a&  =  6a. 


§  18.  Ex.  5.  (r/Z  =  G/H/L/H  and  a  factor-group  of  an  Abelian 
group  is  Abelian. 

Ex.  7.  If  K=Dk1  +  Dks+  ...  +  Dkr, 


The  partitions  Hkt  combine  according  to  the  same  laws 

Ex.  8.  Assume  that  such  a  group  G  contains  a  normal  sub- 
group H  of  order  pr+l  ...pt.  Then  since  G/H  is  of  order 
PiPz  '-Pr  to  contains  a  normal  subgroup  of  order  pr1  and  to  this 
corresponds  a  normal  subgroup  of  order  prpr+i  -..pt  in  G.  Now 
use  induction  ;  and  then  V  143. 

§  20.  Ex.  2.  (i)  If  G  contained  two  subgroups  P,  f  of  order 
j3°,  {P,  P'}  would  be  a  subgroup  of  order  pk,  k>a.  (ii)  P  and 
Q  have  only  identity  in  common,  (iii)  If  a,  6,  c,  ...  are  elements 
of  order  pa,  qP,  r?  ...  in  G,  G=  {abc  ...}. 

§  21.  Ex.  3.  (i)  Each  element  of  order  qr  can  be  put  into  the 
form  db  =  ba  where  a,  6  are  of  orders  q,  r  (1  2n).  (ii)  G  contains 
at  least  qr  elements  whose  orders  divide  qr  ;  now  use  (i). 

Ex.  4.  H  is  of  order  >  a  by  §  21.  Again,  H  is  of  order  <  a,  for 
otherwise  H  would  contain  an  element  whose  order  divides  K 
by  V  19. 

Ex.  6.  Since  no  two  cyclic  groups  of  order  ps  have  an  element 
of  order  p3  in  common,  the  number  of  elements  of  order  ps  in  G 
is  (ps—ps~1)us.  Now  put  r=px  in  the  corollary  of  §21,  and 
use  induction. 

Ex.  7.  There  are  in  the  group  15  elements  whose  3rd  power  is 
1,  and  3  whose  3rd  power  is  conjugate  to  a  or  a6. 


CHAPTER  VI 

§  1.  Ex.  3.  The  symmetric  group  of  degree  m  =  {A,  (1 2  ...  m)}, 
where  A  is  the  symmetric  group  on  1,  2,  ...,  m— 1.  A  and 
{(1  2  ...  m)}  are  permutable  by  V  134(u). 
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...  (m_2y  (m-l)'f  or 


Ex.  4.  {(1  2  ...  m)}  is  a  transitive  group  of  order  m. 

/I  2   ...  (m-2)  (m-1)  m\ 

Ex.  5.    (11)   Since   either      d/  *  ...    m_2     m-l'fJ 
/I  2   ...  (m-2)  (m-1)      m 

d'2'  ...  (m-2)'     m'    (m- 

tation  of  the  alternating  group  replacing  1,  2,  ...,  m—  2  by  any 

given  symbols  1',  2/,  ...,  (m—  2)'. 

Ex.  6.  If  #,  is  a  permutation  of  G  replacing  xl  by  a:,-  ,  h  replaces 
x{  by  Xj  ;  where  £rt-fc  =  g^. 

Ex.  9.  Any  permutation  permutable  with  the  transposition 
(1  2)  has  the  cycle  (1  2)  or  (1)(2).  Hence  G  is  the  direct  product 
of  {(1  2)}  and  a  group  acting  on  symbols  3,  4,  5,  .... 

Ex.11.   {(1234)},   {(12)(34),  (13)(24)},   {(12),  (3  4)}. 

Ex.  12,  13.  Use  II  52,  3. 

Ex.  15.  (i)  The  number  of  distinct  permutations  on  the  m 
symbols  with  the  given  cycles  is  evidently  m  !  -f-  JR.  (ii)  If 
Clt  C2,  C3,  ...  are  the  cycles,  every  permutation  of  F  is  of  the 
form  C&C&Ca0*  ...  (a{  =  1,  2,  ...,  t).  (iii)  When  a,  y,  e,  ...  =  0 
or  1,  £  =  S  =  C=  ...  =0. 

Ex.  16.  37,837,800. 

Ex.  17.  The  number  of  ways  in  which  a,  ft,  y,  ...  can  be 
chosen  so  that  a  +  2/3  +  3y+  ...  =  m. 

Ex.  18.  If  g~lbg  =  a,  (gc)~lb(gc)  =  aj  and  either  g  or  gc  is 
even. 

Ex.  19.  (i)  The  two  conjugate  sets  are  the  transforms  of  a  by 
the  odd  and  even  permutations  respectively,  (ii)  Use  II  78. 

Ex.  20.  Use  Ex.  15,  19. 

Ex.  21.  (ii)  158,400. 

Ex.  24.  T~l  changes  f  into  /  a  permutation  of  G  leaves  / 
unchanged,  T  changes  /into/'. 

Ex.  25.  (ii)  Use  Ex.  24. 

Ex.26,  (i)  l  +  (ac)(bd)  + 

Ex.  27.  Let  the  function  be  changed  into  /!,/2,/3,  •••  by  the 
permutations  of  the  symmetric  group.  Choose  X  so  that  the 
discriminant  of  (x—  fi)(x—  /2)(#—  /3)  ...  =  0  is  not  zero. 

Ex.  28.  Let  the  function  of  Ex.  27  be  changed  into/1?  f%,  ...  ,  fr 
by  the  permutations  of  G  ;  /x/2  ...fr  is  a  solution  of  the  problem 
if  X  is  suitably  chosen. 

Ex.  29.  Use  the  properties  of  the  polar  triangle. 

§2.  Ex.  1.  SeeX8. 

Ex  2.  a,  is  odd  or  even  as  S{  is  odd  or  even,  since  S+  contains 
n  -T-  ei  cycles  of  degree  e,-. 

Ex.  4.  (iii)   a  b  ab  c  abed  abed  abed  abed 

6  a'  b  a  c.  bade  bade  b  d  a  c  b  c  d  a 

cba  c  d  b  a'  c  d  a  b'  c  a  d  b'  cdab 

d  c  ab  d  cb  a  d  cb  a  d  ab  c 

and  those  obtained  by  permuting  rows  in  these  squares. 
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§  3.  Ex.  6.  The  subgroup  {&}  is  of  index  3  and  order  2,  and  it 
contains  no  normal  subgroup. 

Ex.  7.  (a,  b}  =  H+Hb  +  Hba+Hbaz,  where  H=  {a}.  Denoting 
the  partitions  by  1,  2,  3,  4  we  have  a  corresponding  to  (2  3  4) 
and  6  to  (1  2)(3  4) ;  since  bob  —  a? .  ba2,  ba2b  =  a .  la. 

Ex.8,  (i)  a3=(6a2&2)2  =  (6a2&2.a)2  =  l;  now  use  Ex.6, 
(ii)  Denoting  the  partitions  by  1,  2,  3,  4,  a  corresponds  to  (4  3  2), 
6  to  (1 2  3  4)  ;  since  ba  =  a2 .  ft3,  &2a  =  6a262 .  &,  Wa  =  a .  &a262 .  62. 

Ex.  9.  (i)  63  =  (a362a)2  =  (6.a362a)3  =  l;  now  use  Ex.  7. 
(ii)  Denoting  the  partitions  by  1,  2,  3,  4,  5,  a  corresponds  to 
(12345)  and  6  to  (2  5  4) ;  since  ab  -  &2 .  a*,  a26  =  62 .  o362a .  a2, 
a3&=a3&2a.  6.  a,  a*&  =  a362a.  a3. 

Ex.  10.  If  /  is  an  element  of  G  not  in  J9T,  the  order  of  / 
relative  to  H  is  3.  Hence  G  contains  an  element  g  of  order  3. 
Take  as  the  partitions  of  §  3  the  partitions  of  G  with  respect 
to  {g}. 

Ex.  11.  Take  the  conjugate  set  of  subgroups  as  Hlt  H2,  ...  of 
the  Corollary. 

§  4.  Ex.  4.    2,  3,  4. 

Ex.  5.    4,  2,  2. 

Ex.  6.  (i)  A  red-sided  decagon,  (ii)  Place  inside  a  red-sided 
pentagon  a  parallel  red-sided  pentagon.  Draw  arrows  round  the 
pentagons  in  the  same  directions.  Join  adjacent  vertices  by 
black  lines  (cf.  Fig.  9).  (iii)  As  in  (ii)  but  with  the  arrows  in 
opposite  directions  round  the  two  pentagons,  (iv)  A  decagon 
with  sides  alternately  red  and  black. 

Ex.  7.  Draw  four  parallel  concentric  red-sided  squares.  Put 
clockwise  arrows  round  the  two  inner  squares  and  counter- 
clockwise arrows  round  the  two  outer.  Join  adjacent  vertices 
of  the  two  inner  and  two  outer  squares  by  blue  lines,  and  join 
adjacent  vertices  of  innermost  and  outermost  squares  and  of  the 
other  two  squares  by  black  lines. 

Ex.  8.  (i)  Draw  ft  parallel  regular  concentric  X-sided  red 
polygons.  Join  adjacent  vertices  of  consecutive  polygons  (and 
of  the  innermost  and  outermost  polygons)  by  black  lines.  Put 
clockwise  arrows  round  each  polygon,  (ii)  Consider  the  common 
vertices  of  one  red-sided  and  one  black-sided  polygon. 

Ex.  9.  (i)  Draw  four  parallel  regular  concentric  red-sided 
octagons.  Put  clockwise  arrows  round  the  first  and  third  and 
counter-clockwise  arrows  round  the  second  and  fourth.  Join  the 
first,  third,  fifth,  and  seventh  vortices  of  the  first  and  second 
octagon  and  of  the  third  and  fourth  by  black  lines.  Join 
similarly  the  second,  fourth,  sixth,  and  eighth  vertices  of  the 
second  and  third  octagon  and  of  the  first  and  fourth,  (ii)  As 
in  (i)  but  with  all  arrows  clockwise. 

Ex.  11.  o2  =  63  =  («6)3  =  1. 

Ex.  12.  a3  =  &3  =  (ab)2  =  1. 
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Ex.  13.  (i)  am  -  I2  =  1,  ab  =  la,   (ii)  am  =  b2  =  1,  ab  =  &a*("*+2>. 
Ex.  14.  (i)  am  =  &2  =  (ab?  =  1.    (ii)  am  =  6*  =  1,  ab  =  ba  i  («-2>. 

(iii)  a"  =  &2  =  1,  a2~  =  (afc)2  =  &2. 

Ex.  15.  See  American  Journal  Math.,  xviii.  p.  159. 


§  5.  Ex.  2.  Prove  as  in  VI124. 

Ex.  3.  By  Ex.  2  the  permutations  of  such  a  normal  subgroup 
would  not  displace  any  symbol. 

Ex.  4.  Use  Ex.  3. 

Ex.  5.  (i)  {c}  is  normal  in  G.  Now  use  Ex.  3.  (ii)  If  one 
cycle  of  c  is  of  degree  r,  <?  displaces  no  symbol  of  that  cycle 
and  .*.  cr  =  1.  See  also  the  solution  of  VI 95. 

Ex.  6,  7.  Use  Ex.  5. 

Ex.  8.  S  is  normal  in  {S,  (?}.     Now  use  Ex.  5. 

Ex,  9.  No  two  normal  elements  c,  ct  replace  xl  by  the  same 
symbol ;  for  otherwise  CjC"1  would  be  a  normal  element  not 
displacing  xl  (Ex.  5).  Hence  the  m  symbols  are  permuted  by 
the  elements  of  the  central  in  m  -f-  /z  sets  of  ^  each  (VI 16). 

Ex.  10.  (i)  Prove  as  in  Ex.  9  using  Ex.  8  instead  of  Ex.  5. 
(ii)  The  group  P'  of  VI 2X. 

Ex.   11.    The    group    formed    by   permutations    of    the   type 

(    Jf1  f2  _?n      ");   for  these  permutations  do 

\ffi  I9i9i    9i  I9zffi     -     9i  I9n9i' 

not  displace  the  symbol  corresponding  to  identity. 

§  6.  Ex.  1.  Prove  as  in  VI 1^. 
Ex.  3.  See  §  2. 

Ex.  4.  The  subgroup  H  not  displacing  one  symbol  (VI 53). 
Ex.  5.  Use  VI 54. 

Ex.  6.  (i)  The  m  subgroups  of  order  n  -r-  m  whose  elements  do 
not  displace  one  of  the  symbols  have  identity  in  common  and 

therefore   contain    at   most    m(  —  — 1)+1  =  «— m  +  1     distinct 

\m       / 

elements  between  them.  There  remain  at  least  n  —  (n— m  +  1) 
=  m  —  1  elements  of  G-  displacing  every  symbol,  (ii)  Any 
transform  of  a  permutation  displacing  m  symbols  displaces  m 
symbols. 

Ex.  7.  If  in  one  of  the  subgroups  not  displacing  one  symbol 
there  are  nr  permutations  not  displacing  r  symbols,  n-f-w»  =  2/zr. 
But  each  of  the  pr  permutations  belongs  to  r  of  the  subgroups 
not  displacing  one  symbol.  .'.  rvr  =  rny.r. 

Ex.  8.  Suppose  k  >  2.  Then  there  are  —  elements  replacing 
«!  by  xr  and  m/m_1\  replacing  xl}  x6  by  xr,  xe.  Hence  there 
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.         n       n(m— 2)  n 

are  at  least -. — .  =  — -, TT  >  a  elements  replacing  a% 

m      m(m  —  1)      m(m  —  1) 

by  xr  and  displacing  every  symbol.     If  g,  h  are  two  of  these, 
gh~l  does  not  displace  xl. 

Ex.  9.  Since  ab  =  &a2,  every  element  of  (a,  &}  is  of  the  form 
bvax  ;  hence  the  order  of  {a,  b}  is  20.  (a,  b}  is  doubly  transitive, 
since  6wa*  replaces  1  by  s  and  5  by  t  when  M  is  suitably  chosen. 

§  7.  Ex.  2.  Every  permutation  of  G  is  included  in  the  direct 
product. 

Ex.  3.  Use  Ex.  2. 

Ex.  4.  See  §  8. 

Ex.  5.  Let  A  be  the  subgroup  and  let  glt  g2,  ...,  gr  replace 
xl  by  xlt  xz,  ...,  xr.  Then  G  =  Agl  +  Ag2  +  ...  +Agr. 

Ex.  6.  #!,  #2»  ... ,  xr  are  a  transitive  set. 

Ex.  7.  Use  V46. 

Ex.  8.  [1,  2,  3,  4],  [5,  6,  7,  8],  [9,  10]  .  [1,  2,  3,  4],  [5,  6]. 

§  8.  Ex.  1.  H/K=G/{K,  K'}  =  H'/K'. 

Ex.  2.  The  permutations  formed  by  multiplying  each  element 
of  H  by  the  corresponding  elements  of  the  isomorphic  group  H' 
are  all  distinct,  are  all  in  G,  and  their  number  =  the  order  of  G. 

Ex.  3.  (i)  H  —  K  cyclic  of  order  4,  H'  —  K'  cyclic  of  order  2. 
(ii)  o-  =  [9,  10] ;  H  of  order  2,  H '  =  G,  K=  1,  K'  non-cyclic 
of  order  4.  a-  =  [5,  6,  7,  8,  9,  10J  ;  H  =  H' =  G,  K  =  K'  =  1. 

§  9.  Ex.  4.  See  §  10. 

Ex.  5.  Let  c  be  a  normal  element  of  a  transitive  group  G. 
Every  element  of  G  transforms  c  into  itself  and  hence  permutes 
the  cycles  of  c.  Hence  these  cycles  are  imprimitive  systems  of  G. 

Ex.  6,  7.  Use  Ex.  1,  5. 

Ex.  8.  Si  replaces  each  symbol  of  Hgx  by  a  symbol  of  Hgxg^. 

Ex.  10.  (i)  [1,  2],  [3,  4],  [5,  6].     (ii)  [1,  2,  3],  [4,  5,  6]. 

§  10.  Ex.  2.  G/T  is  of  degree  r. 
Ex.  3.  (i)  T  =  {(xy0)(abc)}  or  1  in  the  two  cases  respectively, 
(ii)  {(12)(34),(34)(56)}.     (iii)  {(1  2  3)(4  56),  (12)(45)j. 

§  11.  Ex.  2.  H  is  transitive  ;  now  use  §  6. 
Ex.  3.  The  group  =  {H,  K},  where  H  is  a  normal  subgroup 
and  K  a  subgroup  not  displacing  one  symbol. 
Ex.4.  UseVI77  orVI98. 

§12.  Ex.  1.  Use  VI91)2. 

Ex.  2.  Use  II 63. 

Ex.  3.  (i)  Let  e  be  the  first  of  the  symbols  1,  2,  ...,  m  which 
is  in  an  imprimitive  system  not  containing  1,  2.  Considering 
the  effect  of  (1  2  ...  m)e~2  on  1  and  2  we  see  that  {(1  2),  (1 2  ...  m)} 
is  a  primitive  group,  (ii)  Apply  (i)  to  (1  2)  and  6*. 
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Ex.4.  Usein216. 

Ex.  5,  6.  Suppose  G-  contains  (123),  (124),  ...,  (1  2  e)  but  not 
(1 2/).  By  II 76  G  contains  the  alternating  group  on  1,  2,  ... ,  e. 
If  Gr  contains  (1  rs)  where  either  r  or  s  is  not  in  a-,  choose  t, 
,;'  in  a  and  distinct  from  r,  s.  Then  (lji)(l  rs)(lij)  =•  (irs). 
Hence  Gr  contains  the  alternating  group  on  1,  2,  ...,  e,  r,  s 
contrary  to  hypothesis.  Now  proceed  as  in  §  12. 

§  13.  Ex.  1.  Since  (123)  =  (1  2)(4  5) .  (4  5)(1  3)  G  contains 
every  circular  permutation  of  order  3. 

Ex.  2.  See  §  14 

Ex.  3.  Let  H  be  &  subgroup  of  index  <p,  and  a  any  circular 
permutation  of  order  p.  The  elements  H+Ha  +  Ha?+  ...  are 
more  than  ml  in  number  and  are  therefore  not  all  distinct.  Hence 
ax  is  in  H(x  <  p)  and  .'.  a  is  in  H  by  VI.  Hence  H  contains 
every  circular  permutation  of  order  p. 

§  15.  Ex.  1.  By  VI 124  the  permutations  form  a  normal  sub- 
group of  the  symmetric  group. 

Ex.  2.  Let  If  be  a  group  of  degree  m  and  index  r  <  m  in 
the  symmetric  group  G.  Let  f^  be  a  function  of  the  m  symbols 
unchanged  by  each  element  of  H  and  changed  into  the  distinct 
functions  /],/2,  ...,/r  by  the  permutations  glt  #2,  ...,  gr,  where 
G.  =  Hgl  +  Hg.i  +  ...  +Hgr  (VI12S).  Since  the  ml  elements  of  G 
permute /!, /2,  ...,fr  and  r  <  m,  two  elements  (g,  h  say)  of  G 
permute  the  /'s  in  the  same  way.  Hence  gh~l  leaves  each  / 
unaltered.  Now  by  Ex.  1  all  the  elements  leaving  each /unaltered 
form  a  normal  subgroup  of  G  and  they  are  all  contained  in  H. 

Ex.  3.  If  A,  B,  C,  D  are  four  points  on  a  line,  the  cross-ratio 
x  of  (ABCD)  is  not  altered  by  any  permutation  of  the  normal 
subgroup  of  order  4  in  the  symmetric  group  G  on  A,  B,  C,  D. 
By  the  other  permutations  of  G  x  is  changed  into  (1— x)"1,  &c. 


CHAPTEK  VII 

§  1.  Ex.  1.  See  end  of  UI 1. 

Ex.  5.  (i)  The  product  of  the  two  given  substitutions  of  order  2 
is  of  order  r  if  sinr</>  =  0  by  III212,  and  then  the  group  is  of 
order  2r.  (ii)  Since  cos2<£  is  rational,  2$  is  a  multiple  of  ir, 
$ir,  or  | IT. 

§  2.  Ex.  The  group  generated  by 

a/  = and  xf  =  — 


x+l 


§  3.  Ex.  2.  Use  III  3. 

Ex.  5.  (i)  By  a  suitable  change  of  variables  the  invariant  may 
be  put  in  the  form  X^  +  XZ2+  ...  +Xm~.     When  G  is  expressed 


HILTOS  r.  e. 
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in  terms  of  Xa,  X2,  ... ,  Xm  every  substitution  of  G  is  orthogonal, 
(ii)  Transform  by  (x— y+z,  y  +  z,  z\ 

Ex.  8.  We  have  x^x^  ...  xm'  —  0  when  xlx2...xm  =  0.  Hence 
when  xl  =  0  one  of  #/,  x2',  ...,  xm'  is  0,  and  .*.  one  of  them 
=  Oj^.  Similarly  the  rest  =  azx2,  azx3,  ...,  amxm  in  some  order 
or  other. 


§  4.  Ex.  2.  Transform  the  common  pole  into  (1,  0,  0,  ...,  0). 
Ex.  3.  (i)  Express  G  in  terms  of /t  and  m  —  1  other  variables, 
(ii)  fi+fz+  •••  +fn  ig  an  invariant  of  H ;  now  use  (i). 
Ex.  4.  Use  Ex.  3  (i)  and  VII 36. 
Ex.  5.  x+y  +  0  is  a  relative  invariant  of  the  group. 


§5.  Ex.  2.  Use  III  48. 
Ex.  4.  Use  III  410,  n. 
Ex.  5.  Use  III  69. 

Ex.  6.  To  the  substitution  x{  =  ailxl  +  ai2x2+  ...  +aimxm  make 
correspond 


where  a^  =  a^  +  Wy-  -/  —  1,  a,-y  and  w^-  being  real. 
Ex.  8,9.  Use  III  98. 


§6.  Ex.2,  (i) 
(ii) 
(iii)  xx  +  yy  +  zz. 

Ex.  3.  Choose  new  variables  such  that  when  the  positive 
Hermitian  invariant  of  the  group  is  expressed  in  terms  of  these 
variables  it  is  in  canonical  form.  Then  express  the  group  in 
terms  of  these  new  variables. 

Ex.  4.  (i)  Every  substitution  of  the  group  changes  rrx,  x2,  ...,  x3 
into  functions  of  xit  x2,  ...  ,  xs.  (ii)  The  hypohermitian  invariant 
can  be  expressed  in  the  form  X1X1  +  XZX2+  ...  +XSXS.  Now 
use  (i). 

Ex.  5.  Take  real  positive  quantities  a  and  ft  such  that  a  +  ft  =  1. 
af—(3f  is  always  positive  when  /3  -7-  a  =  0  and  is  always 
negative  when  (3  -f-  a  =  oo.  Hence  we  can  find  a  value  of  ft  -r  a 
such  that  a/—  fif  is  zero  for  certain  values  of  xlt  xZJ 
but  is  never  negative.  In  this  case  af—fif  is  a  hypohermitian 
invariant  of  the  group.  Now  use  Ex.  4  (ii). 

§  7.  Ex.  2.  Every  substitution  in  the  completely  reduced  form 
of  the  group  is  a  multiplication. 

Ex.  4.  One  of  the  variables  is  a  relative  linear  invariant  of 
the  completely  reduced  form  of  the  group. 

Ex.5.  UseVII64,6. 
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§8.  Ex.  2.  Use  VII  75. 

Ex.  3.  By  §  8  if  every  element  of  a  group  G-  is  pennutable  with 
an  element  which  is  not  a  similarity,  Cr  is  reducible. 

Ex.  4.  Transform  by  (—  ±x  +  3y+5g,  x—y—g,  5x—3y—Gz) 
and  the  generators  become 

(-x,  -y,  e),  (-x,  y,  e),  and  (-x,  -y,  e). 

§  9.  Ex.  1.  The^™  expressions  a^-f  a2ar2  +  ...  +amxm  obtained 
by  putting  a,  =  any  mark  of  the  Field  are  permuted  by  every 
substitution  of  the  general  group. 

Ex.  2.  (i)  Every  substitution  of  P  permutes  the  pr  marks  of 
the  Field,  while  0  is  changed  into  an  arbitrary  mark  u  by 
x'  —  x  +  u.  (ii)  Every  substitution  of  Q  permutes  the  pr  marks, 
while  0  and  1  are  changed  into  u  and  v  by  x*  =  (v—  u)x  +  u. 
(iii)  Every  substitution  of  R  permutes  the  pr  marks  together 
with  oo  (i.  e.  any  mark  -r-0),  while  oo,  0,  1  are  changed  into 

W—U     X*—V          /•    \   TTT  i  £     j 

M,  v,  w  by  x  =  -  •  —,  —  .     (iv)  We  can  always  find  a  mark 
w—  v   x'—u 

u  of  the  Field  such  that  (ad—  6c)«2  =  1  or  v,  and 

ax  +  5  _  au  x  +  bu 

cx  +  d  ~  cux  +  du 

(vi)  Q  =  P+Ps  +  Psz  +  ...  where  s  is  x'  =  ux,  u  being  a  primitive 
root  of  the  Field. 

Ex.  4.  We  get  the  substitutions  of  J?2>  K  corresponding  to  any 
substitution  of  Hl  by  changing  S  into  —S,  1. 

§  10.  Ex.  1.  Let  A  be  any  substitution  of  the  central.  Since 
A  is  permutable  with  (Ao^,  p.x2,  ...  ,  pxm),  aj2  =  a13  =  ...  =  alm  =  0  ; 
and  similarly  a,-,-  =  0  if  i  =£  j. 

Ex.  2.  m  =  2,V  =  5,  7,  8,  11,  13,  17,  19,  16  ;  m  =  3,  pr  =  3. 


Ex.  5.  If  ad-lc  =l,x'  =  is  SV+WT&TSV+W  when 


and  is  TS*TSdTS<-l+Vs  when  c  =  0  ;  where  cy  =  db  =  1. 

Ex.  6.  Use  Ex.  5  and  III  2n. 

Ex.  8.  Use  E*  =  1  ;  D2  =  E,  DE  =  ED;  C'2  =  E,  CE  =  EC, 
CD  -  EDC;  B*  =  E,  SE  =  E£,  BD  =  CDB,  EG  -DE;  A2  =  1, 
AE  =  EA,  AD  -  CA,  AC  =  DA,  AB  =  ECB2A. 


CHAPTER  VIH 
§  1.  Ex.  3-7.  Use  IV  1  and  IV  2. 

§  3.  Ex.  3.  (i)  If  a  point  Q  approaches  P  indefinitely,  the  n 
points  equivalent  to  Q  coincide  in  sets  of  m,  (ii)  Prove  as  in 
(i)  using  VIII 13. 

P  2 
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Ex.  4.  If  1,  glf  <72,  ...  are  the  movements  of  6r  bringing  P  to 
P,  PI,  P2,  ... ,  gx  brings  Pt  to  Pj,  where  g^  =  g^gx. 

Ex.  5.  P,  P!,  P2,  ...  are  permuted  in  the  same  way  as  the 
symbols  1,  glf  g2,  ...  in  VI 2. 

Ex.  6-8.  Use  IV  9. 

§  5.  Ex.  3.  The  order  of  E  is  n  ;  of  I  is  |  {3-(-l)n}. 
Ex.  4.  By  Ex.  3  G  contains  an  element  of  order  n. 
§  6.  Ex.  Combine  §§  2,  6. 

§  7.  Ex.  1.  C6,  D6,  D,  D,  O,  T,  O,  E,  E. 

Ex.  3-8.     Use  §  3. 

§  8.  Ex.  6.  A(=  A2),  c(=  Cl),  A,  A,  c2,  A4,  0,  6,  0,  H,  H,  C2, 
D,  82,  84,  82,  82. 

Ex.  10.  Tm,  Am,  82,  0,  Q,  H,  cm  (m  not  a  power  of  a  prime). 

§  9.  Ex.  4.  (i)  If  OA',  OB'  represent  ^"i^i,  t&tfi,  the  net 
formed  from  OA',  OB'  coincides  with  that  formed  from  OA  ^ 
OBl  if  the  triangles  0^4.!^,  OA'B'  have  equal  area. 


(ii)  A  = 


=  0. 


a3     3 

(iii)  A2  =  1.      Prove    by    considering    the    parallelepipedon 
whose  sides  represent  rlt  T2,  T3. 

Ex.  5.  The  groups  generated  by  the  movements  of  Ca,  ca,  Da, 
8a,  Ta,  da,  Aa  (including  the  case  a  =  1)  and  a  translation  parallel 
to  the  line  OA  of  §§  7,  8  ;  by  a  screw  about  a  line  I ;  by  a  screw 
about  I  and  a  2-al  rotation  or  rotatory-inversion  about  a  line 
meeting  I  at  right  angles ;  by  a  screw  about  I  and  an  inversion 
about  a  point  of  I. 

Ex.  6.  Let  P  be  the  point  whose  coordinates  referred  to 
rectangular  reference-axes  through  0  are  (x,  y) ;  and  let  Q  be  the 
point  (#!,  y^)  where  xl+  V  —  1^  is  a  period.  Then  the  function 
has  the  same  value  at  all  points  derived  from  P  by  multiples 
of  the  translation  OQ.  Now  proceed  as  in  §  9. 

§  10.  Ex.  1.  C,  c;  C2,  c2,  T2;  D,  82,  A;  C3,  c3,  83,  D3,  A3 ; 
C4,  c4,  d4,  T4,  84,  D4,  A4 ;  C6,  c6)  d0,  T6,  86,  D6,  A6 ;  T,  0,  6,  0,  fl. 

Ex.  2.  The  corresponding  nets  have  meshes  which  are  parallelo- 
grams, rectangles  or  rhombi,  squares,  rhombi  with  angles  of  60° 
and  120°. 

Ex.  3-9.  See  books  referred  to  in  §  10. 

§  11.  Ex.  1.  Take  rectangular  axes  through  the  fixed  point 
and  proceed  as  in  §  11. 

Ex.  2.  (i)  The  determinant  of  an  orthogonal  substitution  is 
±  1.  (ii)  H  can  be  derived  as  in  §  11  from  Cm,  Dm,  T,  O,  or  E. 
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Ex.  3.  The  groups  generated  by  (i)  (-x,  -y,  z),  (x,  y,  —z), 
and  (-x,  y,  z)  ;  (ii)  (-z,  -x,  -y}  and  (y,  x,  z)  ;  (iii)  (-y,  x,  z) 
and  (y.  x,  -z)}  (iv)  (z,  x,  y)  and  (-x,  -y,  z)  ;  (v)  (x  +  a,  y,  z\ 
(x,  y  +  b,  z\  (x,  y,  z  +  c),  and  (-x,  -y,  -z)  ;  (vi)  (a-x,  -y, 
z  +  c}  and  (  —  a—  a-,  —  y,  z  +  c}. 

Ex.  4.  The  groups  generated  by  (i)  (—  y,  x)  and  (—  x,  y)  ; 
(ii)  (a-x,  -y)  and  (-a-x,  -y);  (iii)  (a  -a:,  -y)  &nd(-x,y}. 

2ri  2*i 

Ex.  5.  The  groups  generated  by  (i)  xf  =  e  w  a:  ;  (ii)  xf  =  e  M  x 

,     ,      1     .....     ,      .1—x  ,     1 

and  x  —  -  ;  (ui)  x  =  t  -  -  and  x  =  -  • 
a:'  l  +  #  a; 

Ex.  6.  Use  VII  58  and  then  reason  as  in  VIII  7  using  the 
points  representing  the  poles  of  the  substitutions  instead  of  the 
lines  OA,  OB,  OC,  .... 

.    a           a 
sin^-cos^.s 

Ex.  7.  (i)  ^  =  —  ±  -  =L-  ,    (ii)  *'  =  <r*<g. 


§  12.  Ex.  1.  9  is  the  group  of  movements  bringing  a  regular 
tetrahedron  to  self-coincidence.  Each  movement  of  9  permutes 
the  vertices  of  the  tetrahedron,  and  no  two  movements  of  9 
permute  the  vertices  in  the  same  way. 

Ex.  2.  Let  OA,  OF  be  lines  about  which  take  place  3-al  and 
o-al  rotations  of  E.  Let  OA  be  brought  to  the  positions  OB, 

o_ 

OC,   OD,   OE   by   successive    rotations  through    —    about   OF. 

o 

Consider  the  group  generated  by  the  15  collineations  of  order  2 
which  leave  unaltered  the  figure  consisting  of  the  regular  pentagon 
ABCDE  and  the  line  at  infinity  in  the  plane  ABCDE  perpen- 
dicular to  OF.  If  BC  and  ED  meet  in  A',  CD  and  the  line  at 
QO  meet  in  A",  &c.,  these  collineations  have  as  fixed  point  and 
line  A  and  A'  A",  A'  and  A'A,  A'  and  AA',  &c.  They  all 
interchange  A  A'  A"  and  the  4  similar  triangles  ;  the  permutation 
being  even. 

Ex.  3.  (i)  Use  IV  139.  (ii)  By  IV  1310  the  group  consists  of 
identity  and  3  collineations  whose  fixed  points  and  lines  are  the 
vertices  of  a  triangle  and  the  opposite  sides. 

Ex.  4.  By  IV  1310  the  group  consists  of  4  perspective  col- 
lineations whose  fixed  points  and  planes  are  the  vertices  of  a 
tetrahedron  and  the  opposite  faces,  together  with  identity  and  the 
3  non-perspective  collineations  of  order  2  whose  fixed  lines  are 
a  pair  of  opposite  edges  of  the  tetrahedron, 

Ex.  5.  Use  IV  1310. 

Ex.  6.  Transform  the  generating  collineations  into  (i)  reflexions 
in  parallel  planes  ;  (ii)  4  inversions  j  (iii)  2-al  rotations  about  3 
parallel  lines. 
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CHAPTER  IX 

§  1.  Ex.  2.   (a,  6}  is  finite. 

Ex.  3.  (i)  See  XIV  1.     (ii)  Every  element  of  (a,  6}  is  included 
once  and  only  once  in  Wax(x  =  1,  2,  ...,  A  ;  y  =  1,  2,  ...,  /3). 
Ex.  4.  Use  Ex.  3  (i). 

Ex.5.  a-1&-1a&  =  afc-1  =  &1-'.  Hence  a  =  bl~lab1-1  =  ak'~l, 
and  the  order  of  a  is  finite.  Now  use  Ex.  3. 

Ex.  6.  Since  arbs.aubv  =  ar+u .a-ubsaub~s.  bs+v  =  ar+uc~usbs+v 
=  ar+ufrs+v c-us  (i4)?  every  element  of  (a,  b}  is  of  the  form 
ax~by&.  Now  use  1 410 . 

Ex.  7.  Every  element  of  (a,  b,  c}  is  of  the  form  aFWc?. 

Ex.  9.  (i)  We  may  arrange  the  work  as  follows.  The  elements 
in  any  row  are  the  uncancelled  (unbracketed)  elements  of  the 
preceding  row  multiplied  on  the  left  by  a  and  b.  An  element 
is  cancelled  if  it  is  identical  with  some  element  already  found. 

a        b 

ab        a?        la        b2 

ab2    (aba  =  b2)    a2b    (a3  =  1)    ba2    (bob  =  a2)    b2a    (&3  =  1) 
ab2a  (aba2  =  b2a)  (a2b2  =  ba)  (a3 b  =  b)  (ba2b  -  ab2a)  (bab2  =  a2b) 

(b2a2  =  ab)  (Wa  =  a) 
(a262a  =  ba2)  (batfa  =  ab2). 
Hence  we  have 

{a,  &}  =  l  +  a+b  +  a*  +  ab  +  ba  +  b2  +  a2b  +  ab2  +  ba2+b2a+abza. 
(ii)  Proceed  as  in  (i) ;   {a,  b}  is  of  order  24. 

Ex.  10.  (i)  (fto)-1  =  (a262)-1,  .'.  a363  =  &2o2.     Hence 

ab  =  a2 .  a363 .  62  =  (a2&2)2  =  (ba)2. 

Therefore  (6a)6  =  (a&)3  =  a  (ba)2  b  =  a.ab.b  =  ba.  (ii)  Put  h  =  ba, 
g  =  b.  Since  every  element  of  {g,  h}  is  of  the  form  gxhy,  it  is 
of  order  20. 

Ex.  11.  ab  =  (&a)3,  (&a)12  =  a(ba)*b  =  ba  as  in  Ex.  10. 
Ex.  12.  If 

A=  {a},  the  group  =  A  +  Ab+ Aba  +  Abab  +  Ababa+  .... 
Ex.  13.  20,  18. 

Ex.  14.  12,  24,  60,  168.  (i)  Put  a  =  a~\  ft  =  ab ;  then 
a3  =  yS3  =  (a/3)2  =  1.  Now  use  Ex.  9  (i).  (ii)  Put  a  =6,  /3  =  a2. 
Then  a3  =  ft2  =  (a/3)3  =  1,  a~laa  =  /3a2,  a~lj3a  -  p,  b~lab  =  a, 
b~lfib  =  a2/3a  ;  .'.  the  group  contains  a  normal  subgroup  of  index 
2  simply  isomorphic  with  (i).  (iii)  Put  a  =  ab,  ft  =  a2ba3.  Then 
since  a3  =  /32  =  (a/3f  =  1,  H=  (a,  0}  is  of  order  12.  Now  the 
group  =  H  +  Ha  +  Ha2  +  Ha3  +  Ha\  since  b  —  a2  a,  ab  =  a, 
a2b  =  (3a2,  a3b  =  /3aa4,  a46  =  a2(3a3.  (iv)  Put  a  =  a°5a4,  ft  =  ab. 
Then  since  a4  =  /33  =  (a/?)2  =  1,  H  =  {a,  /3}  is  of  order  24.  Now 
the  group  =H+Ha  +  Ha2  +  Ha3  +  Ha*  +  Ha5  +  Ha°,  since  b  =  ft2 a, 
ab  =  (3,  a2b  =  0aa2,  a3&  =  a3a6,  a*&  =  /3a2/32aa4,  a56  =  /3a2^Q2 
a°&=  aa3. 
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§  2.  Ex.  1.  (i)  H  is  normal  in  G.  (ii)  H=  {gaagb^  ...  }  is 
cyclic  of  order  v. 

Ex.  2.  on&2  is  normal  in  the  given  group. 

Ex.  3.  (i)  If  a  =  (1  2  3)  and  b  =  (1  2)(3  4),  a3  =  b2  =  (ab)3  =  1. 
.*.  the  alternating  group  of  degree  4  generated  by  a  and  b  is 
isomorphic  with  a3  =  b'2  =  (ab)3  =  1.  Since  both  groups  are  of 
order  12,  the  isomorphism  is  simple.  Next  take  a  as  a/=«  +  l, 

b  as  x'  =  -,  &c.    (ii)  Take  a  =  (1  23  4),  b  =  (1  4  3),  &c.   (iii)  Take 

a  =  (1  2  3  4  5),  b  =  (1  2)  (8  4).     Next  take  &  as  xf  =  x+l,  b  as 

4  2:r  +  l 

2^=-:  and  then  a  as  xf  —  -  ,  b  as  x'  —  x+3,  &c.    (iv)  Take 

OC  X 

a  =  (12  34  5  6  7),    b  =  (12)(47).      Next  take  a  as 


-/ 

—  ( 

\ 


x+l\  .    _ 
-     -        = 


.    _ 
b  = 


y 


i  - 

b  as  af  =  -  ;  and  then  a  — 

x  \      x  x 

Ex.  6.  The  following  scheme  shows  the  element  of  {a,  6} 
corresponding  to  each  element  of  (a,  b},  and  suggests  the 
equivalence  of  apparently  distinct  elements  of  {a,  b}  (e.  g.  6a26 
and  o46a)  in  cases  where  this  equivalence  is  not  immediately 
obvious.  We  must,  however,  verify  the  equivalence  in  each  case 
by  means  of  the  relations  a6  =  62  =  (a6)s  =  (a3  b)2  =•  1  ;  for  a 
and  b  might  possibly  be  connected  by  relations  independent  of 


6a3  =  a36 
bo?b  =  a46a. 


1 

123456 

b 
126453 

ba 
231564 

ba2 
342615 

a 
234561 

ab 
264531 

aba 
315642 

aba2 
426153 

a2 
345612 

a2  6 
645312 

a2ba 
156423 

o26a2 
261534 

a3 
456123 

a3  6 
453126 

a36a 
564231 

a36a2 
615342 

a4 
561234 

0*6 
531264 

o*6a 
642315 

a*ba2 
153426 

a5 
612345 

a5  6 
312645 

a5ba 
423156 

a56a2 
534261 

Ex.  7.  Take  a  =  (2x,  2x  +  y),  b  =  (x,  x+y). 

Ex.  8.  Take  a  =  (1  2  3  4  5),  b  =  (1  2).  (a,  6}  is  of  order  120 ; 
for  if  a  =  a3  and  ft  =  (a&)2,  {a,  ft}  is  a  normal  subgroup  of 
order  60  and  index  2,  since  a5  =  ft'2  =  (aft)  3  =  1. 

Ex.  9.  (i)  Since  0  is  the  direct  product  of  T  and  c,  0  is 
simply  isomorphic  with  a3  =  ft2  =  (aft)3  =  y2  —  1,  ay  =  ya, 
fty  =  yft.  Now  put  a  =  ay,  b  =  fty  and  we  have  0  simply 
isomorphic  with  a6  =  b2  =  (ab)3  =  (a3  &)2  =  1.  (ii)  a6  =  b2  =  (a3  b)~ 
=  (a2&)4  =  1.  (iii)  a10  =  62  =  (a56)2  =  (a6&)3  =  1. 
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§  6.  Ex.  2.  The  orders  of  H  and  K  are  p.  =  nln2n4n8 ...  and 
v  —  W3w5w6w7w9 ... .  Hence  H  and  JSThave  no  element  in  common, 
since  the  order  of  G  =  {jff,  IT}  is  \iv. 

Ex.  3.  6r  is  the  direct  product  of  [gi\,  {<72}>  •••>  {ffx}' 

!i  !!i 

Ex.  5.  Its  base  is  evidently  [gvni,  ...,  g{ni,  gi+l,  ...,  0J. 

Ex.  6.  Its  base  is  evidently  [g^i,  g2\  ...,  0£<J. 

Ex.  8.  (i)  [06],  (12) ;  (ii)  [afe,  &*],  (120,  6) ;  (ffl)  [6.  o6»],  (36,  2) ; 
(iv)  [a«63,  a9],  (180,  5);  (v)  [ab,  be],  (30,  30);  (vi)  [6,  afe4,  a4  fee], 
(72,  3,  3). 

Ex.  9.  (m),  (2,  2),  (2,  2,  2),  (m,  2). 

§  7.  Ex.  3.  Every  cyclic  subgroup  of  order  p*  contains 
p*~l(p—l)  elements  of  order  p\  and  no  two  such  subgroups 
have  an  element  of  this  order  in  common. 

Ex.  4.  If  a,  6,  c,  ...  are  elements  in  G  of  orders  p*>,  g1*,  T",  ..., 

every  element  of  order  p^q^r"  ...  in  G  is  of  the  form  dbc 

Similarly,  in  the  case  of  subgroups  (V  202).  Hence  the  numbers 
required  are  LMN...,  L'M'N' ...,  LMN ...  +$(pg**> ...). 

Ex.  6.  If  h,  Jc  are  elements  in  Gr  of  orders  a,  ft  contained  in 
the  subgroups  H,  K  with  only  identity  in  common,  hk  is  in  a 
subgroup  L  having  only  identity  in  common  with  H  or  K.  Now 
(hJc}a  =  &a  is  in  K  and  L,  and  hence  (3  divides  a.  Similarly  a 
divides  ft,  and  .  *.  a  =  ft.  Now  use  Ex.  5. 

Ex.  7.  Let  g  be  an  element  of  order  p  in  G,  and  denote  a~igai 
by  h{.  Then  a  is  permu table  with  JT=  {h^  h2,  ...,  hq^}  and 
.'.  K=  G.  But  the  order  of  K<^'1  (cf.  V613). 

Ex.  8.  (i)  See  Vln.  (ii)  Let  x  be  the  order  of  a  relative  to 
G.  Since  ax  is  in  G,  (ax)2  —  1  and  x  =  r  or  £  r.  Hence 
{G,  a}  =  Ga  +  Ga?+  ...  +Gax  is  of  order  2«r  or  2«-1r. 

Ex.9,  (i) 


(ii)  Since  6,  b1 ,  bbj  are  all  of  order  2,  fe&j  =  fej  &.  Now  assuming 
I,  &!,  ...,  &e_j  all  permutable  prove  6,  blt  ...,  be  all  permu  table. 
Then  by  induction  {bl,  b2,  ...,  bm]  is  an  Abeh'an  group  of  order 
2k  and  type  (1,  1,  ...,  1),  k  <  m. 

Ex.  10.  (i)  If  the  h'a  are  not  independent,  it  must  be  possible 
to  express  hm  in  the  form  h-fih^* ...  ^£7*.     Equating  powers  of 
fi)  ^2>  •••>  fi'm  and  eliminating  jclf  a:2,  ...,  rrm_!  we  have 
an      a12  .     .     .  a]m 

**21  22    *       *       •    ^2wi 


D= 


a»l2 


=  0. 
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If  the  A's  generate  G,  every  element  of  the  form  giyigzy*  •-•  9n?m 
can  be  expressed  in  the  form  hfiJifi ...  hmx».  .'.  y,-  =  QH^I 
+  a2tr2+  ...  +amixm(i  =  l,  2,  ...,  m\  and  hence  Dxi=Ailyl 
+  Aizy2  +  ...  +Aimym  (Atj  being  the  cofactor  of  a,-,-  in  I)}.  .:  D 
must  be  a  factor  of  A{j.  Let  A^  —  A^'D.  Then 

JO"*-1  =  |  A{j  |  =  V*  A{f  |  and  hence  D  —  ±  1. 
(ii)  The  fc's  generate  GtfD^O. 

§  8.  Ex.  3.  If  [glt  g2,  ...,  #,.]  is  a  base  of  G,  every  element 
of  order  p  in  G  and  hence  every  subgroup  of  type  (1,  1,  ...,  1) 

is  contained  in  the  group  whose  base  is  [gipa*  9-f0*  >  •-«>  9x^*  ]• 
Now  use  §  8. 

Ex.  4.  Let  0J  be  any  element  of  G.  Take  [5^,  gz,  gZJ  ...]  as 
a  base  of  G.  Then  ^  is  not  in  the  subgroup  |<72,  </3,  ...}  of 
index  p. 

Ex.  5.  Prove  as  in  V  613  and  IX  77 . 
»y— 1 

^  6-  ^TT^**"1  cyclic 
non-cyclic  subgroups. 

Ex.  7.  f?(p+l)(j?+p+l). 

Ex.  8.  j>16  (j^+jJH- 1)2.  The  group  contains  (p3— l)p12  elements 
of  order  pA  •  hence  the  first  generator  ^  of  the  subgroup  may  be 
chosen  in  (jT3  —  l)j>12  ways.  The  second  generator  h2  may  then 
be  chosen  in  (p*—l)p13  ways,  for  it  may  be  any  one  of  the 
(p2—  l)p13  elements  of  order  jj3  in  G  whose  ^-th  power  is  not  in 
{Aj}.  The  third  generator  may  then  be  chosen  in  (p3  — I)!)9 
ways,  for  it  may  be  any  one  of  the  (p3—  l)j>9  elements  of  order 
p2  in  G  whose  j>th  power  is  not  in  {Aj,  h%}.  Hence  a  base  of 
the  subgroup  may  be  chosen  in  X  =  (p3  —  l)(j>2— ^(p3  —  l)p?* 
ways.  Similar  reasoning  shows  that  when  the  subgroup  is  given 
its  base  may  be  chosen  in  T  =  (p2—  l)(p—  1)CP~  1).P18  ways; 
and  the  total  number  of  subgroups  is  X  -f-  Y. 

Ex.  9.  (p  —  l)mpkm( 


CHAPTER  X 

§  1.  Ex.  5.  If  g,  glt  g2,  g3,  ...  are  a  conjugate  set  of  elements, 
g~lg\,  g~lg%,  g~lgs,  •••  are  distinct  commutators  of  G. 

Ex.  6.  a.g~lag  =  g~lag.  a  since  ^a~1g~1ag  is  permutable 
with  a. 

Ex.  7.  If  gag~l  =  aa  and  hah'1  =  aP,  (gh)  a(gh)~l  —  a^ 
=  (hg) a (hg)-1.  .:  a. g~l h~lgh  —  g^h^gh . a. 

Ex.  8.  Since  c  —  a~lb~lab  —  a0"1  =  bl~&,  c  is  permutable  with 
a  and  6.  Every  element  of  (a,  &}  is  evidently  of  the  form  Wax 
and  the  commutator  of  two  such  elements  is  a  power  of  c  by  1 4n . 

Ex.  9.  {a2};  {a*"1};  useI413. 
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§  2.  Ex.  4.  Use  VI 14. 

Ex.  5.  The  determinant  of  every  substitution  in  the  commutant 
is  1. 

§  3.  Ex.  1.  If  A  =  G,  A'  =  T. 

Ex.  2.  Let  H  be  a  normal  subgroup  of  G  contained  in  no  other 
normal  subgroup.  Then  G/H  is  simple  and  is  non-Abelian,  since 
H  does  not  contain  A. 

Ex.  3.  e.  g.  the  direct  product  of  K  and  any  perfect  group. 

Ex.  4.  Let  H  be  a  normal  subgroup  of  index  p.  Since  G/H  is 
Abelian,  H  contains  A. 

Ex.  5.  If  ylf  y2,  y3,  ...  in  G/H  correspond  to  glt  g^  g3,  ...  in 
G=  {#!,  #2,  ^g,  ...},  the  y's  are  permutable.  .'.  G/H=  {yx,  y2, 
y3,  ...}  is  Abelian. 

Ex.  6.  If  a,  &  are  two  commutators  of  G  and  a,  /3  are  the 
corresponding  elements  of  F,  a,  ft  are  commutators  of  F.  Since 
ab  =  ba,  a/3  =  /3a. 

Ex.  7.  (i)  (a7,  &}.  (ii)  (a,  &}.  (iii)  If  a^b^ab^c  and 
ca  =  acj ,  we  can  prove  that  cxa  =  ac,  c&c  =  b  =  ^bc^  ccx  =  CjC. 
Hence  by  Ex.  5  A  =  {c,  cj.  If  the  H.  C.  F.  of  m  and  r  is  d, 
the  order  of  c  is  mr-^-d  and  the  order  of  Cj  relative  to  {c}  is 

7[3  — (  — I)*]  (cf.  VI 49).     Therefore  A  is  an  Abelian  group  of 

index  4  or  8.     (iv)  Cyclic  of  order  r. 

Ex.  8.  Cm  or  C^TO  as  m  is  odd  or  even,  D,  T,  E. 

§  4.  Ex.  1.  For  every  element  of  G  corresponding  to  such  an 
element  of  A  would  be  in  C. 

Ex.  2.  (i)  Let  a,  b  be  any  elements  of  G.  Then  ah  =  Tiac^  bh  =•  hbc2 
where  c^,  cz  are  in  C.  .'.  a~lb~1ab.h  =a~1b~lahbc2 

—  a~16~1A«&c1c2  =  a^hb^abc!  =  h .  a~ll>~lab. 
(ii)  The  element  of  A  corresponding  to  c  is  1.  (iii)  See  1 4. 
(iv)  ht  is  in  C.  (v)  Use  (iii)  and  (iv).  (vi)  If  r  is  the  maximum 
order  of  c  as  g  runs  through  the  elements  of  G,  the  order  of  c 
divides  r  whatever  element  h  may  be.  .  •.  hr  is  always  in  C,  and 
hence  t  divides  r.  But  cf  —  1  and  .'.  t  =  r. 

Ex.  3.  Use  V 156  and  V 1712. 

Ex.  4.  The  normaliser  in  G  of  an  element  g  corresponding  to 
a  is  of  index  <  8,  and  its  central  contains  {g,  C}  of  order  ey. 

Ex.  5.  (i)  Identity ;  non-cyclic  of  order  4 ;  (ii)  non-cyclic  of 
order  4 ;  (iii)  a7  =  67  =  c J  =  1,  ab  =  ba,  be  =  cb2,  ac  =  ca. 

§  5.  Ex.  1.  Let  a,  6  be  any  two  commutators  of  G  and  a,  ft  the 
corresponding  commutators  of  A.  Then  ft  is  normal  in  J.  and 
.*.  6  is  permutable  with  every  commutator  of  G  by  X42(i).  Hence 
ab  —  6a. 

Ex.  2.  Use  X 17. 
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Ex.  3.  By  14  (a&y  =  ft'o'e^**1),  (&a)<  =  feWc'^1)  since  c  is 
permutable  with  a  and  6.  Hence  if  t  is  the  order  of  ab  and 
6a  (1  33),  d-  =  1.  Again  a~lb~&ab0  =  c#,  and  hence  c#  =  1  if  &# 
is  in  {a}. 

Ex.  4.  (i)  If  t  is  the  order  of  ab  in  Ex.  3,  btat  =  1  since  £  is 
odd  and  c*  =  1.  Hence  if  a,  ft,  ...  are  permutable  elements 
corresponding  to  a,  6,  ...  having  the  same  orders  and  such  that  a 
has  the  same  order  relative  to  {/?}  as  a  has  relative  to  {b},  &c., 
{a,  6,  ...}  and  (a,  /3,  ...}  are  conformaL  (ii)  The  second  group 
of  V  33  is  metabelian  but  not  conformal  with  any  Abelian  group. 

§  6.  Ex.  3.  If  g'j  of  correspond  to  the  elements  g,  a  in  any 
automorphism  of  G,  a'~lg'a'  corresponds  to  a~lga  in  the  auto- 
morphism. Hence  the  elements  conjugate  to  cf  correspond  to 
the  elements  conjugate  to  g. 

Ex.  4.  a-J6-a  =  (ab)~l  if  db  -  la. 

Ex.  6.  The  only  class  of  outer  automorphisms  admitted  by  G  is 
that  interchanging  A  and  B  when  A  =  B. 

Ex.  7.  No  element  of  one  of  the  groups  can  be  transformed 
into  an  element  of  another. 

Ex.  9.  If  g  and  h  are  two  elements  of  G  not  in  K,  g  and  h  are 
permutable  with  each  element  of  K,  since  K  is  complete.  Hence 
gh  is  permutable  with  each  element  of  K  and  is  not  in  K. 

Ex.  11.  If  g  is  an  element  of  order  pa,  there  is  an  auto- 
morphism of  {g}  in  which  gr  corresponds  to  g,  where  r  is  any  one 
of  the  pa~l(p—  1)  integers  less  than  and  prime  to  pa.  If 
b~lgb  =  g*,  b~sgbs  =  gr*',  hence  when  r  is  chosen  so  that 
pP~l(p—  1)  is  the  least  value  of  s  satisfying  r8  =~  1  (mod  pa),  every 
automorphism  of  [g]  is  obtained  by  transforming  by  powers  of  b. 

Ex.  12.  The  generator  of  order  2°~2  corresponds  to  the  auto- 
morphism in  which  gr  corresponds  to  g,  where  r  is  chosen  so  that 
2°~2  is  the  least  value  of  s  satisfying  r8  =  1  (mod  2°).  The 
generator  of  order  2  corresponds  to  the  automorphism  in  which 
g~l  corresponds  to  g. 

Ex.  13.  A  cyclic  group  of  order  2°  3#  5?  ...  is  the  direct 
product  of  cyclic  groups  of  orders  2°,  3#,  5?,  ...  ;  now  use  Ex.  7. 

Ex.  14.    (i)  If  gigj  =  gk,  hiffi  .  hjdj  =  Jikgk  ;   and  .-.  1*^  =  ^. 

(")  ftf^r1- 

Ex.  15.  (i)  [a"1^,  a~lg2a,  ...,  a~lgxa]  is  a  base  of  a  1Ga. 

Ex.  16.  (i)  The  elements  g-figf*  —  gmxm  are  all  distinct 
when  for  xlt  x2,  ...,  xm  we  put  any  of  the  integers  1,  2,  ...,  p, 
if  and  only  if  the  determinant  |  a  \  =£  0  (mod  p). 

Ex.  17.  g  divides  the  order  of  the  group  of  automorphisms  of  G. 

Ex.  18.  By  1  4n  the  commutator  of  a'  and  &'  is  c?s~yr,  and 
.'.  xs—yr  £  0  (mod  p).  The  order  of  {a,  &}  is  p5  and  the  order 
of  the  group  of  automorphisms  =  the  order  of  the  general  homo- 
geneous linear  group  of  degree  2  in  the  GF\p]  =  (p2  —  l)(p'2—  p). 

Ex.  19.  24,  24,  120.     Suppose  that  a'  corresponds  to  a,  b'  to  & 
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in  an  automorphism.  Then  (i)  a'  may  be  any  one  of  the  8 
elements  of  order  3,  &'  any  one  of  the  3  elements  of  order  2 ; 
(ii)  a'  may  be  any  one  of  the  6  elements  of  order  4  and  then 
&'  may  be  one  of  4  elements  of  order  3,  as  is  easily  seen  by 
considering  the  simply  isomorphic  group  O  and  remembering 
that  (a'&')2  =  1 ;  (iii)  treat  £  similarly. 

§  7.  Ex.  7.  Use  V  202. 

Ex.  9.  If  h  is  any  element  of  G  not  in  K,  there  is  an  auto- 
morphism of  G  in  which  gh  corresponds  to  g. 

Ex.  10.  (i)  Use  Ex.  9.  (ii)  There  is  only  one  invariant  of 
maximum  order. 

Ex.  14.  UseX66. 

Ex.  15.  Use  Ex.  14. 

Ex.  16.  Use  X  By. 

Ex.  17.  P  contains  a  normal  subgroup  H  simply  isomorphic 
with  Gr  formed  by  substitutions  of  the  type  x{  =  xi  +  li,  while 
T/H  is  simply  isomorphic  with  the  general  homogeneous  linear 
group  of  degree  m  in  the  GF[p].  Now  use  X616. 

§  8.  Ex.  1.  L  does  not  displace  the  symbol  corresponding  to 
identity  in  G.  K  contains  a  transitive  subgroup  P  of  the  same 
degree. 

Ex.  2.  (i)  If  F  were  such  a  group,  H  would  contain  P'  (§  6) ; 
which  is  impossible,  (ii)  Use  (i). 

Ex.  3.  Use  §  8. 

Ex.  4.  (i)  Use  §  8  taking  c  as  the  automorphism  in  which  a 
corresponds  to  a,  ba  to  &  and  d  as  the  automorphism  in  which  ak 
corresponds  to  a,  b  to  6. 
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§  1.  Ex.  4.  See  X 16. 

Ex.  5.  If  H  and  K  are  two  normal  subgroups  of  order  p,  H  and 
K  both  contain  the  commutant  of  G  since  G/H  and  G/K  are  of 
order^?2  and  Abelian. 

Ex.  6.  If  H  is  a  normal  subgroup  of  index  p2,  G/H  is  Abelian ; 
. '.  H  contains  the  commutant  of  G. 

Ex.  7.  As  in  Ex.  6  each  such  normal  subgroup  contains  the 
commutant. 

Ex.  8.  If  h  is  an  element  of  a  normal  subgroup  H  of  G,  H 
contains  every  element  conjugate  to  h  in  G.  Then  if  the  G.  C.  S. 
of  H  and  C  is  of  order  /z,  the  order  of  H  =  /z+er+eg+  ....  Now 
proceed  as  in  §  1. 

Ex.  9.  Use  Ex.  8  and  X  3. 

Ex.  10.  Let  g  be  an  element  of  G  corresponding  to  a  normal 
element  of  G/C,  and  let  h  be  an  element  of  G  not  permutable 
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with  g.  Then  the  commutators  of  li  and  g,  g2,  ...,  g?  are  in  C 
and  are  all  distinct. 

Ex.  11.  Use  Ex.  10. 

Ex.  12.  (i)  Let  F  be  a  normal  subgroup  of  G  contained  in  no 
other  normal  subgroup  of  G.  Then  G/T  is  simple  and  is  .*.  of 
order  p. 

Ex.  13.  Since  in  Ex.  12  G/T  is  Abelian,  F  contains  the  corn- 
mutant  of  G. 

Ex.  14.  Let  a,  &  be  elements  of  G  such  that  a  is  of  order  p  and 
ab  —  ba*.  Then  bl~PabP~l  =  a<P-1  =  a  by  Format's  Theorem  (13). 
Hence  the  index  of  the  lowest  power  of  6  permutable  with  a  is 
a  factor  both  of  p—  1  and  of  the  order  of  b  (1  28). 

Ex.  15.  c  is  in  every  subgroup  of  index  p  in  G  (Ex.  7)  and 
is  .'.  in  the  nonnalisers  of  a  and  b.  The  conjugates  of  a  in  G 
are  b~tabt  =  acl(t  =  1,  2,  ...,p).  .-.  cP  =  1. 

Ex.  16.  By  Ex.  15  (ba)e  =  b*ae  when  e  is  a  multiple  of  p,  since 
cP  =  1  (1  4).  Hence  the  order  of  ba  divides  p&.  Also  any 
conjugate  of  ba  such  as  g~1bag  =  g~lbg  .  g~lag  is  of  the  form 
too*,  and  .'.  ba  is  an  element  of  a  conjugate  set  of  1  or  p  elements. 

Ex.  17.  gP  is  in  C;  hence  {C,  g}  =Cg+Cg2+  ...  +Cgp  and 
is  evidently  Abelian  of  order  p**1.  If  A;  is  any  element  of  G 
and  K,  y  are  the  elements  of  G/C  corresponding  to  £,  g  in  G, 
K~lyK  —  y  and  .'.  k~lgk  =  gc  (c  in  C).  Hence  g  has  at  most  p* 
conjugates  in  G  ;  and  the  normaliser  of  g  in  G  has  a  central 
containing  {  C,  g}  and  is  of  index  <  px. 

Ex,  18.  Use  induction  and  Ex.  17,  so  long  as 


Ex.  19.  G  contains  a  subgroup  H  of  order  p+*-+       By 
Ex.  18  H  contains  a  subgroup  K  of  order 


whose  central  is  of  order  px+f~1.     This  is  only  possible  if  K  is 
Abelian  (X  4). 

Ex.  20.  Use  Ex.  19. 


§  2.  Ex.  1.  Let  G  be  the  direct  product  of  prime-power  groups 
A,  B,  C,  ....  Find  normal  subgroups  A',  &,  Cf,  ...  of  A,  B,  C,  ... 
respectively  such  that  the  product  of  their  orders  is  m.  Then 
{A',  If,  (7,  ...}  is  a  normal  subgroup  of  order  m  in  G. 

Ex.  2.  The  subgroups  required  are  those  corresponding  in  G  to 
the  series  of  normal  subgroups  in  G/T. 

Ex.  3.  (i)  The  subgroup  required  is  one  corresponding  to  a 
normal  subgroup  of  order  p^'"1  in  G/H.  (ii)  {H,  K}  is  of  index 
J*(A  ^  y)  and  •••  the  G.  C.  S.  D  of  H  and  K  is  of  index  p*(b  >  (3) 
by  V 13.  The  subgroup  required  is  the  subgroup  of  G  correspond- 
ing to  a  normal  subgroup  of  index  p&  in  G/D.  (Cf.  XI 52). 
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§  3.  Ex.  2.  If  H  is  a  subgroup  of  index  p  in  G  containing  Klt 
H  contains  K2,  Kz,  ...  since  Hia  normal. 

Ex.  4.  (i)  H  contains  C  since  otherwise  G  E-  {H,  C}  and  is 
Abelian  ;  similarly  K  contains  G.  Again,  every  element  of  the 
G.  C.  S.  of  H  and  K  is  normal  in  H  and  in  K  and  hence  in 
G  =  {H,  K}.  (ii)  G-/G  is  Abelian  of  type  (1,  1)  since  it  is  non- 
cyclic  of  order  p2.  Again,  if  a  and  &  are  two  non-perrautable 
elements  of  G,  c  =  a~lb~1ob  is  permutable  with  a  and  &  since 
the  commutant  A  is  in  C  (XI  17).  Hence  c?  =  a~^6~1o^6  =  1 
and  every  element  of  A  is  of  order  1  or  p. 

Ex.  5.  Using  V  135  we  see  as  in  Ex.  4  that  the  central  is  of 
index  p2  and  hence  contains  the  commutant. 

Ex.  6.  If  g  is  an  element  of  G  not  permutable  with  every 
element  of  D,  G  contains  p  conjugates  to  g  (X15);  .*.  the 
normaliser  of  g  in  G  is  of  index  p  but  does  not  contain  D. 

Ex.  7.  If  g  is  any  element  of  order  <  pa  in  G,  {g}  is  in  some 
subgroup  of  index  p  (Ex.  1)  and  .'.  g  is  in  r.  Hence  G  contains 
elements  of  order  p°. 

Ex.  8.  As  in  Ex.  7  G  contains  an  element  g  of  order  pr(r  >  s). 
{&*  }  being  of  order  p8  is  identical  with  K. 


§  4.  Ex.  2.  G/D  is  a  subgroup  of 

Ex.  3.  For  the  p-th  power  of  such  an  element  would  not  be  in  D. 

Ex.  4.  Since  the  G.  C.  S.  of  all  subgroups  of  index  p  in  G/E  =  1 
(IX  84),  the  G.  C.  S.  of  all  subgroups  of  index  p  in  G  containing 
E  is  E.  But  this  G.  C.  S.  contains  D. 

Ex.  5.  (i)  Since  the  p-th  power  of  each  element  of  G  is  in 
(A,  P},  each  element  of  (?/{A,  P}  is  of  order  1  or  p.  (ii)  By 
Ex.  4  (A,  P}  contains  D  and  by  §  4  D  contains  (A,  P}. 

Ex.  6.  If  G  contains  two  Abelian  subgroups  of  index  p,  the 
central  C  is  of  index  p*  and  is  contained  in  every  Abelian  subgroup 
of  index  p  (XI  34).  Now  proceed  as  in  §  4. 

Ex.  7.  Let  H  be  a  subgroup  of  index  p  not  containing  ga. 
Choose  elements  glt  g2,  ...  ,  <7a-i  as  in  §  2  for  the  group  H.  Then 
ga  satisfies  the  conditions  that  gQP  and  g~lga~1ffffa  are  in  H. 

Ex.  8.  (i),  (ii)  By  V  136  the  G.  C.  S.  of  the  normal  subgroups  of 
index  p  or  p2  is  of  index  p*.  Now  proceed  as  in  §  4.  (iii)  The 
non-normal  subgroups  can  be  divided  into  conjugate  sets  each 
containing  pm  subgroups  (m  integral). 

§  S.  Ex.  2.  If  K  is  a  subgroup  of  index  p  in  H  not  normal  in  G, 
H  contains  every  subgroup  conjugate  to  K  in  G.  Now  the 
number  of  groups  conjugate  to  K  —  the  index  of  the  normaliser 
of  K—  a  multiple  of  p.  But  H  contains  lp+1  subgroups  of 
index  p  ;  hence  at  least  one  is  normal  in  G. 

Ex.  3.  The  elements  of  G  permutable  with  every  element  of  K 
form  a  subgroup  P.  The  Abelian  subgroups  of  order  p&+l  in  G 
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containing  H  are  the  subgroups  of  F  corresponding  to  the  sub- 
groups of  order  p  in  T/K. 

Ex.  4.  Let  BU  B2,  ...,  Bs  be  the  normal  subgroups  of  this 
index  ;  J.1?  A%,  ...,  Ar  the  normal  subgroups  of  index  p.  Then 
the  proof  runs  as  in  §  5  using  XI 23. 

§  7.  Ex.  2.  Each  set  is  of  the  form  &yaz+*a~l  (I  =  1,  2,  ...,j>) 
unless  #  =  y  =  0  (mod  p) ;  see  X  15. 

Ex.  5.  It  is  the  only  non-cyclic  subgroup  of  the  same  order. 

Ex.  6.  By  14  (byax)l+mP  =  byax+xmP.  Now  if  x  =pf,  fi<a-3, 
we  have  (5Vax)1+mp  =  Wax+lPa~*  on  putting  m  =  Zpa~>*~3.  Hence 
by  Ex.  2  every  subgroup  of  G  is  normal  except  the  p  subgroups 
conjugate  to  {&}. 

Ex.  7.  Every  normal  subgroup  of  G  contains  the  commutant. 

Ex.  9.  Let  Oj  ==  Wax  correspond  to  a  and  6j  =  bsar  to  &  in  any 
automorphism  of  G.  Then  since  6^  =  1,  r  =  0  (modpa~2) ;  since 
a/0"1  =  1,  x  is  prime  to  p  ;  since  Oi^b^c^bi  =  a/0"*,  s  —  1 
(1 4n).  Hence  the  order  required  is  p (pa~ l  —p^~2)p  =  pa(p—l). 

Ex.  10.  Let  K  be  a  normal  cyclic  subgroup  of  order  p8.  By 
XI  22  we  can  find  normal  subgroups  K,  Kl,  -fiT2,  ...  each  of  index 
p  in  its  successor.  The  first  which  is  non-cyclic  contains  a 
characteristic  non-cyclic  subgroup  of  order  p3  which  is  the  normal 
subgroup  required. 

Ex.  11.  Abelian  of  type  (3),  (2,  1),  or  (1,  1,  1) ;  a?2  =  &*  =  1, 
a&  =  lal+P ;  {a,  6}  where  a  and  6  are  each  of  order  p  and  per- 
mutable  with  their  commutator.  Note  that  in  a  non-Abelian 
group  of  order  p3  the  central  and  commutant  coincide  and  are 
of  order  p  (XI 110). 

CHAPTER   XII 

§  1.  Ex.  1.  They  are  Sylow  subgroups  of  K. 

Ex.  2.  The  Sylow  subgroups  are  all  conjugate. 

Ex.  4.  (i)  If  I\  =  Tj,  Ft-  contains  two  normal  Sylow  subgroups 
fl",-  and  H:.  (ii)  Since  Tl  is  the  normaliser  of  H^  in  6f,  the 
normaliser  T{  of  V^A^^i  in  h^Gh^G  is  VlrA- 
(iii)  Since  Fj  is  one  of  Jcp  + 1  conjugate  subgroups  in  G,  the 
normaliser  of  I\  is  of  order  » -7-  (kp  + 1)  =  the  order  of  Tl . 
(iv)  Apply  Corollary  II  to  I\. 

Ex.  5.  In  the  proof  of  Corollary  II  the  number  of  quantities 
/3,  y,  ...  =  r  must  be  EE  1  (mod  p). 

Ex.  6.  The  G.  C.  S.  of  H  and  Hit  i.  e.  of  h^Hhi  and  h^H^ 
is  h^Dhi  which  is  of  order  p&.  Hence  G  contains  pa~&  sub- 
groups conjugate  to  H  having  with  H  a  G.  C.  S.  of  order  p&, 
pa~y  having  with  H  a  G.  C.  S.  of  order  p"*,  ... . 

Ex.  7.  Use  V  1513. 

Ex.  8.  Use  Ex.  7. 
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Ex.  9.  Use  Ex.  8  and  IX  67,  IX  86.  The  number  is  (i)  28, 
(ii)  (p*  +  2p1  +  Zp«  +  3p5  +  3pi  +  2p*  +  2p*  +p+l)(q*  +  q2  +  q+l) 
(r+1). 

Ex.  10.  If  a,  b  are  elements  of  Sylow  subgroups  of  G  whose 
orders  are  unequal,  the  order  of  c  =  a~16~1a&  divides  the  orders 
of  a  and  &  (1 410),  and  . '.  c  =  1. 

Ex.  11.  (i)  The  commutant  of  6rf  =  1,  for  otherwise  A  would 
contain  an  element  of  order  pf.  (ii)  IfpV  is  the  order  of  Git  the 
order  of  {A,  6rJ  is  p^pf,  since  A  is  normal  in  {A,  6rJ  while 
A  and  Cri  have  only  identity  in  common.  Hence  G{  is  a  Sylow 
subgroup  of  {A,  6rJ.  If  there  are  kpi  +  1  Sylow  subgroups  of 
order  pf  in  {A,  6rJ,  Jtp^  +  1  is  a  factor  of  p±\  Now  use 
Corollary  IV. 

Ex.  12.  If  g  generates  one  of  these  cyclic  Sylow  subgroups, 
the  permutation  of  P  (VI 2)  corresponding  to  g  contains  an  odd 
number  of  cycles  of  even  degree  and  is  an  odd  permutation. 
Then  the  even  permutations  of  P  form  a  normal  subgroup  of 
index  2  ;  which  contains  every  permutation  of  odd  order  when  g 
is  of  order  2. 

Ex.  13.  If  P  and  Q  are  Sylow  subgroups  of  order  pa  and  g-0, 
every  element  of  G  is  included  once  among  the  elements  PQ 
or  QP,  since  P  and  Q  have  only  identity  in  common. 

Ex.  14.  Take  H,  H-^  as  subgroups  of  index  p.  If  HI  is  not 
normal  in  G,  I\  =  JEfj  and  Hv  is  not  permutable  with  any  element 
of  G  not  in  H^.  Then  the  proof  of  §  1  would  show  that  there 
are  Jcp+ 1  subgroups  conjugate  to  Hl  which  is  impossible. 

Ex.  15.  (i)  Let  K  be  the  subgroup  of  order  t  formed  by  the 
permutations  not  displacing  one  symbol  x  (VI 5).  The  per- 
mutations of  H  not  displacing  x  evidently  form  the  G.  C.  S.  of 
H  and  JT,  which  =  1  since  t  is  prime  to  p.  Hence  every 
permutation  of  H  displaces  every  symbol,  and  .*.  the  number 
of  symbols  in  any  transitive  set  of  H  =  the  order  of  H. 
(ii)  G  =  HK  =  KH. 

Ex.  16.  If  pe  is  the  highest  power  of  p  which  divides  e,  G 
contains  a  group  of  order  p*  which  lies  in  L.  Hence  A  is  a 
multiple  of  p( ;  and  so  for  every  prime-power  factor  of  e. 

Ex.  17.  Let  F  =  g'lEg  (g  in  G).  Since  E  is  normal  in  H,  F 
is  normal  in  g~lHg;  and  .'.  H  and  g~1Hg  are  Sylow  subgroups 
of  the  same  order  in  the  normaliser  B  of  F  in  G  and  are  hence 
conjugate  in  B.  .'.  there  is  an  element  b  of  B  such  that 
H  =  b~'L(g-lHg)b.  Then  gb  is  in  T  and  (p&)-] E(gl)  =  F. 

Ex.  18.  G  contains  kp+1  subgroups  of  order  pa,  where  Jcp+1 
divides  e.  In  this  case  k  =  0. 

Ex.  19.  By  §  1  a  group  G  of  order  pq  contains  elements  a,  &  of 
orders  p,  q.  The  Sylow  subgroup  {a}  is  normal,  since  q  ^E  0 
(mod  Jcp+ 1)  unless  Jc  =•  0.  Let  b"1^  =  a".  If  K  =  1,  ab  is  of 
order  pq  and  G  is  cyclic.  If  K  ^  1,  &~«a&2  =  a**  (13)  and  .'. 


SOLUTIONS.     CH.  XII  225 

K?  =  1  (mod  p).  Ke  £  1  (mod  p)  if  e  <  q ;  for  otherwise  «  and  &* 
and  .'.a  and  b  would  be  permutable. 

Ex.  20.  (i)  Cyclic  and  dihedral ;  (ii)  cyclic ;  (iii)  cyclic  and 
a13  =  63  =  1,  ab  —  6a3 ;  (iv)  cyclic  and  a11  =  65  =  1,  ab  =  6a3  ; 
(v)  cyclic  and  a19  =  63  =  1,  ab  =  bo1 ;  (vi)  cyclic  ;  (vii)  cyclic  ; 
(via)  cyclic  and  a127  =  I1  =  1,  «6  =  &a'2. 

Ex.  21.  825  =  11 .  3 .  52.  No  factor  of  825  -f-  25  is  of  the  form 
5&+1.  and  no  factor  of  825  -•- 11  is  of  the  form  llfc+1  unless 
Jc  =  0  ;  but  11.5  and  52  are  of  the  form  Bk  + 1. 

Ex.  22.  As  in  Ex.  21  the  group  contains  a  normal  subgroup 
of  order  25,  17,  13,  11,  7,  13,  127,  169,  121. 

Ex.  23.  As  in  Ex.  21  prove  that  every  Sylow  subgroup  is 
normal  and  use  Corollary  IV.  (i)  cyclic ;  (ii)  cyclic  or  Abelian 
of  type  (665,  5) ;  (iii)  10  types  :  see  XI 1  and  XI  7n . 

Ex.  24.  (i)  520  =  23.  5 . 13.  The  only  factors  of  520  -r  13  of 
the  form  13  k  +  1  are  1  and  40.  Hence  a  simple  group  G  of 
order  520  must  contain  40  subgroups  of  order  13.  since  it  contains 
no  normal  subgroup  of  order  13.  Similarly  G  contains  26  sub- 
groups of  order  5.  Now  two  groups  of  prime  orders  have  only 
identity  in  common.  Hence  G  contains  26(5  —  1)  distinct 
elements  of  order  5  and  40(13  —  1)  distinct  elements  of  order  13. 
But  26 .  4  +  40 . 12  >  520.  (ii)  G  contains  6  subgroups  of  order  5 
and  10  of  order  3 ;  (iii)  20  subgroups  of  order  19  and  76  of 
order  5;  (iv)  45  subgroups  of  order  11,  11  of  order  5,  and  55 
of  order  9  ;  (v)  78  subgroups  of  order  7  and  14  of  order  13. 

Ex.  25.  (i)  As  in  Ex.  24  a  simple  group  G  of  order  616 
contains  56  . 10  elements  of  order  11  and  8.  6  of  order  7.  Since 
616  =  560  +  48  +  8,  G  contains  only  a  single  subgroup  of  order 
8  which  is  .'.  normal,  (ii)  G  contains  8  subgroups  of  order  7  ; 
(iii)  27  subgroups  of  order  13. 

Ex.  26.  (i)  As  in  Ex.  23  a  simple  group  G  of  order  450 
contains  6  subgroups  of  order  25  and  is  .'.  isomorphic  with  a 
simple  transitive  permutation-group  G'  of  degree  6.  The 
isomorphism  is  simple  since  G  is  simple.  G'  contains  no  odd 
permutation,  for  otherwise  the  even  permutations  of  G'  would 
form  a  normal  subgroup  of  G'.  .'.  G'  is  a  subgroup  of  the 
alternating  group  of  degree  6 ;  but  450  is  not  a  factor  of  6!-:-2. 
(ii)  The  order  of  G  is  not  a  factor  of  3 !  -r  2,  (iii)  5 !  +  2,  (iv)  6 !  ~-  2, 
(v)6!-r-2,  (vi)ll!-r-2. 

Ex.  27.  (i)  As  in  Ex.  26  a  simple  group  G  of  order  90  is  simply 
isomorphic  with  a  transitive  permutation-group  G'  of  degree  6 
containing  only  even  permutations.  By  §  1  G'  contains  a  per- 
mutation g  of  order  2  which  (being  even)  is  the  product  of  two 
transpositions  and  .'.  does  not  displace  every  symbol.  Hence  g 
is  contained  in  some  subgroup  of  index  6  consisting  of  the 
permutations  of  G'  not  displacing  one  symbol.  But  90  -f-  6  is 
odd.  (ii)  Here  G'  is  of  degree  18  and  each  of  the  18  subgroups 
of  G'  not  displacing  one  symbol  is  of  order  and  degree  17,  while 
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there  are  18  permutations  of  G'  (not  included  in  these  18  sub- 
groups) which  displace  every  symbol.  One  of  these  is  of  order  2 
and  is  .'.  the  product  of  9  transpositions  and  is  an  odd  permutation. 

Ex.  29.  (i)  {a};  {&},  {&a},  {6a2}.  (ii)  (a,  6}  ;  [cV]  (r=l, 
2,  ...,  7).  Note  that  every  element  of  the  group  can  be  put  in 
the  form  czaxbv  which  transforms  c  into  cb~v. 

Ex.30.  {(12)(34),  (14)(23)f;  {(234)},  {(341)},  {(412)}, 
{(1  2  3)}. 

Ex.  31.  Apply  Sylow's  theorem  to  the  general  homogeneous 
linear  group.  Since  the  period  of  every  mark  divides  pr—  1,  no 
multiplication  is  of  order  divisible  by  p. 
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§  3.  Ex.  1.  Let  A  be  the  maximum  normal  subgroup  of  G 
containing  H ,  B  the  maximum  normal  subgroup  of  A  containing 
H,  ... .  Then  Gr,  A, B,  ...,H,  ...  is  a  composition-series  containing 
H  if  H  is  normal. 

Ex.  2.  (i)  A  cyclic  group  of  order  pu  contains  only  one  normal 
subgroup  of  index  p.  (ii)  Use  XI 6. 

Ex.  4.  By  XII 119  G-  contains  only  one  normal  subgroup  which 
is  of  order  p. 

Ex.  5.  Use  VI 14,  15. 

Ex.  6.  One  composition-series  is  G,  H,  1,  and  . '.  the  composition- 
factors  are  ml-r-2  and  2.  Hence  if  G  contains  a  normal  subgroup 
other  than  H,  it  is  of  order  2.  Evidently  no  such  normal  sub- 
group exists. 

Ex.  7.  Use  V  20. 

Ex.  8.  Use  Ex.  7,  noticing  that  a  cyclic  group  cannot  have  more 
than  one  subgroup  of  given  order. 

Ex.  9.  (i)  The  composition-factors  of  G  are  ap's,  ft  fl's,  y  r's,  ... 
which  can  be  arranged  in  e  different  orders.  Now  use  Ex.  8. 
(ii)  If  all  the  Sylow  subgroups  of  K  are  cyclic  the  theorem  is 
true  by  V202(Hj).  If  the  Sylow  subgroup  of  order  pn  is  non-cyclic, 
Ex.  2  (ii)  shows  that  there  is  more  than  one  composition-series  of 
K  in  which  the  a  composition-factors  p  occur  last. 

Ex.  10.  Let  ua  be  the  number  of  distinct  composition-series 
of  G.  Then  the  second  group  Gl  of  a  composition-series  may 
by  XI 7  be  one  of  p  cyclic  subgroups  of  index  p  each  giving  rise 
to  a  single  composition-series,  or  may  be  a  given  group  of  order 
pu-i  wjth  a  cyclic  subgroup  of  index  p  giving  rise  to  ua_i 
composition-series.  .*.  ua=p  +  u(i_l.  Now  use  induction. 

Ex.  11.  Let  Ma  be  the  number  of  composition-series  of  G.     The 
second  group  6rx  in  the  series  can  be  chosen  in  (p°~l  —  l)  -r  (p—  1) 
ways  by  IX  8.    . '.  uu  =  wa-i(jPa~  1)  -r  (.P— !)•    Now  use  induction. 
Ex.  12.  Use  V  14«. 
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Ex.  13.  G  has  a  composition-series  containing  a  Sylow  subgroup 
of  order  pu.  Now  use  Ex.  12. 

Ex.  14.  (i)  By  Ex.  12  all  the  Sylow  subgroups  of  G  are  normal. 
Now  use  XII  1  Corollary  IV.  (ii)  As  in  XI  3  we  can  show  that 
every  subgroup  of  G  is  contained  normally  in  some  subgroup  of 
higher  order. 

Ex.  15.  The  number  is  1,  5,  21,  7,  3  according  as  the  group 
is  Abelian  of  the  type  (3),  (2,  1),  (1,  1,  1),  dihedral,  or  dicyclic. 

Ex.  16.  (i)  d3,  (D3,  83,  c3),  C3,  1  and  d3,  c3,  c,  1.  (ii)  Q,  (O,  0,  8), 
T,  D,  (C2,  C2,  C2),  1.  (iii)  H,  E,  1. 


§4.  Ex.  2.  If  H=Hlhl  +  Hlh.,  +  Hlh3+  ...  ,  {Gr,  H}  =  Grhj_ 
+  GrJi,  +  Grhz  +  .  .  .  .  (See  V  13.  ) 

Ex.  3.  In  Ex.  2  every  subgroup  of  H/Hl  is  simply  isomorphic 
with  a  subgroup  of  {Gr,  H}/Gr  and  .'.  with  a  subgroup  of 
£,._!  'G-,.,  since  Gr_i  contains  Gr  and  H.  Now  apply  to  Hl  the 
same  reasoning  as  was  applied  to  H  and  use  Ex.  1,  &c. 

Ex.  4.  A  and  cyclic  groups  whose  orders  are  the  prime  factors 
of  mNr  -f-  (pr—  l)d;  except  in  the  case  wt  =  2  and  pr  =  2  or  3 
when  all  the  composition-factor-groups  are  of  prime  order. 

§  5.  Ex.  2.  A  soluble  group  has  a  normal  subgroup  of  prime 
index,  and  this  must  contain  the  commutant. 
Ex.  3.  Use  XIII  43. 
Ex.4.  Use  XIII  34. 
Ex.  7.  Use  Ex.  2  and  5. 
Ex.  8.  Use  §  4. 
Ex.  9.  Take  {a}  as  the  group  H  of  §  4  ;  then  G/H  is  cyclic. 

§  6.  Ex.  1.  G  is  the  direct  product  of  groups  of  order  p  and  is 
.'.  Abelian. 

Ex.  2.  If  /  is  a  composition-factor  of  G,  we  have  ft+l=pr; 
and  .'.  t  =  0. 

Ex.  3.  Let  /  be  a  composition-factor  of  the  alternating  group. 
As  in  Ex.  2/<+1  =  3.4.5  .....  m;  and.',  t  —  0. 

Ex.  4.  If  K  is  a  normal  subgroup  of  P  contained  in  H,  its  order 
is  not  a  multiple  of  p  ;  for  otherwise  K  would  contain  one  Sylow 
subgroup  of  order  p  in  P,  and  .  '.  K  would  contain  all  the  Sylow 
subgroups  of  order  jp,  since  they  are  all  conjugate  and  K  is  normal. 
Hence  since  K  is  of  degree  pl\  K  is  intransitive  (VI  6),  which  is 
impossible  (VI  11).  Now  use  Ex.  2. 

§  8.  Ex.  1.  Prove  as  in  §  4. 

Ex.  2.  Take  the  composition-series  (a,  6},  (a2,  6},  [1],  1  of 
the  group  a4  =  b-  -  (ab}~  =  1. 

Ex.  6.  By  XI  2  the  chief-factor-groups  are  of  prime  order. 
Ex.  7.  Use  XI  ls. 
Ex.  8.  Use  §  6. 
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Ex.  9.  (ii)  Use  X  17. 

Ex.  10.  Use  XI  76  and  XIII  310. 

Ex.  11.  (i)  1,  5,  21,3,  3.     (ii)  4,8,1. 

§  9.  Ex.  1,  2.  Use  §  6. 

Ex.  7.  Any  element  permutable  with  a  group  transforms  a 
chief-series  into  a  chief-series. 

§11.  Ex.  1.  Use  XIII  52>  3. 

Ex.  2.  The  group  preceding  identity  in  the  series  of  derived 
groups. 

Ex.3.  UseX3. 


§  12.  Ex.  3. 

Ex.  6.  (i)  G/Ci-i  is  Abelian,  .'.  C^-i  contains  Aj.  (ii)  The 
commutant  of  G/C^S  is  Abelian  (Ex.  3);  .-.  by  X3  each 
commutator  of  {Aj,  C4-_3}/C;_3  =  1,  and  hence  every  commutator 
of  {A!,  C;_3)  is  in  0,:_.3. 

Ex.  7.  UseXH9. 

Ex.  8.  Prove  as  in  XI  2. 

§13.  Ex.  1.  Use  XIII  55. 

Ex.  2.  By  XIII  89  the  central  K  of  A  ^  1,  since  a  chief-series 
of  G  can  be  formed  containing  A  ;  while  by  X  3  the  commutant  of 
G/K  is  A/2T.  Now  every  chief-factor-group  of  G/K  is  cyclic,  and 
.'.  the  central  of  A/7T  ^  1.  Continuing  this  reasoning  we  see  that 
the  class  of  A  is  finite. 
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§1.  Ex.  2.  (iii)  UseX5. 

Ex.  3.  a24  =  b2  =  (aby  =  1. 

Ex.  4.  They  are  permutable  with  a  and  b. 

Ex.  5.  Let  a'  be  the  lowest  power  of  a  in  any  subgroup  H,  and 
suppose  that  //  contains  byax  but  no  element  bpaa  where  p  <  y 
or  p  =  y,  0-  <  rr.  Then  1 3  shows  that  yu  =  fi  where  u  is  integral 
and  that  H  contains  the  elements  VVax^t~l)  +  (kV-V+il(t  =  1,2, 
...,  M ;  *  =  1,  2,  ...,  Z-7-A).  Putting  t  =  u  we  have  I  a  factor  of 
r+*(J0—l)-:- (**-!).  The  groups  H,  {a1,  Wo?}  are  distinct; 
for  if  H  contains  Pa3,  it  contains  (by 'ax)~l(iy 'as)  =  az~x  which  is 
impossible  when  I  >  e  >  x  >  0. 

Ex.  7.  By  Ex.  4  G  contains  a  normal  subgroup  of  prime  index. 

Ex.  8.  Suppose  Jc  a  primitive  root  of  x(  =  1  (mod  A).  Then 
(a,  l)(}  is  Abelian  and  its  Sylow  subgroups  are  all  cyclic.  Hence 
by  V202(!H)  (a,  b(}  is  cyclic;  and  it  is  normal  by  Ex.  4.  Hence 


SOLUTIONS.    CH.  XIV  229 

§2.  Ex.  1.  Use  XIV  12. 

Ex.  2.  (ii)  bax  is  of  order  (I)  4m-r  (the  H.C.F.  of  2m  and 
ar(m+l));  (IT)  2  or  4  as  x  is  even  or  odd;  (HI)  2;  (IV)  4. 
(iii)  The  conjugate  sets  are  of  the  form  (I)  ax  +  ax+2m  and 
bax  +  bax+2m-,  (II)  ax  +  oz<2m~1);  and  6ax  (x  odd),  6ax  (a;  even) 
each  form  one  or  two  conjugate  sets  as  m  is  even  or  odd  ; 
(iii)  ax  +  a~x',  and  the  elements  bax  form  one  or  two  conjugate 
sets  as  m  is  odd  or  even;  (IV)  ax+a~x;  and  bax  (x  odd),  ba? 
(x  even)  form  conjugate  sets. 

Ex.  3.  Use  XIV  15. 

Ex.  4.  {a1,  bax}  is  Abelian  or  of  the  type  I  as  I  is  even  or  odd. 

Ex.  7.  2<£(4m)  or  4<£(4w)  as  m  is  odd  or  even;  2m0(4w); 
w»  </>(m)  ;  2w<£(2m).  In  any  automorphism  let  as  correspond  to  a, 
bax  to  6  ;  then  as  and  bax  satisfy  the  same  relations  as  a  and  6. 
In  group  I  we  can  have  bas  corresponding  to  a  and  bax  to  6  if  m 
is  even.  (See  Footnote,  p.  32.) 

Ex.  8.  The  normal  subgroups  of  III  are  the  subgroups  of  {a} 
and  (a2,  6},  (a2,  6a)  when  m  is  even.  Now  use  XIII  39  and 
induction. 

Ex.  9.  Use  §  1. 

§  3.  Ex.  2.  Since  {a}  can  have  only  one  holomorph,  the  meta- 
cyclic  group  is  abstractly  the  same  whatever  primitive  root  k 
may  be. 

Ex.3.  Use  1  3. 

5-1 

Ex.  5.   (a,  6   2  }. 

Ex.  6.  It  is  'contained  in  {a}  or  {6»ax}. 

Ex.  7,  8.  If  p—  1  =  qr  ...  vw  where  3,  r,  ...,  v,  to  are  primes  not 
necessarily  all  distinct,  every  composition-series  is  of  the  form 
{a,  &},  {a,  63},  {«,  W},  ...,  (a,  W-*}t  {a},  1. 

Ex.  9.  If  in  an  automorphism  of  G  a*  corresponds  to  a  and 
bvax  to  b,  (byax)~lat(byax)  =  akl;  which  gives  y  =  1.  Hence 
the  order  of  the  group  of  automorphisms  =p(p—l)  =  the  order 
of  the  group  of  inner  automorphisms  =  the  order  of  Gr. 

Ex.  10.  See  X84. 

Ex.  11.  Prove  &>  =  TP~I  =  1,ST=  TSk.  Since  TvSx  replaces 
1,  p  by  lev  +  x,  x  respectively,  and  M  +  x,  x  may  be  made  equivalent 
to  any  two  whatever  of  1,  2,  ...  ,  p  ;  the  group  is  doubly  transitive. 


§  4.  Ex.  1.  If  glt  <72»  —i  9m  ^^  elements  of  orders 
...  ,pmam,  grf-2  -  gm  is  of  order  n. 

Ex.  2.  P  is  the  only  subgroup  of  its  kind  in  G. 

Ex.  3.  Since  gm_l  is  permutable  with   {gm}  =  Pm,  {gm.t,  gm} 
is  of  order  ^-i  pTO°m  and  .%  =Pm_!.     Similarly   {gm_2,  gm_lt 

gm}=Pm^,&c. 

Ex.  4.  By  XII  1  Corollary  II  every  Sylow  subgroup  of  H  is 
contained  in  some  Sylow  subgroup  of  G. 

Q3 
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Ex.  8.  As  in  §  4  (4)  prove  the  existence  of  Pr  and  then  use  V  14. 
Ex.  9.  G-  contains  elements  whose  orders  divide 

PrS+IPr+\l  "'**?*  but  not  P'SPrr+\l  "'Pm^' 

Hence  G  contains  an  element  of  order  prs+1.    Now  proceed  as 
in  §4(1). 

§  5.  Ex.  1.  By  §  5  T  is  of  the  type  a*  =  1,  &0  _  ar  aj  —  iakf 
Putting  &*•  =  &',  we  have  T  generated  by  a  and  b'  which  satisfy 
relations  of  the  given  form  since  A  is  prime  to  /3. 

Ex.  2.  (i)  a-  =  0,  y  =  1  (mod  ft],  p  is  prime  to  A,  x(k&  —  1)  -f- 
(&-l)  =  (/>-l)r(mod  A). 

(TfH  _  1\ 
the  H.  C.  F.  of  A  and  j—f)  •     (See  Footnote,  p.  32.) 

§  6.  Ex.  4.  Use  Corollary  IV  of  XII  1. 

Ex.  6.  Since  (aft)2  =  a2,  a~lba  =  ft-1  and  a~lb2a  =  Zr2  =  a~2. 


Ex.  7.  laz  —  ab  —  lab2  ;   .-.  a2  =  b2.    Now  use  Ex.  6. 

Ex.  9  (ii).  If  c,  d  are  the  elements  of  the  group  of  automorphisms 
corresponding  to  those  automorphisms  in  which  &3  corresponds  to 
a  and  ba  to  b,  a  to  a  and  ba  to  b}  then  c3  =  d4  =  (cd)z  =  1.  Now 
useVI38. 

Ex.  10. 


§  8.  Ex.  2.  (i)  Generated  by  the  elements  of  H  excluding 
identity  ;  (ii)  generated  by  the  elements  tiB,  bS,  abS.  (iii)  and 
(iv)  The  G.  C.  S.  of  all  subgroups  of  index  2  or  4  is  {a2}.  Now 
consider  the  number  of  subgroups  of  index  2  or  4  in  G-/{a2} 
which  is  Abelian  of  order  2a-1  and  type  (1,  1,  ...,  1).  (v)  The 
first  generator  of  such  a  subgroup  may  be  chosen  in  2°  —  2°~2 
ways  and  then  the  second  in  2a~1  ways.  Hence  the  generators 
may  be  chosen  in  2a~1(2a—  2a~2)  ways.  Putting  a  =  3  we  have 
24  ways  of  choosing  the  generators  of  a  quaternion  group.  Hence 
the  number  of  quaternion  subgroups  is  2a~1(2a—  2a~2)  -•-  24. 

Ex.  3.  If  E  is  a  normal  subgroup  of  order  p,  K/E  has  every 
subgroup  normal  and  is  therefore  Abelian.  Hence  E  is  the 
commutant  of  K. 


CHAPTEE   XV 

§  1.  Ex.  2.  The  distinct  representations  of  the  cyclic  group  {«} 
of  order  3  are  obtained  by  making  1,  a,  a'2  correspond  respectively 
to  (1)  #'=  x,  x,  x ;  (2)  x'—  x,  tax,  u2x ;  (3)  x'—  x,  w2x,  a>z,  where 
to3  =  1.  ^Representations  (2)  and  (3)  give  the  same  substitution- 
group. 

Ex.  3.  Each  of  ooj,  co2,  co3,  ...  is  +1. 

Ex.  4.  With  G/H,  where  H  is  the  normal  subgroup  formed 
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by  the  elements  corresponding  to  (x^  x.2,  x3,  ...)  in  the  repre- 
sentation. 

Ex.7.  Use  VII  8.  / 

Ex.8.  e.g.  o2  =  62  =  (a&)2  =  1. 

§  2.  Ex.  2.  X&*  is  the  sum  of  Xi*  quantities  whose  modulus  is  1. 
Now  use  the  theorem  'the  sum  of  the  moduli  of  two  or  more 
complex  quantities  is  <  the  modulus  of  their  sum  '. 

Ex.  3.  By  Ex.  2  every  element  of  H  must  correspond  to 
(*i,  x-2,  #3>  ...)  in  S^ 

Ex.  5.  Every  conjugate  set  is  self-inverse. 

§  3.  Ex.  1.  Let  g  =  g^g^t  ...  gft.  Put  ^  =  1,  f2  =  a2,  t'3  =  a3, 
...  ,  it  =  at.  Then  /3j  =  a:  or  £  o^  .  Similarly  j32  =  a.2  or  ^  a.2?  ...  . 

Ex.  2.  Each  such  representation  is  Abelian  and  is  therefore 
a  representation  of  £r/A  by  X3  and  XV  14.  But  the  number 
of  representations  of  Cr/A  =  its  order. 

Ex.  3.  Use  §  3. 

Ex.  4.  Multiply  each  row  by  the  characteristic  of  the  element 
heading  the  row  and  do  the  same  for  the  columns.  If  we  then 
add  each  row  to  the  first,  every  term  in  the  first  row  is  the  same, 
and  is  therefore  a  linear  factor  of  the  determinant.  Do  this  for 
each  of  the  n  characteristics. 

Ex.  5.   (i)  Apply  the  method  of  Ex.  4  to  the  characteristics 
in  the  q  representations  of  the  first  degree  (Ex.  2). 
(ii)  1  +  a  +  b  +  c+d+e,  1  +  a  +  b—c—d—e. 


+  ...  +\n-    Now  choose  Xk  ^ 
Ex.  7.  As  in  Ex.  6. 

§  4.  Ex.  4.  If  H,  K  are  a  pair  of  reciprocal  groups,  K  and  G/H 
have  the  same  invariants. 
Ex.  5.  Use  Ex.  4  and  IX  83. 
Ex.  6.  Use  Ex.  4  and  IX  86. 
Ex.  7.  (i)  Use  Ex.  6  and  proceed  as  in  XI  4.     (ii)  y  =  z  =  1. 

§  5.  Ex.  3.  Put  j  =  1  in  (ii). 
Ex.  4.  Put  Xe"  for  Xeif  in  (")• 
Ex.  6.  UseXV36. 

Ex.  7.  (i)  Two  Abelian  representations  and  %(p—  1)  generated 
by  substitutions  of  the  form 

/        2tir         .    2tir         .    2tTt  2tir     \     . 

(  cos  —  x—  sin  -  y,  sin  —  z  +  cos  -  y  ),  (—x,  y\ 

\         p  p   *  p  p       / 

(ii)  Four  Abelian  representations  and  that  generated  by  (—  y,  x), 
(—x,y).  (iii)  Four  Abelian  representations  and  those  generated  by 
/  2lt  .  2lT  .  2-rr  2ir  \  .  . 

(cos  —  x-srn-^-y,  sw  —  x  +  cos-^-y  J,    (-x,  y)    and 

(It  .     1!  ,     Tt  17        \       ,  . 

coSgZ-singy,  sin^  a;+cos-  y  J,  (-x,  y). 
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Ex.  8.  Taking  in  (i)  (\  =  1,  <72  =  a3,  C3  =  a  +  a5,  C4  = 


C5  =  &  +  6a2  +  6a4  ;    <76  = 
C3  =  a+a3,    04  =  6  + 
characteristics  respectively 


1 

-1 

-1 

1 

i 

—  i 

1 

-1 

_  j 

1 

—i 

i 

2 

2 

-1 

-1 

0 

0 

2 

-2 

1 

-1 

0 

0 

and 


and  in  (ii)  Oj  EE  1, 
>a3    we    have    as 

sets 

a2, 
of 

111 

1 

1 

2-20 

0 

0 

=  1,  <72  = 


£,  = 


Ex.9.  Taking 
&a3 
+  62a6,  we  have  as  sets  of  characteristics 


C4  = 


1 

1 

1 

1 

1 

1 

1 

1 

(0 

a>2 

1 

1 

1 

<02 

(0 

3 

ai 

°2 

0 

0 

3 

a2 

a. 

0 

0 

where  w3  =  1,  a^  =  2,  o^  +  c^  +  l  =  0. 

Ex.  10.  Taking  GI  EE  1,  (?2  EE  the  permutations  of  order  3, 
C3  EE  the  permutations  of  order  4,  04  EE  the  even  and  C5  EE  the 
odd  permutations  of  order  2,  we  have  as  sets  of  characteristics 


1 
1 

-1 
0 
0 


1 
-1 

0 
-1 

1 


1 
1 
2 

-1 
-1 


1 
-1 
0 
1 
-1 


Ex.  11.  Taking  GI  =  1,  G2,  (73,  (74  =  the  permutations  of  orders 
3,  4,  5  respectively,  C5  =  the  even  and  C6  the  odd  permutations  of 
order  2,  C1  the  permutations  of  order  6,  we  have  as  sets  of 
characteristics. 
(i) 


(ii) 


1 

1 

1 

1 

1 

3 

0 

£(l_./5)   £(i  +  ,/5)    -1 

3 

0 

i(n 

h 

•v/5) 

MI-VB 

-1 

4 

1 

1 

-1 

0 

5 

-1 

0 

0 

1 

1 

1 

i 

1 

1 

1 

1 

1 

1 

-i 

1 

1 

-1 

-1 

4 

1 

0 

-1 

0 

2 

-1 

4 

1 

0 

-1 

0 

-2 

1 

5 

-1 

-1 

0 

1 

1 

1 

5 

-1 

1 

0 

1 

-1 

-1 

6 

0 

0 

1 

-2 

0 

0 

§  6.  Ex.  (i)  The  number  of  elements  conjugate  to  a  normal 
element  of  a  Sylow  subgroup  of  order  q&  is  a  power  of  p.  (ii)  No 
factor-group  of  G  is  simple  unless  it  is  of  prime  order. 


APPENDIX 

IN  the  hope  that  some  of  my  readers  will  wish  to  add  to  existing 
knowledge  of  group-theory,  I  give  a  few  interesting  questions  still 
awaiting  solution.* 

1.  Can  a  group  of  odd  order  be  both  non-cyclic  and  simple? 

2.  Discuss  every  type  of  group  with  an  Abelian  commutant 
(See  X  5X). 

3.  Can  a  perfect  group  contain  elements  which  are  not  commu- 
tators of  the  group  ? 

4.  The  greatest  common  subgroup  of  the  normalisers  of  no 
two  elements  of  a  group  G  is  identity.     Can  G  be  simple  ? 

5.  Can  a  group  be  simple  if  it  cannot  be  generated  by  less  than 
three  independent  generators  ? 

6.  A  group  Gr  has  a  finite  number  of  generators,  and  the  order 
of  eveiy  element  <  a  finite  number  r.     Is  G  necessarily  finite  ? 

7.  Can  a  non-Abelian  group  have  an  Abelian  group  of  auto- 
morphisms ? 

8.  Can  a  group  of  order  pu  have  a  group  of  automorphisms 
whose  order  is  also  a  power  of  p? 

9.  Can  an  outer  automorphism  permute  among  themselves  the 
elements  of  each  conjugate  set  of  elements  of  a  group,  or  does  it 
necessarily  permute  some  of  the  conjugate  sets  ?  t 

10.  Find  the  group  of  automorphisms  of  the  group  in  XIV 1.  § 
Find  also  its  group-characteristics. 

11.  Find  a  proof  of  the  theorem  of  XV  6  which  does  not  involve 
the  properties  of  irreducible  groups  of  linear  substitutions. 

12.  Is  it  always  possible  to  transform  a  finite  homogeneous 
linear  substitution-group  into  a  group  in  which  the  coefficients  of 
every  substitution  are  rational  functions  of  roots  of  unity  ? 

*  I  am  indebted  for  the  majority  of  these  questions  to  the  kindness  of 
Prof.  W.  Burnside,  who  is  one  of  the  greatest  authorities  on  the  subject. 

t  See  X  63. 

§  For  the  special  case  of  the  group  in  XI  7,  see  Amer.  Joitrn.  Math,  xxv, 
p.  206. 
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derived  group,  133. 
Fractional  linear  substitution,  26. 
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Fractional  linearsubstitution-group, 

98,  107. 
Frobenius'  theorem,  75,  156. 

Tm  (point-group),  114. 
Galois  Field,  29. 
Gauss'  theorem,  187. 
Geometrical  movement,  33. 

representation  of  a  movement,  40. 
General  homogeneous  linear  sub- 
stitution-group, 105. 
Generator,  55. 

Generators  of  an  Abelian  group,  126. 
Gliding-reflexion,  38. 
Gnonionic  projection,  47. 
Greatest  common  subgroup  (G.C.S.), 

66. 
Group,  51. 

of  automorphisms,  137. 

of  cogredient  isomorphisms,  135. 

of  inner  automorphisms,  135. 

of  isomorphisms,  137. 

of  movements,  108. 

Haruiltonian  group,  175. 
Hermitian  form,  18. 

group,  104, 

invariant,  102. 

substitution,  16. 
Hints  for  solution  of  the  examples, 

189. 

Holoaxial  point-group.  111. 
Holohedral  isomorphism,  71. 
Holomorph,  139. 

Homogeneous  linear  substitution, 
12,  15. 

linear  substitution-group,  98. 
Hyperbolic  substitution,  27. 
Hypohermitian  form,  20. 

Icosahedral  group,  E,  113. 
Identical  element,  1. 

group,  57. 
Imprimitive  group,  93. 

systems,  93. 

Independent  elements,  55. 
Index  of  a  subgroup,  58. 
Infinite  group,  51. 
Inner  automorphism,  136. 
Integral  mark,  29. 
Intransitive  group,  79. 
Invariant  element,  62. 

of  an  Abelian  group,  127,  130. 

of  a  substitution-group,  99. 

subgroup,  63. 


Inverse  conjugate  sets,  61. 

element,  1. 

representations,  179. 
Inversion  about  a  point,  33. 
Irreducible  group,  100. 
Isomorphism,  70. 
Isomorphisms,  group  of,  137. 

Latin  square,  82. 

Lattice,  117. 

Loxodromic  substitution,  27. 

Marks  of  a  Galois  Field,  29. 
Maximum  normal  subgroup,  158. 
Merohedral  isomorphism,  71. 
Metabelian  group,  135. 
Metacyclic  group,  171. 
Minimum  normal  subgroup,  162. 
Modular  group,  102. 
Monomial  substitution,  23. 
Movement,  geometrical,  33. 

of  the  first  or  second  sort,  39. 
Multiple  isomorphism,  71. 
Multiplication,  23. 

table  of  a  group,  51. 
Multiply  transitive  group,  79. 

H-al  rotation  or  rotatory-inversion. 

110. 

Negative  permutation,  11. 
Net,  115. 
Non-perspective     collineation     of 

order  two,  47. 
Normal  element,  62. 

form  of  a  substitution,  26. 

subgroup,  63. 
Normaliser  of  an  element,  64. 

of  a  subgroup,  65. 
Not-square  of  a  Field,  32. 

O,  Q  (point-groups),  113,  115. 
Octahedral  group,  O,  113. 
Odd  permutation,  1 1 . 
Operation,  1. 
Order  of  a  group,  51. 

of  an  element,  2. 

of  an  element  relative  to  a  group, 
51. 

Orthogonal  substitution,  16. 
Outer  automorphism,  136. 

Parabolic  substitution,  27. 
Partition,  58, 
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Perfect  group,  133. 
Period  of  a  mark,  31. 
Permutable  elements,  1. 

element  and  group,  61. 

groups,  67. 

movements,  33. 
Permutation,  6. 
Permutation -group,  79, 
Perspective  collineation,  47. 
Point-group,  108. 

Pole  of   a  fractional   linear  sub- 
stitution, 27. 

of  a  homogeneous  linear  substitu- 
tion, 20. 
Positive  Hermitian  form,  20. 

permutation,  11. 
Prime-power  Abelian  group,  130. 

group,  142. 
Primitive  group,  93. 

root  of  congruence,  156,  169. 

root  of  equation  in  a  Field,  31. 

root  of  Field,  32. 
Product  of  elements,  1. 

of  movements,  39. 

of  permutations,  6. 

of  substitutions,  12,  13. 
Projective  transformation,  44. 
Pseudo-substitution,  121. 

Quadratic  group,  113. 
Quaternion  group,  175. 
Quotient-group,  72. 

Rank  of  hypohermitian  form,  20. 
Real  substitution,  16. 
Reciprocal  subgroups,  183. 
Reducible  group,  100. 
Reflexions,  product  of  two,  33. 
Regular  permutation,  8. 

permutation-group,  79. 
Relative  invariant,  99. 

order,  51. 

Representations,  179. 
Residue  of  a  function,  28. 
Resultant  of  elements,  1. 

of  two  reflexions,  33. 
Rodrigue's  construction,  36. 
Rotation-axis,  42. 
Rotatory-inversion,  37,  41. 
Rotatory- reflexion,  37. 


Screw,  38. 

Self-conjugate  element,  62. 

subgroup,  63. 
Self-inverse  conjugate  sets,  61. 

representation,  179. 
Semi-group,  51. 
Series  of  adjoined  groups,  167. 

of  derived  groups,  166. 
Set  of  characteristics,  181. 
Similar  movements,  41. 

permutations,  8. 
Similarity-substitution,  23. 
Simple  group,  63,  107. 

isomorphism,  71. 
Simply  transitive  group,  79. 
Soluble  group,  161. 
Solutions  of  examples,  189. 
Speciality  of  a  group,  167. 
Square  of  a  Field,  32. 
Stereographic  projection,  43. 
Subgroup,  57. 
Substitution,  6,  12. 
Substitution-group,  98. 
Sylow  subgroup,  153. 
Sy low's  theorem,  152. 
Symmetric  group,  79. 

substitution,  16. 
Symmetry,  42. 
Symmetry-axis,  42. 
Symmetry-plane,  42. 

T,  0,  0  (point-groups),  113,  114. 
Tetrahedral  group,  T,  113. 
Transform  of  an  element,  3. 

of  a  group,  61. 

of  a  movement,  41. 

of  a  permutation,  9. 

of  a  substitution,  14. 
Transitive  permutation-group,  79. 

sets,  91. 

Translation,  33. 
Translation-group,  110. 
Transposed  substitution,  16. 
Transposition,  7. 
Type  of  an  Abelian  group,  127, 130. 

of  any  group,  167. 

Unitary  substitution,  16. 
Vierergruppe,  113. 
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